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Abstract—In this paper, we focus on sensor selection, that is,
determine the minimum number of state variables that need to
be measured, to monitor the evolution of the entire biological sys-
tem, that is, all state variables, when modeled by discrete-time
fractional-order systems (DTFOS) that are subject to modeling
errors, process, and measurement noise. These systems are par-
ticularly relevant while modeling the spatiotemporal dynamics
of processes in which the impact of long-range memory cannot
be properly modeled by multivariate autoregressive integrative
moving-average models. Therefore, the DTFOS enable a unified
state-space framework to model the evolution of several biological
(e.g., stem cell growth and bacteria evolution) and physiological
signals (e.g., electroencephalogram and electromyogram). There-
fore, in this paper, we focus on the solution to four different (yet
related) problems of sensor selection for DTFOS, which are moti-
vated by constraints on the data acquisition that are enforced by
the detrimental impact of the sensing mechanisms to the biological
system, the cost of performing the measurements with the current
sensing technology, or spatial constraints that limit the number of
sensors that can be deployed. Toward determining the solution to
these problems that we show to be NP-hard, we leverage the rep-
resentation of the DTFOS to derive new objectives and conditions
that, ultimately, enable us to efficiently approximate a solution to
the different problems by exploiting the submodularity structure,
which enables us to establish suboptimality guarantees.

Index Terms—Biological techniques, biomedical signal process-
ing, electroencephalography, fractional calculus, Kalman filters,
observability.
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I. INTRODUCTION

AMULTITUDE of complex systems exhibits long-range
(nonlocal) properties, interactions, and/or dependencies

(e.g., power-law decays in the weights of linear combination of
past data) used to describe the biological system evolution. An
example of such systems includes Hamiltonian systems, where
the memory (i.e., dependence on the past data) is the result of
stickiness of trajectories in time to the islands of regular mo-
tion [1]. Alternatively, it has been rigorously confirmed that the
viscoelastic properties are typical for a wide variety of biological
entities like stem cells, liver, pancreas, heart valve, brain, mus-
cles [1]–[9], suggesting that the long-range memory of these
systems obeys the power law distributions. These dynamical
systems can be characterized by the well-established mathe-
matical theory of fractional calculus [10], and the correspond-
ing systems could be described by fractional-differential equa-
tions [11]–[15]. However, it is until recently that the fractional-
order system (FOS) started to find its strong position in a wide
spectrum of applications in different domains due to the avail-
ability of computing and data-acquisition methods to evaluate
its efficacy in terms of capturing the underlying system states
evolution.

Specifically, in [11], by the adoption of non-Gaussian sta-
tistical approaches, the authors identify the coexistence of fast
and slow dividing subpopulations, and quiescent cells, in stem
cells from three species. The mathematical analysis also shows
that instead of developing independently, stem cells exhibit a
time-dependent fractal behavior as they interact with each other
through molecular and tactile signals. In [12], the existence of
a statistical fractal behavior and inadequacy of modeling blood
glucose dynamics via linear state-space models is proved by the
multifractal spectrum computed from the blood glucose time
series of four individuals. An FOS model is alternatively pro-
posed and evaluated to be superior regarding predictive power
and controller synthesis. In [13], a multidimensional FOS is
considered to capture the muscular dynamics in the process of
forearm movement. The motivation comes from the power-law
correlation decay as opposed to the exponential law, which is
fundamentally assumed by the popular autoregressive moving
average model. After the retrieval of the FOS model from the
observations, it is shown that the model output is superior to
ARMA to capture the observed spatial and temporal long-range
dependence. In [14], a more comprehensive set of physiolog-
ical processes (i.e., neural, muscular, and vascular processes)
are considered to study the minimal sensor placement problem
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in the context of the multidimensional FOS. The experimen-
tal results suggest that the adoption of FOS and the control
theory developed based on it can help improve the design of
efficient and reliable cyber-physical systems in the biomedical
domain. In [15], Xue and Bogdan propose a statistical nonexten-
sive causal inference framework and construct the generalized
master equation (GME) to characterize the dynamics of complex
systems that exhibit power-law spatiotemporal dependencies.
The solution of the GME suggests a FOS should be considered
to capture the dynamical behaviors of the systems. In addition
to the application of fractional-order calculus to differentiable
dynamical systems, very recent efforts have also been very suc-
cessful to extend local fractional calculus to nondifferentiable,
irregular sets such as fractals or fractal networks [16]–[19].
The fractality/multifractality of network, their characterization,
computation, and their influence on the dynamics of complex
networked systems is attracting greater attention from a multi-
disciplinary perspective. The possibility to extend the fractional
to self-similar nonsmooth objects is opening new frontiers in
science. Nonlinear analysis of data offers still unsolved ana-
lytical problems related not only to complex physics and ab-
stract mathematical theories including fractals and fractional
calculus [20].

Subsequently, because the current sensing technology is
mainly digital, we focus on discrete-time fractional-order sys-
tems (DTFOS) [21], whose parameterization consists of a rel-
atively small number of parameters, and the dynamics subject
to modeling errors and external disturbances. Furthermore, in
addition to modeling errors and external disturbances in the
DTFOS dynamics, we also account for external disturbances in
the sensing technology since our motivating technology, that is,
the EEG, uses the sensing technology where noise commonly
corrupts the collected data. Subsequently, in this paper, we pro-
pose exploring and exploiting the tradeoffs between the selected
sensors and the capability to assess the process state over time,
which we refer to as estimation performance, since the state
is obtained up to a confidence level subject to disturbance and
noise. In other words, the combined effect of the modeling er-
rors and external disturbances in the spatiotemporal dynamical
processes requires proper deployment of sensing technology
that guarantees the best estimation performance (that is, the
least estimation error) given the modeling errors’ and external
disturbances’ characteristics.

In the last few years, we have witnessed a growing interest on
the tradeoff between the number of used sensors and the degree
of observability of linear time-invariant (LTI) systems [22]–[28],
which are a particular case of DTFOS. In particular, this tradeoff
has been explored under the assumption that either the exact LTI
system model is available, in which case one needs to ensure
observability [22]–[28]. More recently, this interest is extended
to deal with DTFOS, either when the models are exact [14], or in
the context of structural observability [29]. Although ensuring
that the observability is a key toward the implementation of
stable estimators, it does not explicitly explore the tradeoffs
between the chosen sensors and the quality of the state estimate
and the model uncertainty, which is of utmost importance in
the biological settings, for example, in EEG applications. These

tradeoffs have been studied so far only for LTI systems, as we
briefly review next. In [30] and [31], Zhang et al. and Belabbas
explore the tradeoffs for LTI systems in the context of Kalman
estimation. Specifically, in [30], Zhang et al. consider placing
small numbers of sensors to optimize the resulting minimum
mean square error (MMSE), and in [31], Belabbas designs an
output matrix with a desired norm that minimizes the MMSE.

In this paper, we extend the current literature to address the
tradeoff between the chosen sensors and the quality of the state
estimate for the case of DTFOS with a known parametric model
and under possible uncertainties in the dynamics, as well as
noise in the measurements collected by sensing technology.
Specifically, we address the following problems:

1) determine the minimum number of sensors to ensure
bounded process disturbance error within a prescribed
threshold;

2) determine the placement of a specified number of sensors
to minimize the process disturbance error;

3) determine the minimum number of sensors to ensure
bounded state estimation error within a prescribed thresh-
old;

4) determine the placement of a specified number of sensors
to minimize the state estimation error.

It is worth noticing that among these four problems, the first
couple of problems enforces the validity of the model by quan-
tifying the uncertainty of the system’s evolution, whereas the
remaining two aim to determine the most likely state of the
process across a time window.

The main contributions of this paper can be cast in the fol-
lowing three domains:

Translational: It equips scientists (e.g., biologists and neu-
roscientists) and engineers alike with a unified framework to
decide upon the sensor measurements to be considered to per-
form state estimation, that is, to perform sensor selection to
quantify uncertainty in the state and unknown disturbances and
noises, and in the context of fractional-order state-space rep-
resentations capable of modeling spatiotemporal dynamics of
processes in which the impact of long-range memory cannot
be properly modeled by multivariate autoregressive integrative
moving-average models.

Theoretical: We propose deriving observability conditions
that enable the quantification of the uncertainty of biological
processes modeled by the proposed state-space representation,
as well as identifying the state variables that play a key role
in monitoring the evolution of the dynamics while making the
tradeoff with the accuracy of the estimation. Specifically, we
propose computationally efficient algorithms to provide subop-
timal solutions to the minimum number of variables that need
to be measured (that is NP-hard), while establishing guarantees
on the optimality gap.

Application: Recently, there is a renewed interest in neu-
rowearable devices largely boosted by initiatives sponsored by
either the Facebook that aims to use wearable devices to write
100 words per minute, and the NeuraLink by Elon Musk that
aims to develop implantable brain–computer interfaces. Subse-
quently, we propose revisiting the neurowearables that rely on
electroencephalogram, and determine the sensor location that
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seems to be the most effective with respect to a prespecified
number of sensors. In particular, we argue that for a variety of
tasks, the location of sensors currently used in such wearable
devices is suboptimal with respect to the proposed objectives
that aim to ensure the quality of the estimated state, process,
and measurement noise. Consequently, we conclude that at the
light of this framework, some of the neurowearables should be
redesigned to enhance the dynamic systems properties such as
observability.

In summary, our main contributions are as follows:
1) we formalize the sensor placement problems in the context

of four different (yet related) problems pertaining to sen-
sor placement to minimize the process disturbance error
and state estimation error;

2) we show that these problems are NP-hard;
3) we present approximation schemes for their solution that

have provably optimal approximation performance;
4) we illustrate the proposed approaches using EEG signal

data associated with a variety of tasks.
The remainder of this paper is organized as follows. In

Section II, we provide our setup and problem formulation. In
Section III, we present our main results. In Section IV, we illus-
trate how the main results can be applied in the context of real
EEG signal data. Section V concludes this paper.

II. PROBLEM STATEMENT

In this section, we introduce the problems addressed in
this paper. First, we introduce the DTFOS model used in
Section II-A, while revisiting some of its properties, and
the best linear estimator for it in Section II-B. Then, in
Section II-C, we introduce the optimal sensor placement prob-
lem for DTFOS, which seeks to determine the minimum col-
lection of sensors that ensure a prespecified estimation perfor-
mance, or the configuration of a given number of sensors that
attain the best process disturbance and estimate quality.

A. DTFOS Model

We consider the linear DTFOS described by

Δxk+1 = Axk + wk

yk = Cxk + vk , k = 0, 1, . . .
(1)

where xk = [x1
k , x2

k , . . . , xn
k ]� ∈ Rn (n ∈ N) is the state vec-

tor, yk ∈ Rc is the measured output vector, wk is the process
disturbance, vk is the measurement noise, and x0 is the ini-
tial condition. In addition, Δ ≡ diag(Δα1

k+1 ,Δ
α2
k+1 , . . . ,Δ

αn

k+1)
is the diagonal matrix operator, where Δαi

k+1 is the discrete
fractional-order difference operator such that

Δαi

k+1x
i
k+1 ≡

k+1∑

j=0

(−1)j

(
αi

j

)
xi

k−j+1

and
(
αi

j

)
= Γ(αi +1)

Γ(j+1)Γ(αi−j+1) , where αi > 0 is the fractional-

order exponent, and Γ(x) =
∫∞

0 tx−1e−tdt is the Gamma func-
tion. In summary, the matrix A captures the spatial coupling (i.e.,

dependence) of the process, whereas αi captures the temporal
dependency of the process associated with xi .

Also, we notice that it is possible to provide a closed-form
solution to (1), following [32], and which can be described as
follows.

Lemma 1: For all k ≥ 1, the solution to (1) is given by xk =
Gkx0 +

∑k−1
j=0 Gk−1−jwj , where

Gk ≡
{

I, k = 0
∑k−1

j=0 AjGk−1−j , k ≥ 1

where A0 = A, and Aj is a diagonal matrix whose ith entry is
(−1)j

(
αi

j+1

)
. �

In particular, Lemma 1 states that a linear DTFOS can be
interpreted as a linear time-variant switching system, where
transitions are known. Subsequently, we can develop a Kalman-
like estimator for this process, whose estimates’ characterization
is leveraged to study the tradeoffs between the performance of
the estimator and a specified sensor placement.

B. Minimum Variance Linear Estimator

For any estimation horizon K (that is, k in (1) varies from
0 to K), we first present the minimum mean square linear es-
timator of zK ≡ (x�0 , w�0 , w�1 , . . . , w�K−1)

�. This estimator is
particularly useful in biological systems to assess the validity of
the model, since a quantification of uncertainty is obtained. To
this end, we use the following common assumption.

Assumption 1: Let the initial condition be unknown and
modeled by a random variable whose expected value is x̄0 and its
covariance is C(x0) � 0. In addition, let the process disturbance
wk and the measurement noise vk to be described by zero-mean
random variables, whose covariance is described, respectively,
by C(wk ) � 0 and C(vk ) � 0, for all k ≥ 0, where C(vk ) is a
diagonal matrix; that is, the measurement noises between any
two sensors that correspond to two rows of C are uncorrelated.
Furthermore, for all k, k′ ≥ 0 with k 
= k′, let the x0 , wk , and vk ,
as well as the wk , wk ′ , vk , and vk ′ be uncorrelated. ◦

Moreover, we consider the following notations: let the vec-
tor of measurements y0:K ≡ (y�0 , y�1 , . . . , y�K )�, the vector of
process noises w0:K−1 ≡ (w�0 , w�1 , . . . , w�K−1)

�, and the vec-
tor of measurement noises v0:K ≡ (v�0 , v�1 , . . . , v�K )�. Notice
that whereas the vector y0:K is known, the vectors w0:K−1
and v0:K are not. In addition, we refer to the interval [0,K] ≡
{0, 1, . . . ,K} as the estimation horizon of (1), and its length is
K + 1.

Next, given an estimation horizon [0,K], to derive the
minimum mean square linear estimator of zK , from (1) and
Lemma 1, we have

y0:K = OK zK + v0:K (2)

where OK = [L�0 C�, L�1 C�, . . . , L�K C�]� with the n×
n(K + 1) matrix Li = [Gi,Gi−1 , . . . , G0 ,0], and 0 is the zero
matrix with appropriate dimensions.

Thus, following similar steps to those performed for LTI sys-
tems [33], the minimum mean square linear estimate of zK is



712 IEEE TRANSACTIONS ON CONTROL OF NETWORK SYSTEMS, VOL. 5, NO. 2, JUNE 2018

given by

ẑK ≡ E(zK ) + C(zK )O�K (OK C(zK )O�K + C(v0:K ))−1

(y0:K −OK E(zK )− E(v0:K ))

where E(x) is the expected value of x and C(x) ≡ E([x−
E(x)][x− E(x)]�) its covariance. Furthermore, the error co-
variance of ẑK is given by

ΣẑK
≡ E((zK − ẑK )(zK − ẑK )�)

= C(zK )−C(zK )O�K (OK C(zK )O�K + C(v0:K ))−1

OK C(zK ).
(3)

In this paper, we capture the estimation performance of ẑK

with the metric log det(ΣẑK
), which is proportional to the

conditional entropy of zK given the measurements y0:K and,
as a result, captures how well zK is explained by y0:K [34,
Prop. 2]. In particular, the metric log det(ΣẑK

) captures the
probability that the estimation error ‖zK − ẑK ‖22 is small. To ex-
plain this, consider the η-confidence ellipsoid of zK − ẑK [35]:
The η-confidence ellipsoid is the minimum volume ellipsoid that
contains zK − ẑK with probability η. Specifically, it is encapsu-
lated by Eε(ẑK ) ≡ {z : z�ΣẑK

z ≤ ε}, where ε ≡ F−1
χ2

n (K + 1 )
(η)

and Fχ2
n (K + 1 )

is the cumulative distribution function of a

χ-squared random variable with n(K + 1) degrees of free-
dom [36]. Therefore, the volume of Eε(ẑK ) that quantifies the
estimation’s error of ẑK is given as follows:

vol(Eε(ẑK )) ≡ (επ)n(K +1)/2

Γ (n(K + 1)/2 + 1)
det

(
Σ1/2

ẑK

)
. (4)

Henceforth, if we consider the logarithm of (4), we obtain

log vol(Eε(ẑK )) = β + 1/2 log det(ΣẑK
) (5)

where β is a constant that depends only on n(K + 1) and ε,
and, as a result, we refer to the log det(ΣẑK

) as the log det ini-
tial state-uncertainty estimation error of the minimum variance
linear estimator of (1).

Alternatively, we might be interested to determine the mini-
mum variance linear estimator of x0:K ≡ (x0 , x1 , . . . , xK ) de-
noted by x̂0:K . To this end, the collection of measurements
is given by y0:K = OK x0:K + v0:K , where OK is the block-
diagonal matrix with diagonal elements K + 1 copies of the
matrix C. Subsequently, following similar steps to those in [37],
the state estimation x̂0:K error covariance is given by

Σx̂0 :K = C(x0:K )−C(x0:K )O�K (OK C(x0:K )O�K

+ C(v0:K ))−1OK C(x0:K ). (6)

Besides, by proceeding similarly to the reasoning above, we can
define the log det batch-state estimation error of the minimum
variance linear estimator of (1) as follows:

log vol(Eε(x̂0:K )) = β + 1/2 log det (Σx̂0 :K ) . (7)

C. Optimal Sensor Placement

Now, we introduce four different (yet, related) problems to
assess the optimal sensor placement with respect to the log det
of the initial state-uncertainty and batch-state estimation error of
the minimum variance linear estimator of (1). Specifically, we
propose for each to determine the placement of r sensors such
that the overall estimation error is minimized, and determine a
placement of sensors such that the estimation error satisfies a
specified threshold.

Therefore, we propose using the following sensor placement
model: across the estimation horizon [0,K], a unique subset of
r sensors in (1) is placed and used, that corresponds to r of the
c rows of C (r ≤ c). In particular, for all k ∈ [0,K] in (1)

yk = SCxk + vk , k ∈ [0,K] (8)

where S is the sensor placement matrix (constant across the
estimation horizon [0,K]); that is, it is a zero-one matrix such
that Sij = 1 if sensor j is placed (which corresponds to the jth
row of C), and Sij = 0 otherwise. We assume that a sensor
can be placed at most once and, as a result, for each i there is
one j such that Sij = 1 while for each j, there is at most one
i such that Sij = 1. Hence, given a sensor selection matrix S,
the indices of the rows of C that correspond to used sensors are
denoted by S, that is, S ≡ {j : exists i such that Sij = 1}.

Consequently, given the DTFOS in (1) and a finite estimation
horizon [0,K], we consider the following four problems.

Initial State-Uncertainty Estimation Error 1) Provided a
specified error threshold R ∈ R+ , determine the initial state-
uncertainty minimal sensor placement problem that is a solution
to the following problem:

minimize
S⊆{1,2,...,c}

|S|
subject to log det (ΣẑK

(S)) ≤ R
(P1)

where det (ΣẑK
(S)) is the determinant of ΣẑK

in (3) whenOK

is replaced by OK (S), with explicit dependence on S, and de-
scribed byOK (S) = [L�0 C(S)�, L�1 C(S)�, . . . , L�K C(S)�]�,
and C(S) denotes the rows of C with indices in S; 2) Provided
a maximum number r of sensors to be placed, determine the
initial state-uncertainty cardinality-constrained sensor place-
ment problem for minimum estimation error that consists of a
solution to the following problem:

minimize
S⊆{1,2,...,c}

log det (ΣẑK
(S))

subject to |S| ≤ r.
(P2)

Batch-State Estimation Error 3) Provided a specified error
threshold R ∈ R+ , determine the minimal sensor placement
problem that is a solution to the following problem:

minimize
S⊆{1,2,...,c}

|S|
subject to log det (Σx̂0 :K (S)) ≤ R

(P3)

where det (Σx̂0 :K (S)) is the determinant of Σx̂0 :K in (6) when
OK is replaced by OK (S), which is the block-diagonal matrix
with diagonal elements K copies of the matrix C(S), and C(S)
denotes the rows of C with indices in S; and 4) Provided a
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maximum number r of sensors to be placed, determine the
cardinality-constrained sensor placement problem for minimum
estimation error that consists of a solution to the following
problem:

minimize
S⊆{1,2,...,c}

log det (Σx̂0 :K (S))

subject to |S| ≤ r.
(P4)

◦
Problems (P1)− (P4) address different problems that focus

on different practical considerations. Specifically, (P1) aims to
determine the minimum number of sensors to ensure bounded
process disturbance error within a prescribed threshold, which
enables the minimization of the estimation of the uncertainty
that drives the system; thus, equipping us with an uncertainty
quantification of the process evolution. In contrast, (P2) ad-
dresses the problem of determining the placement of a specified
number of sensors to minimize the process disturbance error,
which captures the situations where one has a budget on the
available sensing technology, and wants to deploy the sensors
to maximize the performance of the process captured by mini-
mizing the system’s uncertainty.

Problem (P3) focuses on determining the minimum number
of sensors to ensure bounded state estimation error within a
prescribed threshold, which might be related to the satisfaction
of some standard or accuracy required to have a sound estimate
of the system’s state. Finally, (P4) targets the placement of a
specified number of sensors to minimize the state estimation
error when the number of sensing mechanisms is limited and
one aims to minimize the system’s state estimate uncertainty.

Notwithstanding, as it will become clear in the upcoming
sections, the underlying optimization structure is similar, which
enables us to study them in a unified fashion. Specifically, to
address these problems, we will show that both log det (ΣẑK

)
and log det(Σx̂0 :K ) are supermodular and nonincreasing (for-
mally defined in Section III). As a consequence, approximation
algorithms for these types of functions can be leveraged to pro-
vide approximate solutions to these problems with worst-case
performance guarantees.

III. SENSOR PLACEMENT FOR DTFOS

We present the main results of this paper. First, we show that
(P1)–(P4) are NP-hard (see Theorem 1), which implies that op-
timal polynomial solutions to these problems are unlikely to ex-
ist. Next, we propose polynomial algorithms (see Algorithms 1
and 2) to obtain an approximate solution to these problems,
while ensuring worst-case performance guarantees (see Theo-
rem 3 and 4). In more detail, in Theorem 2, we show that the
constraint and objective function in (P1)/(P3) and (P2)/(P4),
respectively, are supermodular. Thereby, greedy algorithms can
be provided to approximate the solution to these problems while
ensuring a worst-case scenario bounded optimality gap. Finally,
in Theorem 5, we provide a discussion on the fundamental limits
on the state-uncertainty estimation error and batch-state estima-
tion, while exploring the tradeoff with problems’ parameters.

We start by showing the computational complexity of our
problems in the next result.

Theorem 1: The problems (P1)–(P4) are NP-hard. �
Subsequently, we need to devise a strategy that approximates

the solutions to the proposed problems. Toward this goal, con-
sider the following definitions.

Definition 1: A function h : 2[c] �→ R is submodular, where
[c] = {1, . . . , c}, if for any sets S and S′, with S ⊆ S′ ⊆ [c],
and any a /∈ S′,

h(S ∪ {a})− h(S) ≥ h(S′ ∪ {a})− h(S′).
A function h : 2[c] �→ R is supermodular, if (−h) is
submodular. �

Definition 2: A function h : 2[c] �→ R is a nonincreasing set
function, if for any S ⊆ S′ ⊆ [c] it follows that h(S) ≥ h(S′).
Moreover, h is a nondecreasing set function if (−h) is a nonin-
creasing set function. �

Furthermore, a function h : 2[c] �→ R is submodular if, for
any a ∈ [c], the function ha : 2[c]\{a} �→ R defined as ha(S) ≡
h(S ∪ {a})− h(S) is a nonincreasing set function. This prop-
erty is commonly referred to as the diminishing returns prop-
erty [38].

Now, we show that the constraint and objective function of
(P1)/(P3) and (P2)/(P4), respectively, are supermodular and
nonincreasing.

Theorem 2: Let c be the number of rows of C, and si ∈
{0, 1} be 1 if and only if ith sensor (ith row of C) is
placed, and L0:K ≡ [L�0 , L�1 , . . . , L�K ]�. In addition, let M (i) ≡
C�0:K I(i)C(v0:K )−1I(i)C0:K , where C0:K is the block diagonal
matrix where each of its K + 1 diagonal elements is equal to C,
and I(i) is the diagonal matrix with c(K + 1) diagonal elements
such that, for all k ∈ [0,K], the (kc + i)th element is 1, and the
rest of the elements are equal to zero. Then, given any finite
estimation horizon [0,K], the following two equalities hold:

log det (ΣẑK
(S))

= − log det

(
c∑

i=1

siL
�
0:K M (i)L0:K + C(zK )−1

)

and

log det (Σx̂0 :K (S)) = − log det

(
c∑

i=1

siM
(i) + C(x0:K )−1

)
.

Furthermore, both log det (ΣẑK
(S)) and log det (Σx̂0 :K (S))

are supermodular and nonincreasing set functions with respect
to the choice of the sensor set S ⊂ [c] = {1, . . . , c}. �

As a consequence of Theorem 2, it follows that the functions
exhibit the diminishing returns property, i.e., its rate of reduction
with respect to newly placed sensors decreases as the cardinal-
ity of the already placed sensors increases. Therefore, some
well-known approximation schemes [39], [40] can be leveraged
to obtain suboptimal solutions to (P1)–(P4) with optimality
guarantees.

In Algorithms 1 and 2, we present strategies to approximate
the solutions to (P1)/(P3) and (P2)/(P4), respectively. Specif-
ically, in Algorithm 1, we provide an efficient algorithm for
(P1)/(P3) that returns a sensor set that satisfies the prescribed
threshold and has cardinality up to a multiplicative factor from
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Algorithm 1: Approximation Algorithm for (P1)/(P3).
Input: hα (S) = log det (Σα (S)), where α ∈ {x̂0:K , ẑK }

for k ∈ [0,K], and a threshold R on the total estimation
error incurred by hα (S).

Output: Approximate solution Sα for (P1)/(P3).
Sα ← ∅
while hα (Sα ) > R do

ai ← a′ ∈ arg maxa∈[c]\Sα
(hα (Sα )− hα (Sα ∪ {a}))

Sα ← Sα ∪ {ai}
end while

the minimum cardinality sensor sets that meet the same estima-
tion bound. More importantly, this multiplicative factor depends
only logarithmically on the problems’ parameters. These prop-
erties and the time complexity are described in the following
result.

Theorem 3: Let a solution to (P1)/(P3) be denoted by S�
α ,

and the set obtained by Algorithm 1 be denoted bySα . Moreover,
denote the maximum diagonal element of C(x0) and C(wk ),
among all k ∈ [0,K], as σ2

0 and σ2
w , respectively. Then,

log det (Σα (Sα )) ≤ R (9)

and the optimality gap bounded as follows:

|Sα |
|S�

α |
≤ 1 + log

{
log det (Σα (∅))− log det (Σα ([c]))

R− log det (Σα ([c]))

}
≡ η

(10)

where log det (ΣẑK
(∅)) ≤ n(K + 1) log max(σ2

0 , σ2
w ).

Furthermore, the time complexity of Algorithm 1
is O(c2(nK)2.4). �

Therefore, Algorithm 1 returns a sensor set that meets the
estimation threshold of (P1)/(P3). Moreover, the cardinality of
this set is up to a multiplicative factor of η from the minimum
cardinality sensor sets that meet the same estimation bound.
In other words, η is a worst-case approximation guarantee for
Algorithm 1. Besides, η depends only logarithmically on the
problems’ parameters. Additionally, the dependence of η on
n, R, and max(σ2

0 , σ2
w ) is expected from a design perspective.

Specifically, by increasing the state space size n, requesting
a better estimation guarantee by decreasing R, or incurring a
noise of greater variance, should all push the cardinality of the
selected sensor set upward.

Next, in Algorithm 2, we provide an efficient algorithm for
(P2)/(P4) that returns a sensor set of cardinality r, where r is
chosen by the designer. In the next result, we provide optimality
guarantees of the solution obtained with Algorithm 2, as well as
the computational complexity incurred by the algorithm.

Theorem 4: Let a solution to (P2)/(P4) be denoted by S�
α ,

and the set obtained by Algorithm 2 be denoted by Sα . Then,

log det(Σα (Sα ))− log det(Σα (∅))
log det(Σα (S�

α ))− log det(Σα (∅)) ≥ 1− 1
e

(11)

where the approximation factor 1− 1/e in (11) is the best one
can achieve in polynomial time for this problem.

Algorithm 2: Approximation Algorithm for (P2)/(P4).
Input: hα (S) = log det (Σα (S)), where α ∈ {x̂0:K , ẑK }

for k ∈ [0,K], and a bound on the number r of sensors
used to minimize hα (S).

Output: Approximate solution Sα for (P2)/(P4).
Sα ← ∅, i← 0
while i < r do

ai ← a′ ∈ arg maxa∈[c]\Sα
(hα (Sα )− hα (Sα ∪ {a}))

Sα ← Sα ∪ {ai}, i← i + 1
end while

Furthermore, the time complexity of Algorithm 2
is O(cr(nK)2.4). �

Notice that from Theorem 4 it follows that the approximation
quality depends on n, r, and max(σ2

0 , σ2
w ) as expected from a

design perspective. Specifically, by increasing the state space
size n, requesting a smaller sensor set by decreasing r, or in-
curring a noise of greater variance should all push the quality of
the approximation level downward.

A. Limits on Selecting Sensors in DTFOS

Next, we provide explicit bounds on the variance of the state-
uncertainty estimation error, while exploring the tradeoff with
the following quantities: 1) the length of the estimation horizon
[0,K]; 2) the number of placed sensors r; and 3) the charac-
teristics of the noises wk and vk . In particular, the next result
imposes limitations on the assessment of the results that cannot
be overcome.

Theorem 5: Let σ
(−1)
0 ≡ maxi∈[n ] [C(x0)−1 ]ii , σ

(−1)
w ≡

maxi∈[n(K +1)][C(w0:K )−1 ]ii , and σ
(−1)
v ≡ ‖C(v1:K )−1‖2 .

Also, denote by L̄ the matrix L0:K L�0:K . Then, the following
inequality holds for the variance of the error of the minimum
variance estimator ẑK :

tr(ΣẑK
) ≥ n(K + 1)

rσ
(−1)
v ‖C‖22‖L̄‖2 + max{σ(−1)

0 , σ
(−1)
w }

. (12)

�
In other words, for constant ‖C‖22 and ‖L̄‖2 , (12) implies that

the state-uncertainty estimation error used to assess the valid-
ity of the model (1) is bounded by a quantity that decreases as
the number of placed sensors r increases, and increases as the
system’s state size or the horizon K increases. Subsequently,
it implies that tr(ΣẑK

) can decrease only when inversely pro-
portional with the number r of placed sensors, and, as a result,
increasing the number r to reduce the variance of the error
of the minimum variance linear estimator is ineffective. Addi-
tionally, the bound in (12) increases linearly with the system’s
state size, which imposes additional fundamental limitations for
large-scale DTFOS.

Finally, we notice that similar arguments and fundamental
bounds can be readily derived for the variance of the batch-state
estimator error, i.e., tr(Σx̂0 :K ) by following the same steps as
in [33].
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Fig. 1. EEG data recorded and the simulated using DTFOS at the EEG
channel PO8 .

IV. EEG SENSOR PLACEMENT

In this section, we propose to study (P1)–(P4) in a real-
world application setting collected by the BCI2000 system with
a sampling rate of 160 Hz [41]. Specifically, we consider 64-
channel EEG dataset which records the brain activity of ten
subjects (S001–S010) when they are performing motor and im-
agery tasks [42]. Each subject sits in front of a screen where tar-
gets might appear at the right/left/top/bottom side of the screen.
Upon noticing the target, each subject is asked to open and close
the corresponding fists or feet as a function of where the target
appears. Each individual performed 14 experimental runs con-
sisting of 1 min with eyes open, 1 min with eyes closed, and
three 2 min runs of 4 interacting tasks with the target: (Task 1)
open and close left or right fist as the target appears on either
left or right side of the screen; (Task 2) imagine opening and
closing left or right fist as the target appears on either left or
right side of the screen; (Task 3) open and close both fists or
both feet as the target appears on either the top or the bottom of
the screen; and (Task 4) imagine opening and closing both fists
or both feet as the target appears on either the top or the bottom
of the screen.

First, we estimated the parameters of the DTFOS for the
different tasks,1 which can be modeled by DTFOS as argued
in [14]. To illustrate the modeling capabilities of the proposed
DTFOS model, in Fig. 1 we contrast the recorded data at location
PO8 against the one simulated using the DTFOS identified. It is
worth mentioning that similar performances are achieved across
different channels, subjects, and tasks. Besides, the fractional-
order exponents range from 0.34 to 1.04 across different tasks,
which provides evidence that these could not be properly mod-
eled by LTI systems—see [14] for further details. Finally, we
considered that the initial state, disturbance, and measurement
noise follow a normal distribution with zero mean and covari-
ance described by the identity matrix (both with appropriate
dimensions).

1The identification techniques used were introduced in [13], and the
software implementation can be found at https://github.com/urashima9616/
DFOS_Sensor_Selection.

Fig. 2. (a) Minimal sensor placement to achieve a prescribed initial
state-uncertainty estimation errors. (b) Initial state-uncertainty log det errors
achieved given different sensor budgets. (c) Sixty-four-channel geodesic sensor
distribution for measurement of EEG, where the sensors in gray represent those
of the Emotiv EPOC and the ones in red are those returned by Algorithm 2
when solving (P2 ) (that relieved to be the same for all four tasks), given the
identified DTFOS and a deployment budget of 14 sensors. (d) Initial state-
uncertainty log det estimation errors associated with the highlighted sensor
placements in (c).

A. Initial State-Uncertainty Estimation Error

First, we considered a single subject (S002), and determined
the different DTFOS systems associated with the four differ-
ent tasks. We applied Algorithm 1, with α = ẑK and K = 7, to
solve (P1), and, in Fig. 2(a), we plot the minimal number of sen-
sors required as a function of required initial state-uncertainty
log det estimation error for the different tasks. The following
observations are due: 1) given the same level of initial state-
uncertainty estimation error required, the minimal number of
sensors varies slightly when the subject is performing different
tasks; and 2) given a task, the initial state-uncertainty log det
error exhibits supermodular properties (see Theorem 2).

To address (P2), i.e., to evaluate the achievable levels of the
initial state-uncertainty estimation error given different sensor
deployment budgets, we resorted to Algorithm 2 with α = ẑK

and K = 7. In Fig. 2(b), we present the summary of the results,
namely, the log det errors given different cardinality-constrains
under the four tasks. It can be observed that the information gain,
i.e., the improvement on estimation errors, is diminishing as the
number of sensors used increases—as predicted by Theorem 4.

Additionally, we considered the deployment of 14 sensors,
which is the same number of sensors available in some of the
current EEG wearable technology, e.g., the Emotiv EPOC [43].
In Fig. 2(c), we report the sensor deployment returned by
Algorithm 2 when solving (P2), which revealed to be the same
across all four tasks (for the same individual). Specifically, we
circled in blue the 14 sensors determined by our framework,
whereas the Emotiv EPOC [43] sensors are colored in gray.
From Fig. 2(c), we first notice that the sensor distribution pat-
tern of Emotiv EPOC is symmetrical, whereas the Algorithm 2
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places the sensors asymmetrically. Moreover, even though some
of the locations are fairly close to each other (e.g., 41/43, 16/48,
40/38, 42/44, and 14/7), it turns out that only 5 out of 14 loca-
tions (i.e., 25, 29, 44, 48, 63) are identical, and Emotiv EPOC
does not consider sensors 23, 4, and 18.

Subsequently, we assessed how the different sensor distri-
butions, i.e., the proposed by our framework and the proposed
by Emotiv EPOC, affect the estimation errors. In Fig. 2(d), we
report the initial state-uncertainty estimation error across the
different tasks. It is worth noticing that the sensors considered
by our framework perform considerably better than the sensor
distribution used by the Emotiv EPOC. Specifically, the log det
estimation errors attained by the proposed sensor placement are
smaller compared to those of Emotiv EPOC. In fact, it presents
considerable gains across the different tasks, and, in particular,
in Tasks 2 and 4 that require the use of imagination instead of
the motor skills. Finally, it is important to notice that the same
sensor placement performs almost equally well across differ-
ent tasks. Therefore, these results support the fact that from
the point-of-view of an initial state-uncertainty estimation er-
ror using a model-based approach, the sensors’ locations of the
commercial EEG devices should be redesigned so to ensure
better estimation performance.

B. Batch-State Estimation Error

Now, we address the batch-state estimation problems pro-
posed in (P3)–(P4). Toward this goal, we consider the DTFOS
corresponding to the four different tasks for the same subject
(S002). In particular, we obtain the solution to (P3) by relying
on Algorithm 1 with α = x̂0:K and K = 7, whose solutions are
found in Fig. 3(a) for several levels of batch-state estimation
errors. From Fig. 3(a), we observe that for a specific level of
batch-state estimation error, the variation (across the different
tasks) in the minimum number of sensors is minor. Moreover,
we observe that the batch-state log det estimation error exhibits
a diminishing returns property—as per Theorem 2.

Next, we use Algorithm 2 with α = x̂0:K and K = 7 to tackle
problem (P4), i.e., to compute the achievable levels of the batch-
state estimation error across several sensor placement budgets.
The results are presented in Fig. 3(b), where we report the
batch-state log det estimation errors given different cardinality-
constrains across the four tasks. Similarly to the previous figure,
we notice that the gain, i.e., the improvement on the estimation
error, is diminishing as the number of sensors used increases
(see Theorem 4).

Furthermore, using Algorithm 2 to solve (P4) with a budget
of 14 sensors, we obtained the sensor placement illustrated in
Fig. 3(c). In Fig. 3(c), we circle in red the 14 sensors’ place-
ment found by our framework, whereas we depict the Emotiv
EPOC [43] sensors in gray. Notice that the sensor placement
obtained turned out to be the same across all four tasks for the
same individual and it is asymmetrical, in contrast with the one
of the Emotiv EPOC. Notably, only 5 out of 14 locations (i.e.,
25, 29, 44, 48, 63) in both cases are the same, even though some
of the sensor locations are close to each other (e.g., 41/43, 16/48,
40/38, 42/44, and 14/7). Moreover, the Emotiv EPOC does not

Fig. 3. (a) Minimal sensor placement to achieve a prescribed batch-state
estimation errors. (b) Batch-state log det errors achieved given different sensor
budgets. (c) Sixty-four-channel geodesic sensor distribution for measurement
of EEG, where the sensors in gray represent those of the Emotiv EPOC and the
ones in red are those returned by Algorithm 2 when solving (P4 ) (that relieved
to be the same for all 4 tasks), given the identified DTFOS and a deployment
budget of 14 sensors. (d) Batch-state log det estimation errors associated with
the highlighted sensor placements in (c).

consider the sensors 23, 4, and 18. In Fig. 3(d), we compared
the batch-state estimation errors (across the different tasks) of
the sensor deployment returned by our framework against the
sensors placement of the Emotiv EPOC. We make the follow-
ing observations: first, the sensors considered by our framework
perform considerably better than the sensor distribution used by
the Emotiv EPOC, especially with respect to Tasks 2 and 4. Fur-
thermore, it is worth to mention that the same sensor placement
returned by our framework performs almost equally well across
the different tasks.

C. Assessment of Intersubject Variability

To assess how the intersubject variability of brain dynamics
affects the sensor selection under a fixed budget, we next con-
sider a set of experiments where we solve P2 and P4 for ten
subjects across the four different tasks (Tasks 1–4). In particular,
based on the identified DTFOS associated with the four tasks
for a subject, we apply Algorithm 2 to obtain the placement of
sensors given a deployment budget of 14 sensors by minimizing:
1) initial state-uncertainty estimation error, and 2) batch-state
estimation error, respectively. In addition, we also identify the
most voted 14 sensor locations based on the poll of suboptimal
solutions returned when solving P2 and P4 individually for all
ten subjects. The results are summarized in Fig. 4(a)–(d). We
use heat maps to show the distribution of sensor locations re-
turned by solving P2 and P4 individually in Fig. 4(a) and (c),
respectively. We can make the following remarks: 1) there ex-
ists a noticeable degree of intersubject variabilities in the sensor
deployment. This can be evidenced by the fact that the chosen
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Fig. 4. Sixty-four-channel geodesic sensor distribution over ten subjects un-
der Tasks 1–4 and the most voted deployment given a 14-sensor budget by
minimizing (a) the initial state-uncertainty estimation error, and (b) batch-state
estimation error. Improvement on (c) initial state-uncertainty estimation error,
and (d) batch-state estimation error when: 1) the suboptimal 14-sensor deploy-
ment returned by Algorithm 2 individually (blue bar) and, 2) the most voted
14-sensor deployment by ten subjects (red bar) are considered.

sensors span over 40, 41, 46, 46, and 37, 43, 43, 46 different lo-
cations across the four different tasks when solving P2 and P4,
respectively. This suggests that the underlying brain dynamics
are subject to remarkable individual heterogeneities even in re-
sponse to the same set of tasks. Subsequently, the best-possible
sensor schemes have to be designed to be individual-specific.

At the same time, there is a good percentage of agreement
and lower loss of performance when planning homogeneous
commercial solutions. Specifically, sensors 1, 25, 29, 41, 42
are almost unanimously chosen by all ten subjects, as a result
of solving both P2 and P4 . This strongly hinges that (for the
proposed tasks) there seems to be some fundamental underlying
dynamics that enables the state estimation and this subset of sen-
sors are responsible for accessing them. To see this more clearly,
we report the top voted 14 sensor locations as an average case
and color them in descending order of consensus as a function of
darkness in Fig. 4(b) and (d)—as comparison, we also report the
sensor deployment proposed by Emotive EPOC with red circles
in both geodesic maps. The following observations are due. First
of all, notice that all 14 sensors are voted by at least five subjects
while sensor 1, 25, 29, 41, 42 are chosen by at least eight sub-
jects. Second, when considering the minimization of batch-state
estimation errors instead of initial state-uncertainty estimation
errors, the sensor deployment can be very different. For in-
stance, sensors 63 and 64 are critically important when solving
P4 (as 8 out of 10 subjects choose them) whereas their influence
to the initial state-uncertainty estimation are out-weighted by
other sensors. Third, similar with our previous case study, only
7/14 and 6/14 most voted sensor deployment by 10 subjects
are identical to those proposed by Emotiv EPOC when solving

P2 and P4 , respectively. This potentially suggests the need of
the redesign of Emotiv provided the estimation performance
we setup in our study, since under our proposed approach the
most voted deployment and suboptimal individual deployment
(as returned by the algorithms proposed in this paper) achieve
better performance. Specifically, we show the improvement on
the log det estimation error of both initial state-uncertainty and
batch state over the one by Emotiv EPOC when the most voted
deployment (red bar) and the suboptimal individual deployment
(blue bar) are employed—see Fig. 4(e) and (f), respectively. The
positive improvement suggests that our proposed deployment is
better than that of Emotiv EPOC. We notice that the suboptimal
deployment returned by solving P2 and P4 individually
improves the estimation error significantly in all cases, which
is aligned with the results of our previous case study on a single
subject. Overall, based on the aforementioned observations one
could conclude that the sensors’ locations of the commercial
EEG devices could be redesigned to enhance both their initial
state and batch-state estimation error performance.

D. Discussion of the Results

We first notice that the proposed sensor locations seem to
cope better with scenarios where the neuroactivation is not as
well understood as the motor-related tasks (Tasks 1 and 3), e.g.,
imagining actions associated with Tasks 2 and 4. Additionally,
we emphasize that the time-window considered was small (K =
7), since aimed to attain real-time estimation. As a result, it is
expected to obtain even better performance results if we increase
the size window. Besides, the cumulative error increases faster
in the Emotiv EPOC.

Although in our case study we relied on EEG data, it is ex-
pected that the proposed problems have distinct value in differ-
ent biological settings—as explained in Section I. Specifically,
in problems where signals are well modeled by the proposed
DTFOS, as it is the case of other physiological signals such as
electromyograms (EMG) and electrocardiograms [14].

V. CONCLUDING REMARKS

We considered biologically motivated discrete-time linear
FOSs and studied the tradeoff between the sensor placement
and the properties that pertain to Kalman-like filter performance.
Specifically, we formalized the sensor placement problems in
context of four different (but related) problems pertaining to the
sensor placement to minimize the state-uncertainty and batch-
state estimation error. We showed that these problems are NP-
hard, and we presented polynomial approximation strategies for
their solution that have suboptimality guarantees.

Additionally, we explored the different problems in the con-
text of real EEG data during a period of time where the individu-
als performed four different tasks. The results obtained support
the capability of the proposed framework to deal with critical
sensing deployment problems, and unveiled that the number
and location of the sensors vary across tasks and subjects for
the same experimental setup. Furthermore, we argue that these
locations are not compatible with those used by state-of-the-art
EEG wearables (e.g., Emotiv EPOC), which supports the need
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for further research and redesign of future EEG wearables that
aim to attain a specified estimation performance for a given task.

Future research will consider the multiscenario case, where
the sensor placement has to consistently and reliably consider
possible dynamics, e.g., multitasks simultaneously when EEG is
considered. Additionally, we propose to validate the presented
methodology when a large cohort of individuals and tasks is
considered.

APPENDIX

PROOFS OF THE MAIN RESULTS

Proof of Theorem 1: We prove that (P1)–(P4) are NP-hard
by focusing on the case where: 1) the measurement matrix C
is the identity matrix (C = I), 2) the measurement noise vk

is Gaussian with zero mean and covariance the identity matrix
(C(vk ) = I), and 3) K = 0, in which case zK = x0:K = x0 ,
and thus, (P1)–(P4) are equivalent to the following problem:

minimize
S⊆{1,2,...,c}

log det(Σ(x̂0))

subject to |S| ≤ r.
(13)

In more detail, we prove that the problem in (13) is NP-hard
by proving that the following problem is equivalent to (13), and
that it is NP-hard:

minimize
S⊆{1,2,...,c}

H(x0 |y0(S))

subject to |S| ≤ r
(14)

where H(x0 |S) is the entropy of x0 given the measurements
y0(S) collected by the selected sensors in S at time k = 0.
Specifically, we prove that the problem in (14) is NP-hard by
proving it is equivalent to the entropy maximization problem

maximize
S⊆{1,2,...,c}

H(y0(S))

subject to |S| ≤ r
(15)

which we prove to have an equivalent instance to the NP-hard
instance of the entropy maximization problem in [44].

To prove that the problems in (13) and (14) are equivalent,
we use [34, Proposition 2], which implies for K = 0 that

H(x0 |y0(S)) =
log det(Σ(x̂0))

2
+

n log(2πe)
2

(16)

where x̂0 is the minimum mean square estimator of x0
given y0 [45, Appendix E]. Therefore, (16) implies that min-
imizing the objective in (13) is equivalent to minimizing the
objective in (14).

We next prove that the problems in (14) and (15) are equiva-
lent. To this end, first observe that

H(x0 |y0(S)) = H(x0) + H(y0(S)|x0)−H(y0(S)) (17)

(we derive (17) using the conditional entropy chain rule [46]),
as well as that

1) H(x0) is constant with respect to S; and
2) H(y0(S)|x0) is constant for C = I , C(v0) = I , and for

fixed |S|, (which is the case throughout this proof, since
due to the monotonicity of the log det and the entropy,

in all problems in (13), (14), and (15), it is |S| = r for
any S that solves (13), (14), and (15)), since if y

(i)
0 (S)

(x(i)
0 , respectively) denotes the ith element of y0(S) (x0 ,

respectively), then

H(y0(S)|x0)

a=
|S|∑

i=1

H(y(i)
0 (S)|x0 , y

(1)
0 (S), . . . , y(i−1)

0 (S))

b=
∑

i∈S
H(y(i)

0 (S)|x(i)
0 ) c=

1
2

log(2πe)|S|.

In particular, equalities (a), (b), and (c) hold for the following
reasons, respectively: (a) holds due to the conditional entropy
chain rule [46]; (b) holds since for all j 
= i, y

(i)
0 given x

(i)
0 is

independent of x
(j )
0 and y

(j )
0 ; and (c) holds since y

(i)
0 given x

(i)
0

is Gaussian with variance 1, since we consider the case where
C(v0) = I .

Due to (17) and the latter two observations, we conclude
that (14) is equivalent to (15).

Given the equivalence of (14) and (15), we conclude the
proof by finding an instance for the problem in (13) that is
equivalent to an instance for the problem in (15) that is NP-
hard. In particular, consider Σ to be any n× n matrix that
makes the entropy maximization problem in [44, Th. 1] NP-
hard: Σ is a positive definite symmetric with all the diagonal
entries equal to 3n, and all the off-diagonal entries equal to 0 or
1. The problem (15) is NP-hard if we can find an instance for the
problem in (13) where y0({1, 2, . . . , c}) is a Gaussian random
variable with covariance Σ. Indeed, let C(x0) be any positive
definite symmetric matrix with all diagonal entries equal to
3n− 1, and all off-diagonal entries equal to 0 or 1 (Σ0 is positive
define by construction, since it is both diagonally dominant,
and as a result invertible, and symmetric). For this selection
of parameters, y0 has covariance Σ; the reason is threefold:
1) y0 = x0 + v0 , 2) x0 and v0 are Gaussian with covariances
Σ0 and I , respectively, and 3) x0 and v0 are uncorrelated; as a
result, y0 is Gaussian with covariance Σ0 + I = Σ. �

Proof of Theorem 2: In the following paragraphs, we only
present the proof for log det (ΣẑK

(S)), since the proof for
log det (Σx̂0 :K (S)) follows similar steps. In particular, we com-
plete the proof for log det (ΣẑK

(S)) in three steps: 1) we prove
its closed formula; 2) we show that it is nonincreasing; and 3)
we prove that it is supermodular.

Given any finite estimation horizon [0,K], we first prove that

log det (ΣẑK
(S))

= − log det

(
c∑

i=1

siL
�
0:K M (i)L0:K + C(zK )−1

)
. (18)

In particular, as in [33, Proof of Lemma 1], we let S0:K de-
note the block diagonal matrix with diagonal elements K + 1
copies of the sensor placement matrix S in (8). Then, us-
ing the Woodbury matrix identity [47, Corollary 2.8.8] at (3),
we obtain ΣẑK

(S) = (O�K ΞOK + C(zK )−1)−1 , where Ξ ≡
(S0:K C(v0:K )S�0:K )−1 , and due to the definitions of S0:K , C0:K
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and OK = S0:K C0:K L0:K . Moreover, due to the definition of
S0:K , i.e., it contains a block of matrices that are only zero or
identity matrices, and because C(v0:K ) is a block diagonal, it
follows that Ξ = S0:K C(v0:K )−1S�0:K , which can be verified
by direct calculation. Overall, we obtain

ΣẑK
(S) = (L�0:K C�0:K ΛC(v0:K)−1ΛC0:K L0:K + C(zK)−1)−1

where Λ ≡ S�0:K S0:K . Now, since Λ and C(v0:K )−1 are block
diagonal, and the blocks of Λ are either identity or zero matri-
ces, C(v0:K )−1Λ = ΛC(v0:K )−1 . Furthermore, the definition
of S0:K implies that Λ2 = Λ. Thus, it follows that:

ΣẑK
(S) = (L�0:K C�0:K ΛC(v0:K )−1C0:K L0:K + C(zK )−1)−1 .

(19)
For the last step, observe first that Λ =

∑c
i=1 siI

(i) , so

L�0:K C�0:K ΛC(v0:K )−1C0:K L0:K

=
c∑

i=1

siL
�
0:K C�0:K I(i)C(v0:K )−1C0:K L0:K (20)

=
c∑

i=1

siL
�
0:K M (i)L0:K (21)

where we derive (21) from (20) by using for I(i) the reverse
steps to the ones we used for Λ to derive (19).

Next, to prove that log det (ΣẑK
(S)) is a nonincreasing set

function in the choice of the sensors S, we follow similar
steps to those in [33, Th. 2]. Specifically, consider S ⊆ S′,
and observe that (18) and from [47, Th. 8.4.9], ΣẑK

(S′) �
ΣẑK

(S), since L�0:K M (i)L0:K � 0 and C(zK ) � 0. As a re-
sult, log det(ΣẑK

(S′)) ≤ log det(ΣẑK
(S)).

Finally, to prove that log det(ΣẑK
(S)) is a supermodular set

function, we prove that − log det(ΣẑK
(S)) is submodular. In

particular, recall that a function h : 2[c] �→ R is submodular if
and only if, for any a ∈ [c], the function ha : 2[c]\{a} �→ R,
where ha(S) ≡ h(S ∪ {a})− h(S), is a nonincreasing set
function. Therefore, to prove that h(S) = − log det(ΣẑK

(S)) is
submodular, we may prove that the ha(S) is a nonincreasing set
function. To this end, we denote

∑c
i=1 siL

�
0:K M (i)L0:K in (18)

by M(S), and follow similar steps to those in [25, Proof of
Theorem 6]. Specifically, we note that

ha(S) = log det(M(S ∪ {a}) + C(zK )−1)

− log det(M(S) + C(zK )−1)

= log det(M(S) + M({a}) + C(zK )−1)

− log det(M(S) + C(zK )−1).

For S ⊆ S′ and t ∈ [0, 1], define Φ(t) ≡ C(zK )−1 + M(S) +
t(M(S′)−M(S)) and

g(t) ≡ log det (Φ(t) + M({a}))− log det (Φ(t)) .

Then, g(0) = ha(S) and g(1) = ha(S′). Moreover, since

d log det(Φ(t))
dt

= tr

(
Φ(t)−1 dΦ(t)

dt

)

(as in [48, eq. (43)]), it follows that:

ġ(t) = tr
[
((Φ(t) + M({a}))−1 − Φ(t)−1)F

]

where F ≡M(S′)−M(S). Furthermore, from [47, Proposi-
tion 8.5.5], we have that

(Φ(t) + M({a}))−1 − Φ(t)−1 � 0

where Φ(t) is invertible since C(zK )−1 � 0, M(S) � 0, and
M(S′) �M(S)). Since also F � 0, from [47, Corollary 8.3.6],
it readily follows that:

λmax[((Φ(t) + M({a}))−1 − Φ(t)−1)F ] ≤ 0.

Thus, ġ(t) ≤ 0, and ha(S′) = g(1) = g(0) +
∫ 1

0 ġ(t)dt ≤
g(0) = ha(S), i.e., ha is nonincreasing. �

Proof of Theorem 3: The proof of the theorem in attained in
three main steps: 1) we prove (9); 2) we prove (10); and 3) we
prove the computational complexity of Algorithm 1.

To prove (9), let S0 ,S1 , . . ., be the sequence of sets se-
lected by Algorithm 1 and l the smallest index such that
log det (ΣẑK

,Sl) ≤ R. Therefore, Sl is the set that Algorithm 1
returns. To prove (9), we first observe that Theorem 2 implies
that log det (ΣẑK

,S)) is a supermodular and nonincreasing.
Then, from [49], we have that

l

|S� | ≤ 1 + log
log det (ΣẑK

, ∅)− log det (ΣẑK
, [c])

log det (ΣẑK
,Sl−1)− log det (ΣẑK

, [c])
.

Now, l is the first time that log det (ΣẑK
,Sl) ≤ R, and as a result

log det (ΣẑK
,Sl−1) > R, and, as a consequence, we have that

(10) holds. Furthermore, log det (ΣẑK
, ∅) = log det (C(zK )) ,

and from the geometric-arithmetic mean inequality, we obtain
that

log det (C(zK )) ≤ n(K + 1) log
tr(C(zK ))
n(K + 1)

≤ n(K + 1) log
n(K + 1)max(σ2

0 , σ2
w )

n(K + 1)

= n(K + 1) log max(σ2
0 , σ2

w ).

Finally, to prove the computational complexity of Algo-
rithm 1, note that the while loop is repeated for at most c
times. Moreover, the complexity to compute the determinant
of an n(K + 1)× n(K + 1) matrix, using the Coppersmith–
Winograd algorithm [50], is O((nK)2.4), which is also the
complexity incurred by the multiplication between such two
matrices. Additionally, the determinant of at most c + 1 matri-
ces must be computed so that the

arg max
a∈[c]\S

(log det (ΣẑK
,S)− log det (ΣẑK

,S ∪ {a}))

can be computed. Also, O(c) time is required to find a
maximum element between c available. Therefore, the over-
all computational complexity of Algorithm 1 is dominated
by O(c2(nK)2.4). �

Proof of Theorem 4: In the following paragraphs, we com-
plete the proof of the theorem in three steps: 1) we prove (11);
2) we prove that the approximation factor 1− 1/e in (11) is the
best one can achieve in polynomial time for (P2)/(P4); and 3)
we discuss the computational complexity of the algorithm.

To prove (11), we first observe that Theorem 2 implies
that log det (ΣẑK

,S)− log det (ΣẑK
, ∅) is a supermodular,
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nonincreasing, and nonpositive set function. Consequently, the
results from [49] can be invoked to obtain (11).

To prove that the approximation factor 1− 1/e in (11) is the
best one can achieve in polynomial time for (P2)/(P4), we recall
that in the worst case, (P2)/(P4) are equivalent to the minimal
observability problem (see proof of Theorem 1). Then, the result
follows by noticing that the minimal observability problem has
the same computational complexity as the set cover problem
[22], which cannot be approximated in polynomial time with a
factor better than 1− 1/e [40].

Finally, the computational complexity of Algorithm 2 can be
derived by following the same steps and reasoning as the one
proposed in the proof of Theorem 3 to show the time complexity
of Algorithm 1. �

Proof of Theorem 5: Since the arithmetic mean of a finite set
of positive numbers is at least as large as their harmonic mean,
the following inequality holds:

tr(ΣẑK
) ≥ (n(K + 1))2

tr
(∑c

i=1 siL�0:K M (i)L0:K + C(zK )−1
) (22)

where we used the closed form for ΣẑK
proved in Theorem 2.

Furthermore, in the denominator of (22), for the
first term it is tr(

∑c
i=1 siL

�
0:K M (i)L0:K ) =

∑c
i=1 si tr(M (i)

L0:K L�0:K ), where tr(L�0:K M (i)L0:K ) ≤ n(K + 1)‖C̄‖22‖C
(v1:K )−1‖2‖L0:K L�0:K ‖2 , since ‖I(i)‖2 = 1, and for the second

term it is tr(C(zK )−1) ≤ n(K + 1)max{σ(−1)
0 , σ

(−1)
w }. There-

fore,

tr

(
c∑

i=1

siL
�
0:K M (i)L0:K + C(zK )−1

)
≤

ern(K + 1)σ(−1)
v ‖C̄‖22‖L̄‖2 + n(K + 1)max{σ(−1)

0 , σ(−1)
w }.

Hence, tr(ΣẑK
)≥n(K + 1)/(rσ(−1)

v ‖C̄‖22‖L̄‖2 +max{σ(−1)
0 ,

σ
(−1)
w }). �
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