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performance. Thus, we propose multi-valued semantics for MTL formulas, which capture
not only the usual Boolean satisfiability of the formula, but also topological information

ﬁ?}g:zd;a metric temporal logic regarding the distance, &, from unsatisfiability. We prove that any other signal that
Robustness remains &-close to the initial one also satisfies the same MTL specification under the usual
Metric spaces Boolean semantics. Finally, our framework is applied to the problem of testing formulas
Testing of two fragments of MTL, namely Metric Interval Temporal Logic (MITL) and closed Metric

Temporal Logic (cIMTL), over continuous-time signals using only discrete-time analysis.
The motivating idea behind our approach is that if the continuous-time signal fulfills certain
conditions and the discrete-time signal robustly satisfies the temporal logic specification,
then the corresponding continuous-time signal should also satisfy the same temporal logic
specification.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

Model checking [11] has been proven to be a very useful tool for the verification of software and hardware systems.
The tools and methodologies developed for such systems do not naturally extend to systems whose state space is some
general infinite space, for example continuous and hybrid systems. In this case, the model checking problem becomes harder
and in most of the cases is undecidable [1]. In practice, the validation of such systems still relies heavily on methods that
involve systematic testing [34,33]. More recently, temporal logic testing [53,40] has been proposed as a framework that can
provide us with additional information about the properties of continuous- or discrete-time signals. However, the classical
approaches to temporal logic testing involve a Boolean abstraction of the value of the signal with respect to the atomic
propositions in the formula. This loss of information can be quite critical when we consider systems that model or control
physical processes. For example, consider the signals s; and s, in Fig. 1. Both of them satisfy the same specification “if the
value of the signal drops below — 10, then it should also raise above 10 within 2 time units”. Nevertheless, a visual inspection
of Fig. 1 indicates that there exists a qualitative difference between s; and s,. The latter “barely” satisfies the specification.
Indeed as we can see in Fig. 2, adding a bounded noise on s, renders the property unsatisfiable on s,.
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Fig. 2. The signal s, modified by random noise. The arrow points to the point in time where the property fails.

In order to differentiate between such trajectories of a system, in [17] we introduced the concept of robustness degree for
finite timed state sequences. Here, we extend the results of [ 17] to continuous-time signals with potentially unbounded time
domain. Informally, the robustness degree is the bound on the perturbation that the signal can tolerate without changing
the truth value of a specification expressed in Metric Temporal Logic (MTL) [36]. In detail, we consider signals which take
values in some set X equipped with a metric d. If the time domain of these signals is R, then we can consider each signal as
a point in X®, which is the space of all possible signals with time domain R. In order to quantify how close are two different
signals in X, we define the notion of distance using a metric p on the space X®. Given an MTL formula ¢, we can partition
the space X® into two sets: the set .£(¢) of signals that satisfy ¢ and the set .£(—¢) of signals that do not satisfy ¢. Then,
the formal definition of the robustness degree comes naturally; it is just the distance of a signal s € £(¢) from the set
L(—¢). Using the degree of robustness and the metric p, we can define an open ball (tube) around s and, therefore, we can
be sure that any signal s’ that remains within the open ball also stays in «£(¢). In this paper, we refer to such tubes as robust
neighborhoods.

The robustness degree is not the only way to define robust neighborhoods. One can define multi-valued (or robust as it will
be referred to in this paper) semantics for MTL formulas. An atomic proposition in the robust version of MTL evaluates to the
distance between the current value of the signal and the subset of X that the atomic proposition represents. As established in
the framework of multi-valued logics [9,13], the conjunction and disjunction in the Boolean logic are replaced by the inf and
sup operations. In this paper, the logical negation is replaced by the usual negation over the reals. We prove that when an MTL
formula is evaluated with robust semantics over a signal s, then its value is an under-approximation ¢ (robustness estimate)
of the robustness degree and, therefore, any other signal s’ that remains £-close to s also satisfies the same specification.

Application-wise the importance of the robustness degree/estimate is immediate: if a system has the property that for
near-by initial conditions (or under bounded disturbances etc) its signals remain 5-close to the nominal one and, also, its
robustness degree/estimate with respect to an MTL formula ¢ is ¢ > §, then we know that all the system’s signals also satisfy
the same specification. This basic idea has been applied to the bounded time temporal logic verification of linear systems
in [15]. Along the same lines, the framework that we present in this paper can be readily used in several other applications
such as Qualitative Simulation [52], mobile robot path planning [16] and in behavioral robotics [38].

In this paper, we present one additional application of the robustness estimate. Assume that we would like to test the
transient response of an electronic circuit to a predetermined input signal. Since analytical solutions exist only for a few
simple cases, the design, verification and validation of such systems still rely heavily on testing the actual circuit or, more
commonly, on simulations [46]. In either case, we end up with a discrete-time (or sampled) representation of the continuous-
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time signal that we have to analyze. On the other hand, the properties of the system that we would like to verify are - in
most of the cases — with respect to the continuous-time behavior of the system. In particular, properties like overshoot,
rise time, delay time, settling time and other constraints on the output signal [44] can be very naturally captured using MTL
with continuous-time semantics [36]. The question that arises then is: Can we verify continuous-time properties of a system
using only discrete-time reasoning? In [ 19], we answered this question in the positive for the satisfiability problem of Metric
Interval Temporal Logic (MITL) [3] specifications. Here, we revisit the problem and derive conditions for approximating the
continuous-time robustness estimate of a signal with respect to a specification in cIMTL, a restricted version of MTL which
allows only closed intervals as timing constraints [40]. In addition, this new result makes possible the approximation of the
robustness estimate of any Linear Temporal Logic (LTL) [47] formula with respect to a continuous-time signal.

Our proposed solution derives conditions on the dynamics of the signal, on the sampling function and on the timing
constraints of MTL such that temporal logic reasoning over discrete-time signals can be applied to continuous-time signals.
The main machinery that we employ for this purpose is the computation of the robustness estimate. All we need to do is to
guarantee that the dynamics of the signal are such that between any two sampled points the actual continuous-time signal
does not exceed the distance that is computed using the robust semantics. The constraints on the sampling function play
another role. They guarantee that there exist enough sampling points such that the validity of temporal logic formulas is
maintained between the two different semantics [48].

The structure of the paper is as follows. Section 2 introduces the continuous-time semantics of MTL and the notions of
robustness degree (Section 2.3) and robustness estimate (Section 2.4) for continuous-time signals. In Section 3, we restate
some of the results of Section 2 for discrete-time signals. Section 3 concludes by presenting a monitoring algorithm (similar
to [54,26]) that is based on the discrete-time robust semantics of MTL. The conditions on the signal and the sampling function
and the logic such that continuous-time reasoning using discrete-time methods is possible are presented in Section 4. Our
theoretical results are demonstrated in Section 4.4 through some examples that indicate the range of systems that the
method can be applied to. Even though our analysis holds for signals of infinite duration, we focus our attention to signals
of finite duration. This is so, because the analysis of the asymptotic properties of physical systems is a mature research
area [35,44], while the analysis of the transient properties has not received much attention.

2. Temporal logic robustness for continuous-time signals

In this section, we define signals over metric spaces and provide a brief overview of the temporal logics that are
interpreted over linear time structures. Then, we proceed to define our notion of robustness for temporal logic formulas. Let
R be the set of the real numbers, Q be the set of rationals and N the set of the natural numbers. We denote the extended
real number line by R = R U {#-00}. In addition, we use pseudo-arithmetic expressions to represent certain subsets of the
aforementioned sets. For example, R, denotes the subset of the reals whose elements are greater than or equal to zero.
We let B = {L, T}, where T and _L are the symbols for the boolean constants true and false respectively. Given two sets
A, B, the set ¥ (A, B) denotes the set of all functions from A to B. That is, # (A, B) = B and for any f € % (A, B), we have
f : A — B.The domain of a function f € ¥ (A, B) is denoted by dom(f). Given a set A, $(A) denotes its powerset and |A|
denotes its cardinality. Finally, if A is a subset of a topological space, then cl(A) denotes its closure, that is, the intersection
of all closed sets containing A.

2.1. Continuous-time signals in metric spaces

In this paper, we use continuous-time signals in order to capture the behavior of real-time or physical systems. Typical
models of real-time systems are the formalisms of timed automata [2], hybrid automata [27] and dynamical systems [10,35].
Formally, a continuous-time signal s is a map s : R — X such that R is the time domain and X is a metric space. When
we consider bounded time signals, then R = [0,r] € Rso withr > 0, otherwise we let R = R. In the following,
we fix R to refer to a time domain as described above. As an example of a continuous-time signal, consider the function
s1(t) = sint + sin 2t in Fig. 3 such that R = [0, 77 ].

A metric space (X, d) is a set X with a metric d. For a short introduction to metric spaces see [43]. In this paper, we only
use the notions of metric and neighborhood which we define below.

Definition 1 (Metric). A metric on a set X is a positive function d : X x X — R, such that the following properties hold

(1) VX],XZ EX,d(Xl,Xz) =0& x| =Xx;
(2) Vx1,% € X, d(x1, X2) = d(x2, X1)
(3) Vx1, X2, x3 € X, d(x1,X3) < d(Xq, x2) + d(X2, X3).

Using a metric d, we can define the distance of a point x € X from a set S C X. Intuitively, this distance is the shortest
distance from x to all the points in S. In a similar way, the depth of a point x in a set S is defined to be the shortest distance
of x from the boundary of S.

Definition 2 (Distance, Depth, Signed Distance [8] Section 8). Let x € X be a point, S € X be a set and d be a metric on X.
Then, we define the
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Fig. 3. A continuous-time signal s; with time domain R = [0, 77x].

e Distance from x to S to be disty(x, S) := inf{d(x,y) | y € cl(S)}
e Depthofxin S to be depth,(x, S) := disty(x, X\S)
e Signed Distance from x to S to be

—dist;(x,S) ifx¢gS

Disty(x, S) := {aepmdu, S) ifxes.

We should point out that we use the extended definition of supremum and infimum. In other words, the supremum of the
empty set is defined to be bottom element of the domain, while the infimum of the empty set is defined to be the top element
of the domain. For example, when we reason over R as above, then sup ¥ := —oo and inf@ := +oo0. Also of importance is
the notion of an open ball of radius ¢ centered at a point x € X.

Definition 3 (e-Ball). Given a metric d, a radius ¢ > 0 and a point x € X, the open e-ball centered at x is defined as By(x, ¢)
={yeX|dxy) <e}

The following properties of the g-ball are immediate. Given 0 < ¢ < &’ and a point x € X, we have By(x, &) C By(x, &').
Also, if dist;(x, S) = ¢ > 0, then B4(x, €) NS = (. Note that dist, actually returns the radius of the largest ball B4(x, ) that
fits in the set X\S. Similarly, it is easy to see that if depth,(x, S) = ¢ > 0, then B4(x, ¢) C S.

2.2. Metric temporal logic over continuous-time signals

Metric Temporal Logic (MTL) was introduced in [36] in order to reason about the quantitative timing properties of boolean
signals. In this section, we review the basics of propositional MTL over continuous-time signals. Also, we present the syntax
and semantics of Metric Interval Temporal Logic (MITL) [3] and closed Metric Temporal Logic (cIMTL) as fragments of MTL.

Definition 4 (MTL Syntax). Let C be the set of truth degree constants and AP be the set of atomic propositions. The set MTL¢
of all well-formed formulas (wff) is inductively defined using the following grammar:

¢ =clpl—ploVPloU

where p € AP and { ranges over intervals of R>. The cases in the grammar above correspond respectively to constants,
atomic propositions, negation, disjunction and until. If the rule —¢ is replaced by —p and we add the rules ¢ A¢ (conjunction)
and ¢ R ;¢ (release) to the grammar, then we say that the formula is in Negation Normal Form (NNF). In this case, the set
of wff is denoted by MTLE“. The set MTL¢(op1, opa, . . .) denotes the subset of MTL formulas that contain only the operators
0p1, 0p2, . ... If, also, we require that { is not a singleton set, i.e., 4 # {a} for some a € R, then we get the set MITL of all
wif MITL formulas. Finally, if { ranges over intervals of Qx, i.e., € Qx, such that c/({) = {4, then we get the set cIMTL¢ of
all wff cIMTL formulas.

In Boolean logic, the set of truth degree constants simply consists of the true (T) and false (L) values. When we consider
multi-valued logics, this set contains more then two elements and, in certain cases, it can also be an infinite set. The atomic
propositions in our case label subsets of the set X. In other words, we define an observation map © : AP — £ (X) such that
for each p € AP the corresponding set is O (p) C X.

In the above definition, U, is the timed until operator and R, the timed release operator. In MTL, the subscript { is
essentially any interval of R>( and it imposes timing constraints on the temporal operators. Note that the interval { can be
open, half-open or closed, bounded or unbounded, and it might even be the empty set ). Moreover, we define the following
operations on the timing constraints J of the temporal operators:

t+d:={t+t'|t'ed} and t4+gd:=(C+INR

for any t in R. Sometimes for clarity in the presentation, we replace 4 with pseudometric expressions, e.g., U[o 1] is written
as U<.
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Metric Temporal Logic (MTL) formulas are interpreted over continuous-time signals. In this paper, we define the
continuous-time Boolean semantics of MTL formulas using a valuation function (-, -))¢ : MTLg x £ (AP, (X)) — (¥ (R, X)
x R — B) and we write {(¢, O))c(s, t) = T instead of the usual notation (9! o5, t) = ¢. Here, o denotes function com-
position: (f o g)(t) = f(g(t)) and 9~ ! : X — P (AP) is defined as ©~'(x) := {p € AP | x € O(p)} for x € X. In this case,
we say that the signal s under observation map @ satisfies the formula ¢ at time t. For brevity, we drop @ from the notation
since without loss of generality we can consider it constant throughout this paper. We are therefore interested in checking
whether {(¢))c(s, 0) = T.In this case, we refer to s as a model of ¢ and we just write {(¢))c(s) = T for brevity.

Before proceeding to the actual definition of the semantics, we introduce some auxiliary notation. If (V, <) is a totally
ordered set, then we define the binary operators LI : VXV — Vand M : V x V — V using the supremum and infimum
functions as x LIy := sup{x, y} and x N y := inf{x, y}. Also, for some V C V we extend the above definitions as follows
L]V := supV and [V := infV. Again, we use the extended definition of the supremum and infimum, i.e, sup@ := L
and inf@ := T. Since (V, <) is a totally ordered set, it is also a distributive lattice (see Example 4.6 (2) in [12]), i.e., for all
a,b,c e V,wehavear (buc) =(anb)u(anc)andau (bric) = (aub) r (au c). Note that the structure (B, <) is a
totally ordered set with 1. < T and that (B, M1, U, —) is a boolean algebra with the complementation defined as =T = L
and—-L =T.

Definition 5 (CT Semantics of MTL). Let ¢ € MTLg be a formula, © € F (AP, £ (X)) be an observation map and s € ¥ (R, X)
be a continuous-time signal, then the continuous-time semantics of ¢ is defined by

(Mhets,0):=T
(P c (s, £) := Ke(s(t), O(p)) = {

{(=d1)c(s, ) := ={d1)c(s, b)
(D1 Vv @2l (s, t) == (@) (s, t) U (B2 (s, b)

|| <<<¢2>>c<s, Oy [ (adets, r”))

t'e(t+gd) t<t"<t'

Tifs(t) € O(p)
1 otherwise

(1 Ugalc (s, t) :

where t, t’, t” € R and K¢ is the characteristic function of the € relation.

Informally, the formula ¢; U ;¢, expresses the property that over the signal s and in the time interval t +5 {, there exXists
some time t’ such that s makes ¢, true and, furthermore, for all previous time (besides the current time t), s satisfies ¢1.
Notice that in the definition of until the time t’ is quantified over the set t +5 { instead of simply t + 4. This is necessary
since the signal s might be of bounded duration and, thus, it is not defined for any time value that does not belong to the
set R. Intuitively, the release operator ¢; R ¢, states that ¢, should always hold during the interval t 4+ J{, a requirement
which is released when ¢; becomes true. More formally, the semantics of R; can be defined using the semantics of U,
and the following syntactic equivalence, ¢1R ;¢ = —(—¢1 U;—¢,). We can also define the temporal operators eventually
Ogp = T Uy and always Oy = LR ;.

The until operator as defined above is also referred to as strict non-matching until [23]. In addition, we define two more

versions of the until temporal operator. Namely, (i) the non-strict non-matching version of until ¢, ‘17 3 ¢, with definition if
0 & 4, then @1 A (1 Uy¢ha), else ¢ V (1 A (1 Uyp2)) and (ii) the non-strict matching version of until ¢, ‘171 P2 = @1 ‘l(_,{l
(¢1A¢2).The respective versions of release are defined using the duality property. Intuitively, the formula ¢, ‘17 3 @2 requires
that there exists some time t’ in t +5 4 such that both ¢, and ¢ are true and that for all prev10us time (b] holds. We will
denote the versions of MTL which have as basic temporal operators the ‘u and ‘u instead of U by MTL and MTL respectively.

A comparison between the expressive power of the different versions of MTL, i.e., MTL, MTL and MTL, can be found in [23].
In this paper, we also present some results on Linear Temporal Logic (LTL) [47]. Comparing the two logics, MTL is used
to reason about the quantitative timing properties, whereas LTL only about qualitative timing properties. Here, we will only

consider the standard version of LTL which can be regarded as a fragment of MTL where all the intervals 4 of the temporal
operators are of the form [0, +00). Similar to MTL, we denote the set of all LTL formulas that have truth constants from the

set C by LTLc. When 4 = [0, 4-00), we can drop the subscript { from the temporal operators, i.e., we just write ‘17

We denote by £;(¢p) = {s € F(R, X) | {¢))c(s,t) = T} the set of all signals that satisfy ¢ at time t. Then L£(¢p) = Lo(¢)
is the set of all models of ¢. We say that the formula ¢ is valid when £(¢) = F (R, X) and invalid when £(¢) = #. Note
that £i(—=¢) = {s € F(R,X) | {@)c(s,t) = L} since (—@)c(s, ) = —{(@)c(s, t) = T.Thus, the sets L(¢) and L (—¢)
are complements of each other with respect to # (R, X). Thus, # (R, X)\L:(¢) = £L:(—¢) and vice versa.

Remark 6. We conclude this section with a word of caution. Even though we allow in our definitions signals of unbounded
duration, our logical framework cannot capture asymptotic properties with respect to time. For example, consider the



G.E. Fainekos, G.J. Pappas / Theoretical Computer Science 410 (2009) 4262-4291 4267

Fig. 4. The definition of distance and depth and the associated neighborhoods. Also, a tube (dashed lines) around a nominal signal s (dash-dotted line) is
shown. The tube encloses a set of signals (dotted lines).

signal s(t) = exp(—t) which converges to 0 as t goes to 4+o0. This signal does not satisfy the specification ¢p, where O (p)
= (—o00, 0] since there does not exist some time t such that s(t) = 0, i.e,, s(t) € O(p). Therefore, it is natural to consider
bounded time domains since we cannot express asymptotic properties with MTL.

2.3. Robust satisfaction of MTL specifications in continuous time

In this section, we define what it means for a signal s € # (R, X) to satisfy a Metric Temporal Logic specification robustly.
For the signals that we consider in this paper, we can naturally quantify how close two signals are by using the metric d. Let
s and s’ be signals in (R, X), then

p(s,s) = iug{d(s(t)’ s'(t))} (1)

is a metric' on the set (R, X) = XR. Since the space of signals is equipped with a metric, we can define a tube around a
signal s (see Fig. 4). Givenan ¢ > 0, B,(s, &) € F (R, X) is the set of all signals that remain e-close to s.

Informally, we define the robustness degree to be the bound on the perturbation that a signal can tolerate without
changing its Boolean truth value with respect to a specification expressed in Metric Temporal Logic (MTL) [36]. Abstractly
speaking, the degree of robustness that a signal s satisfies an MTL formula ¢ is a number ¢ € R. Intuitively, a positive &
means that the formula ¢ is satisfiable in the Boolean sense and, moreover, that all the other signals that remain e-close to
the nominal one also satisfy ¢. Accordingly, if ¢ is negative, then s does not satisfy ¢ and all the other signals that remain
within the open tube of radius |¢| also do not satisfy ¢.

Definition 7 (Robustness Degree). Let ¢ € MTLy be an MTL formula, @ € F (AP, $(X)) be an observation map and s €
F (R, X) be a continuous-time signal, then Dist, (s, £;(¢)) is the robustness degree of s with respect to ¢ at time t and
Dist, (s, L£(¢)) is the robustness degree of s with respect to ¢.

The following proposition is a direct consequence of the definitions. It states that all the signals s’, which have distance from
s less than the absolute value of the robustness degree of s with respect to ¢ at time t, satisfy the same specification ¢ as s
at time t. Note that the property ¢ could be satisfied or falsified on s.

Proposition 8. Let ¢ € MTLg be an MTL formula, @ € F (AP, # (X)) be an observation map and s € ¥ (R, X) be a continuous-
time signal. If ¢ = Dist (s, L£:(¢)) # 0 for some t € R, then for all s’ € B, (s, |e|), we have {@d)c(s', t) = () c (s, t).

In the following, given an ¢ > 0, we will call as robust neighborhood any ball (or tube) B, (s, ¢) such that for all s’ € B, (s, ¢),
we have (@) c(s', t) = {P)c(s, t). Note that the robustness degree of s with respect to ¢ is actually the radius of the largest
robustness neighborhood around s.

Remark 9. If ¢ = 0, then the truth value of ¢ with respect to s is not robust, i.e., there exists some time ¢t such that a small
perturbation of the signal’s value s(t) can change the Boolean truth value of the formula with respect to s.

Nevertheless, the set £(¢) cannot be computed or represented analytically. In the next sections, we develop a series of
approximations that will enable us to compute an under-approximation of the robustness degree by directly operating on
a given signal.

1 This is the standard metric - namely the sup metric - used in spaces of bounded functions [43, Section 43]. Since in our definitions we allow a metric
to take the value 400, p is also a metric over the set # (R, X).
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2.4. Robustness estimate for continuous-time signals

As explained in the previous section, the robustness degree is the maximum radius of the neighborhood that we can fit
around a given signal s without changing the truth value of the formula. But are there other ways to determine and compute
robust neighborhoods? In this section, we answer this question in a positive manner by introducing robust semantics for
MTL formulas.

The robust semantics for MTL formulas are multi-valued semantics over the linearly ordered set R. We define the
valuation function on the atomic propositions to be the depth (or the negative distance) of the current value of the signal
s(t) in (from) the set © (p) labeled by the atomic proposition p. Intuitively, if this distance is positive, then it represents how
robustly is the point s(t) within the set @ (p). If, on the other hand, this distance is negative, then it represents how robustly
is the point s(t) outside the set @ (p). If this metric is zero, then the point s(t) lies on the boundary of the set © (p). Therefore,
even the smallest perturbation of the point can drive it inside or outside the set @(p), which dramatically affects the set
membership of the point.

For the purposes of the following discussion, we use the notation [[¢, O]lc(s, t) to denote the robust valuation of the
formula ¢ over the signal s at time t. Formally, [-, -Tc : (MTLg s x F (AP, #(X))) — (¥ (R,X) x R — R) and, again, the
observation map @ is omitted.

Definition 10 (CT Robust Semantics). Lets € F(R,X),c € Rand O € F (AP, 2(X)), then the continuous-time robust
semantics of any formula ¢ € MTLg  with respect to s is recursively defined as follows
[TTcGs, £) = +o0
[clc(s, t) :=c
[[pllc(s, t) := Disty(s(t), O(p))
[—=¢1llc(s, t) := =lp1llc(s, t)
[p1V d2lic(s, t) == [p1llc(s, ) L [21ic (s, £)

| | ([[cpznc(s,t’)m M [[¢>111c<s,t”)>

t'e(t+gd) t<t"<t'

o1 Usp2llc(s, t)

where t, t',t” € R.

It is easy to verify that the semantics of the negation operator give us all the usual nice properties such as the De Morgan
laws:aub = —(—an —b)andanb = —(—a U —b), involution: —(—a) = a and antisymmetry: a < biff —a > —b
for a, b € R. Therefore using the standard rewriting rules, we can convert any MTL formula into an equivalent formula in

NNF under both Boolean and robust semantics. NNF will be necessary in order to derive results on the continuous-time
satisfiability of a formula using discrete-time reasoning (Section 4). The following result is immediate.

Definition 11. Given ¢ € MTLg , the translation of ¢ to its equivalent formula in Negation Normal Form is achieved using
the following rules

——p =¢
—(P1V P2) = —d1 A=y (1 A r) = Py V Ty
—(P1 Us2) = =1 Ry~ —(P1R1P2) = —d1 Uy—o.

We denote the function that applies the above rules to ¢ in a recursive way by nnf, that is, nnf : MTLg ; — MTL%U]B.

Lemma 12. Consider any signal s € ¥ (R, X) and time t € R, then we have {(¢)c(s, t) = (nnf(¢)))c (s, t) and [¢llc(s, t) =
[nnf($)Ic (s, ©).

The next theorem comprises the basic step for establishing that the robust interpretation of an MTL formula ¢ over a signal
s evaluates to the radius of a robust neighborhood.

Theorem 13. Given an MTL formula ¢ € MTLg, an observation map © € ¥ (AP, $(X)) and a continuous-time signal s €
F (R, X), then for any t € R, we have —dist, (s, £L:(¢)) < [¢llc(s, t) < depth,(s, L ($)).

Essentially, Theorem 13 states that the evaluation of the robust semantics of a formula can be bounded by its robustness
degree. In detail, we have: (i) if s € £:(¢), then 0 < [@llc(s,t) < disty(s, L:(—¢)), and if s € L;(—¢), then
—dist, (s, L:(¢)) < [¢llc(s, t) < 0.Hence, the inequality

[[@llc(s, t)] < [Dist, (s, L:(¢))] (2)

holds. Therefore from Theorem 13 and Proposition 8, we establish as corollary that the robust interpretation of a formula
indeed evaluates to the radius of a robust neighborhood.
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Fig. 5. The signal s; and its robustness neighborhood with radius 0.2398.

Corollary 14. Given an MTL formula ¢ € MTLg, an observation map © € ¥ (AP, (X)) and a continuous-time signal s €
F (R, X), if for some t € R, we have ¢ = [[¢p]lc(S, t) # O, then for all s € B, (s, |g|), we have (@) c(s', t) = (PN c (s, b).

Example 15. Consider again the continuous-time signal s; in Fig. 3 and assume that we are given the MTL specification
¢o = Op1 A Oz +00)P2, Where O(p1) = [—2,2] and O(p;) = (—o0, 0]. Then, [¢ollc(s1) &~ 0.2398. Note that any other
signal that remains within the tube around s; in Fig. 5 also satisfies the specification ¢y.

The following proposition states the relationship between the Boolean and the robust semantics of MTL.

Proposition 16. For an MTL formula ¢ € MTLg, an observation map © € ¥ (AP, (X)), a continuous-time signal s € ¥ (R, X)
and some time t € R, the following two results hold

(1) [ellc(s, ) > 0= (Phc(s,t) = T and [@lic(s. t) < 0= (@hc(s.t) = L
(2) {(@hc(s. ) =T = [[@lic(s. t) = 0and (P)c(s. t) = L = [@llc(s, t) < 0.

Note that the equivalence [¢]lc (s, t) > 0iff (¢))c(s, t) = T does not hold, because if a point is on the boundary of the set,
its distance to the set or its depth in the set is by definition zero. Therefore, we cannot determine whether the point belongs
to that set or not since any information whether the set is open or closed is lost.

At this point, we have not yet answered what is the exact relationship between [¢]lc(s, t) and Dist, (s, £;(¢)). For
example, could we have replaced the inequality in Eq. (2) with an equality? As the following example indicates, the inequality
in Eq. (2) is usually strict. Therefore, in the following we refer to the evaluation of the robust semantics [¢]c (s, t) as the
robustness estimate.

Example 17. Consider the constant signal s(t) = 0 for t > 0 and the formula v = O(p; V p2) with ©@(p1) = (-1, 2) and
O(py) = (=2, 1).1tis easy to see that L () = (—2, 2)¥=0 and, thus, Dist, (s, L(¥)) = 2. However, [ [lc(s) = [=0([P1]lc
(s, t) U [[p2llc (s, t)) = [e=o (11 1) = 1.In other words, the robust MTL semantics evaluate to an under-approximation of
the robustness degree.

Unfortunately, the robust semantics cannot always capture the fact that a signal is robust with respect to a specification.
The next example demonstrates how the robustness estimate might evaluate to zero even when the formula is valid.

Example 18. Consider the constant signal s(t) = 0 for t > 0 and the formula v = O(p; V p;) with O (p;) = [0, +0o0) and
O(py) = (—o0, 0]. Clearly, £(¥) = R*>0, i.e., the formula is valid, and, thus, Dist, (s, L(¥)) = +oco. However, [¥]lc(s)
= [i=0 (Ip1llc (s, &) U Ip2lic(s. t)) =TTk (OLI0) = 0.

These undesirable effects can be minimized or even avoided if we understand how equality breaks. Generally speaking, the
strict inequality between the robustness estimate and robustness degree manifests itself in four distinct ways: (i) at the
level of the atomic propositions, e.g., p1 V p», (ii) due to the existence of tautologies in the formula, e.g., p vV —p, (iii) when
we consider disjuncts of MTL subformulas, e.g., ¢ V ¢, and more importantly, (iv) due to the supremum operator in the
semantics of the until temporal operator. The mathematical principle that is behind the above four cases is the fact that
the distance of a point from the intersection of two sets is not equal to the maximum of the distance of the point from each
set [42]. The details of how this is manifested in the relationship between the robustness degree and the robustness estimate
can be found in the proof of Theorem 13 in Appendix A.

However, some applications (see for example [15]) might benefit from specifications ¢ in MTL for which the equality
holds, that is,

[pllc(s) = Dist, (s, L(#)). (3)

The following result indicates a fragment of MTL for which equality (3) holds. This fragment includes only formulas in NNF
which are built using only the conjunction and always operators. Note that we have not imposed any conditions on the
metric d, the set £ (R, X) or the topology of the sets @ (p).
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Proposition 19. Consider a formula ¢ € MTL]'I‘g(/\, 0,), an observation map @ € ¥ (AP, # (X)) and a signal s € ¥ (R, X), then
foranyt € R, {¢p)c(s, t) = T implies [pllc (s, t) = Dist, (s, L(¢)) = depth, (s, L:($)).

Since duality holds in our definition of the robust semantics, the next result is immediate.

Corollary 20. Consider a formula ¢ € MTL{BS(V, Oy), an observation map O € F (AP, $ (X)) and a signal s € F (R, X), then for
anyt € R (@hc(s, t) = L implies [@llc (s, t) = Dist, (s, L (P)) = —dist, (s, Lc(d)).

Remark 21. The results in Section 2 hold for any linearly ordered time domain and not just the real line. As can be seen in
the proofs in Appendix A, the only requirement is that the timing constraints { in a formula ¢ must refer to the same time
domain as the domain of the signal s. For example, consider a discrete-time signal o € £ (N, X), where N C N, and the
formula O1,3)p1. In this case, the timing constraints [1, 3] refer to the discrete-time domain of o where the time now counts
clock ticks or samples instead of real time.

3. Revisiting robustness for discrete-time signals

Physical world processes evolve in real time and, hence, the requirements for such systems must be specified in
continuous-time formalisms as well. However, in virtually all the practical cases, the representation of the behavior of such
systems that is available to us for analysis is in discrete-time. For example when we monitor the temperature in a room, we
cannot know the value of the continuous-time signal at all points in time, but only at those points in time that are attainable
through an analog-to-digital converter. This is also true when we test, simulate or verify a continuous-time signal using a
digital computer. Some form of discretization of time is always necessary.

As briefly mentioned in the previous section, the robustness degree and the robustness estimate can be defined for signals
whose domain is any linearly ordered time flow. Therefore, it is possible to define a signal over the natural numbers and
perform discrete-time temporal logic analysis over that. However, the timing constraints in this case refer to the number
of samples taken from the continuous-time signal and not to the actual real-time constraints. When the sampling step is
constant, then there exists a simple conversion between the number of samples and the time that they were taken. But it is
not always the case that the sampling step is constant and, moreover, the user often needs to provide real-time requirements
on the signal which refer to the actual evolution of time and not the number of samples.

Hence, in this section we introduce and use timed state sequences (TSSs) as models for the discrete-time representation of
signals that also maintain the required timing information. TSSs are a widely accepted model for reasoning about real-time
systems [4]. The goal of this section is to briefly revisit the results of the previous section and reintroduce them using TSSs.

3.1. Timed state sequences in metric spaces

A discrete-time signal o can represent computer simulated trajectories of physical models or the sampling process that
takes place when we digitally monitor physical systems. Informally, a discrete-time signal o is a sequence of snapshots of
the continuous-time behavior of a system. Each such snapshot represents the state of the system at a particular point in time
(see Fig. 6). However, as explained earlier a discrete-time signal does not provide us with any timing information. In order
to reason about the timing properties of a discrete-time signal, we introduce the timing function t. The role of the timing
function is to pair each snapshot with a time stamp.

More formally, we define a discrete-time signal o to be a function from the set # (N, X). Such a signal can be of bounded
or unbounded duration. In the former case we set N = N, for some n € N, while in the latter N = N. In the following, we
fix N C N to be the domain of the discrete-time signal. Analogously, a timing function 7 is a member of the set # (N, R>).
Two important restrictions on a timing function t are

(1) T must be a strictly increasing function, i.e., (i) < t(j) fori < j.
(2) ifdom(7) is an infinite set, then t must diverge, i.e., lim;_, 4o, T (i) = +o00.

We denote the set of strictly increasing functions from N to R which diverge by 1 (N, Rso). Of particular interest to us
are the timing functions for which the time difference between any two consecutive timestamps is constant. That is, for
each timing function 7 in this class there exists some constant @ € R.( such that (i) = «ifori € N. We will denote the
set of such functions from N to R by ET (N, R=) € FT(N, Rso), where ¢ stands for constant.

By pairing a discrete-time signal o with a timing function t, we define what is usually referred to as a timed state sequence
w=(0,7),ie,u e FN,X)x FT(N, Rs). In the following, we let 1 be the first member of the pair, i.e., 4V = o, and
1® be the second member of the pair, i.e., u® = 7. Notice that the pair (9! o ¢, 7) is actually a Boolean-valued timed
state sequence, which is a widely accepted model for reasoning about real-time systems [4,45].

3.2. Metric temporal logic over timed state sequences

We proceed on to define MTL semantics over timed state sequences. Again, the semantics is defined using a valuation
function. Given a TSS u, we write {(¢))p(u, i) = T when u satisfies the formula ¢ at moment i (as before, the observation
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Fig. 6. A discrete-time signal o (i) = sin 7, (i) + sin 27, (i) where the timing function is 7; (i) = 0.2i.

map O is implied). Similarly to the continuous-time case, when i = 0 and the formula evaluates to T, then we refer to
as a model of ¢ and we write {(¢))p(1) = T. In the definition below, we also use the following notation: for P C R, the

preimage of P under t is defined as: T~'(P) := {i e N | 7 (i) € P}.
Definition 22 (DT Semantics of MTL). Let u € F(N,X) x F1(N,Rso) and O € F (AP, £ (X)), then the discrete-time se-
mantics of any formula ¢ € MTLy is defined recursively as follows
(Tholu, ) :=T
{php (e, i) == Ke(o (i), O(p))
(=1 Do, 1) := —{d1 ), )
{1V @2hp(pe, 1) := {p1)p (e, D U (2N p (1, 1)

= =

= =

(1 WapDp(u. ) = | | (((dh))n(u,j)l‘l [T (@)ou, k))

jer 1@+ i<k<j
wherei,j, k € N,o = uV, v = u® and K¢ is the characteristic function of the € relation.

We denote by TSSi(¢) = {u € F(N,X) x FT(N,Rxq) | {¢)p(u, i) = T} the set of all timed state sequences that satisfy
¢ at time i. Then, TSS(¢p) = TSSo(¢) is the set of all timed state sequences that are models of ¢. In this work, we are not
interested in all the discrete-time models of ¢, but only in those that have the same timing function 7 with the input timed
state sequence . This is because we are not interested in studying the robustness of the input timed state sequence with
respect to its timing constraints as is done in [6,32], but with respect to the constraints imposed on the value of the signal
by the atomic propositions.

Since we only consider models with the same timing function, we can ignore the timing function altogether and use
the corresponding discrete-time signal when we define the robustness degree of a timed state sequence . Therefore, we
define the set £7 (¢) = {0 € F(N,X) | (o, 1) € TSSi(¢)}. Since u & TSSi(¢) if and only if u € TSS;(—¢), we also get that
o & LI(¢)ifand onlyif o € L7 (—¢) for o = nV. Hence, £7 (—¢) = F (N, X)\ LT (}).

3.3. Robustness degree for timed state sequences
Similar to the continuous-time case, we define a metric for the discrete-time signals. Let o and o’ be discrete-time signals
in £ (N, X), then
p(o,a") = sup{d(o (i), o’ (i)} (4)
ieN

is a metric on the set ¥ (N, X) = XN. The formulation of the robustness degree for the discrete-time case is straightforward.

Definition 23 (DT Robustness Degree). Let ¢ € MTLg be a formula, @ € F (AP, #(X)) be an observation map and u €
F (N, X) x F1(N, Rsp) be a timed state sequence, then Dist; (o, L] (¢)), where o = uV and T = @, is the discrete-time
robustness degree of u with respect to ¢ at time i € N and Dist; (o, £ (¢)) is the discrete-time robustness degree of p
with respect to ¢.

As before, the following proposition is derived directly from the definitions.

Proposition 24. Let ¢ € MTLg be an MTL formula, @ € ¥ (AP, (X)) be an observation map and i € F (N, X) x FT(N, Rx¢)
be a timed state sequence. Also, letoc = uV and v = n®.If e = Dist; (o, L] (¢)) # 0forsomei € N, then forall /' = (o’, )
such that o’ € B; (o, |¢[), we have (¢)p(n', 1) = (P)p(u, D).
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A major advantage of the discrete-time robustness, when compared to the continuous-time case, is that now the set £ (¢)
can be computed when N = dom(7) is a finite set. In [45], it was proven that one can construct an acceptor #4, (in the
form of a timed alternating automaton with one clock) for the finite models of any formula ¢ in the logic MTL with point-
based semantics. Assume now that we are given an MTL formula ¢ € MTLg and a timing function T € F'(N, Rx). For
that particular 7, we can find the set TSST (44 ) of all timed state sequences (or timed words) (w, 7) withw € F (N, 2 (AP))
that are accepted by 4. One way to do so is to construct the set W of all possible untimed words w of length |N|, that is
W = F (N, £(AP)), and, then, for each w € W verify whether (w, t) is accepted by Ay, i.e., whether (w, ) € TSS7 (A4).
From the set TSS” (A¢), we can easily derive the set

L= H(ﬂ omn () X\(9<p>>.

(w,T)€TSST (Ag) IEN \pew(i) pEAP\w (i)

The following example illustrates the concept of robustness for temporal logic formulas interpreted over finite (timed) state
sequences.

Example 25. Assume that we are given the LTL specification ¢ = p; Up, such that O(p;) = [1,2] € Rand O(p;) = [0, 1)
C R.Note that the sets @ (p1) and O (p,) are disjoint. Consider now two timed state sequences i1 = (o7, T) and u, = (o2, 7)
with time domain N = {0, 1} taking values in R such that 0;(0) = 1, 01(1) = 0.5 and 0,(0) = 1.7, 05(1) = 1.3.
In this simple case, we can compute the set L (¢) with the procedure described above. The four untimed words that
generate non-empty sets and satisfy the specification ¢ are wy = ({p2}, {p1}), w2 = ({p2}, {P2}), w3 = ({p2}, ¥) and

wg = ({p1}, {p2}). Hence, we get L7 (¢) = O(p2) x O(p1) VO (p2) X O(p2) UO(p2) X X\(O(p1) VO (p2)) UO(p1) X O(p2) =
[0, 1) x RU[1, 2] x [0, 1). Therefore, &; = Dist; (01, L (¢)) = 0.5 and &, = Dist; (02, L7 (¢)) = —0.3.

3.4. Robustness estimate for timed state sequences

The aforementioned theoretical construction of the set .£7 (¢) cannot be of significant practical interest. Moreover, the
definition of robustness degree involves a number of set operations (union, intersection and complementation) in the
possibly high dimensional spaces X and # (N, X), which can be computationally expensive in practice. Fortunately, the
discrete-time robust semantics of MTL can provide us with a feasible method for under-approximating the robustness degree
of (finite) timed state sequences.

Definition 26 (DT Robust Semantics). Let u € F (N, X) x FT(N, Rs¢),c € Rand @ € ¥ (AP, £ (X)), then the discrete-time
robust semantics of any formula ¢ € MTLg  with respect to u is recursively defined as follows
[T o, 1) := +o00
lellp(u, 1) :==c
[pTIp(pe, 1) := Distg(o (i), O (b))
[—¢11p(u, ) := —[$11lp(we, 1)
[¢1 vV ¢2llp(u, 1) = [p1llo (e, i) U [p21lp (i1, ©)

L] ([[mo(u,j) [ [0, k))

jer=1(z(i)+4) i<k<j

[1 Uspallp(pa, i) :

wherei,j,k e N,o = uVand v = u®.
Similar to the continuous-time robust semantics, the following results hold.

Lemma 27. Given an MTL formula ¢ € MTLg, an observation map @ € ¥ (AP, (X)), a timed state sequence ;u € ¥ (N, X) X
F1(N, R=o) and some time instant i € N, we have (¢))p(, i) = (nnf(¢))p(u, i) and [¢llp(w, ) = [nnf(¢)p(u, ).

Again, the robust semantics evaluate to the radius of a robust neighborhood.

Theorem 28. Given an MTL formula ¢ € MTLg, an observation map @ € ¥ (AP, $(X)) and a timed state sequence u €
F(N,X) x FY(N,Rxo), then for any i € N, we have —dist, (1", £ (¢)) < [¢llp(u. i) < depth, (D, L] (¢)).

Corollary 29. Given an MTL formula ¢ € MTLg, an observation map @ € ¥ (AP, P (X)) and a timed state sequence . €
F(N,X) x FY(N,Rxg), leto = uV and v = u®. If for some i € N, we have ¢ = [¢]lp(u, i) # 0, then forall ' = (o, 7)
such that o’ € B; (o, |e|) we have (@) p(i', i) = (P (i, i).

Moreover, the relationship between robust and Boolean semantics in discrete-time is maintained.

Proposition 30. For an MTL formula ¢ € MTLg, an observation map @ € ¥ (AP, P (X)), a timed state sequence © €
F(N,X) x FT(N, Rso) and some time instant i € N, the following two results hold
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Algorithm 1. Monitoring the Robustness of Timed State Sequences
Input: An MTL formula ¢, a finite timed state sequence u = (o, 7) and an observation map @
Output: The formula’s robustness estimate
1: procedure MONITOR(¢, 1, O)
2: i< 0
3 while ¢ # ¢ € Rdo > ¢ has not been reduced to a value
4 ifi < maxdom(7) then ¢ <— DERIVE(¢, o (i), (i + 1) — (i), L, 9)
5 else ¢ < DERIVE(¢, 0 (i),0, T, O)
6: end if
7: i<—i+1
8 end while
9: end procedure

(1) (@1, ) > 0= (Php(p, 1) = T and [plp(u, 1) <0 = (Php(u, i) = L
(2) (o, D) =T = [@lp(u, ) = 0and {@)p(u, ) = L = [¢lp(u, 1) < 0.

Finally, we close this section by restating Proposition 19 and Corollary 20 for discrete-time semantics.

Proposition 31. Consider a formula ¢ € MTL]'Bf (A, Oy), an observation map @ € F (AP, £ (X)) and a timed state sequence . €
F(N,X) x F1(N, Rx), then for any i € N, (¢)p(u, 1) = T implies [¢llp (i, i) = Dist; (o, L] ($)) = depth; (o, L] (¢)),
whereo = u and v = u®.

Corollary 32. Consider a formula ¢ € MTLI‘Bf(V, 0y), an observation map © € F (AP, # (X)) and a timed state sequence . €
F(N,X) x 5 (N, Rso), then for any i € N, {(@)p(, i) = L implies [¢llo(u. ) = Dist; (0, L (¢)) = —dist; (o, L] ($)),
whereo = uVand r = u®.

3.5. Monitoring the robustness of temporal properties over timed state sequences

In this section, we present a procedure that computes the robustness estimate of a finite timed state sequence x with
respect to a specification ¢ stated in the Metric Temporal Logic. For this purpose, we design a monitoring algorithm based
on the robust semantics of MTL. This algorithm has been implemented and it is distributed on-line as the software toolbox
TALIRo [20].

Similar to the monitoring algorithm in [54], we start from the definition of the robust semantics of the strict non-matching
until operator and using the distributive law, we can derive an equivalent formulation (see Appendix B). In the following,
consider a timed state sequence p and let 7 = u®, 87 (i) = (i+1)—17(i) and KZ°(a, A) = +ooifa € Aand —oo otherwise.
Ifi < dom(t), then

[ Uyl (i, i) = (K20, £) M (@21 (e, 1)) U [h1 U(—s7G))+s4 P20p(pt, i+ 1)
otherwise [[¢1 U;P2lIp(1, i) = K2°(0, 4) M [¢21p (e, i). Similarly, we can derive the recursive formulation of the non-strict

non-matching until temporal operator. If i < dom(t), then [¢; ‘171 dallp (e, i) =
(K(0, 4) N [z Qlp (e, 1) U ([prllp (e, D) M 1 U—se(iy+rs P2lp (e, i+ 1))

-
otherwise [[¢1 Uy ¢2llp(ie, 1) = K°(0, £) 1 [[p21p(u, D).

Using the above recursive definitions, it is easy to derive Algorithm 1 that returns the robustness estimate of a given finite
timed state sequence u with respect to an MTL formula ¢. Algorithm 2 is the core of the monitoring procedure. It takes as
input the temporal logic formula ¢, the current state o (i) and the time period before the next state occurs, it evaluates the
part of the formula that must hold on the current state and returns the formula that has to hold at the next state of the timed
state sequence.

In order to avoid the introduction of additional connectives in our logic that would unnecessarily increase the length of
this paper, we have presented Algorithm 2 as merely a rewriting procedure on the input formula ¢. This implies that the
procedure MonNITOR would return a Boolean combination v of numbers from R. Then, the robustness estimate would simply
be [v, Olp(w). For example, if v = Agea Ve, Cap With cgp € R, then [¥, Ollp(1t) = Maea Llpes, Cap- In an implementation of
the algorithm, the following simplifications must be performed at each call of Algorithm 2: &1 V ¢; is replaced by ¢ = g1 U g5,
—¢ isreplaced by —¢ and, also, p A +00=¢,p vV —0c0 =, ¢ V +00 = +ooand p A —o0 = —o0.

The following lemma is immediate since the formulation of until in Algorithm 2 is equivalent with the robust
interpretation of until in Definition 26.

Lemma 33. Given an MTL formula ¢ € MTLy, a map @ € F (AP, (X)) and a finite timed state sequence u € F (N, X) X
FN(N, Rso), then for any i < maxN we have [¢1lp(i4, 1) = [DERIVE(}, o (i), 8T(i), L, O)p(i, i+ 1), where o = u'?,
7 =u® and N = dom(7).

Using Lemma 33 and the fact that the temporal operators are eliminated from ¢ when last = T, we derive the following
theorem as corollary.
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Algorithm 2. Deriving the Future
Input: The MTL formula ¢, the current value of the signal x, the time period §t before the next value in the signal, a variable last indicating whether the
next state is the last and the observation map ©
Output: The MTL formula ¢ that has to hold at the next moment in time
1: procedure DERIVE(¢, x, dt, last, O)
2 if = T then return 400
3 elseif = ¢ € R then return ¢
4: else if ¢ = p € AP then return Dist;(x, O (p))
5: else if » = —¢; then return —DERIVE(¢1, X, §t, last, ©)
6: else if p = ¢1 Vv ¢, then
7 return DERIVE(¢1, X, 8t, last, O)VDERIVE(¢s, X, 8t, last, O)
8 else if ¢ = ¢ U, ¢, then
9 a < K2°(0, £) ADERIVE(¢,, X, 8t, last, )

10: if last = T then retuln o

11: elsereturn o V (91 U(—st)+z4 D2)

12: end if =

13: elseif p = ¢1 U, ¢, then

14: a < K2°(0, 1) ADERIVE(¢2, X, 8t last, O)

15: if last = T then return « -

16: else return « \/ (DERIVE(¢, X, 8L, last, O) A d1 U (—st)4zs $2)
17: end if

18: end if

19: end procedure

Theorem 34. Given an MTL formula ¢ € MTLg, amap O € F (AP, P (X)) and a finite timed state sequence u € ¥ (N, X) x
F (N, Rxo), then [¢]lp(1) = [MONITOR(¢), 1, @) ]Ip(1).

The theoretical complexity of the Boolean-valued monitoring algorithms has been studied in the past for both the Linear [41]
and the Metric Temporal Logic [54]. Practical algorithms for monitoring of Boolean-valued finite timed state sequences using
rewriting have been developed by several authors [26,37].

Essentially, the new part in Algorithm 2 - when compared with Boolean monitoring - is the evaluation of the atomic
propositions. How easy is to compute the signed distance? When the set X is just R, the set S is an interval and the metric d is
the function d(x, y) = |x—y|, then the problem reduces to finding the minimum of two values. For example, if S = [a, b] C R
and x € S, then Disty(x, S) = min{|x — al|, [x — b|}. When the set X is R", S € R" is a convex set and the metric d is the

Euclidean distance, i.e, d(x,y) = [|x — y|| = , /Z?zl(xi — ¥;)2, then we can calculate the distance (disty) by solving very

efficient convex optimization problems. If, in addition, the set S is just a half-space S = {x | a'x < b}, then there exists an
analytical solution: disty(x, S) = |b — a'|/||a| ifa"x > band 0 if a"x < b. Moreover, if the set S a is concave set defined by
a finite union of half-spaces S;, i.e., S = U;¢,S;, then the distance of a point x from S is simply dist;(x, S) = min;; disty(x, S;).
Similar results hold for ellipsoidal sets. For further details on such distance computation problems see [8, Section 8].

The theoretical complexity of Algorithm 1 is an open problem which we plan to address in the future. Note however
that the theoretical running times of convex optimization algorithms are only approximate (see Part Il in [8]) and, thus,
they do not capture the efficient running times of actual practical implementations. Nevertheless, it is immediate that
the theoretical complexity of Algorithm 1 cannot be easier than the complexity of the Boolean monitoring algorithms
in [41,54].

4. Continuous-time satisfiability by discrete-time reasoning

The discrete-time robust semantics for MTL formulas have at least one important application. Given a continuous-time
signal s and a timed state sequence u = (o, t) such that ¢ = s o 7, we can determine the relationship between ((¢))c(s)
and {(¢)p(w). This is an important problem since the timing (or better the sampling) function? r may not just change the
satisfiability of a formula ¢ with respect to a signal s, but also the validity of the formula [48]. In Section 4.2, we develop
conditions for the sampling function T which can guarantee the equality {(¢))p() = (@) c(s) for MITL formulas. Another
important question that arises especially in testing and verification (see for example [15]) is whether we can use the
discrete-time robustness estimate in order to infer the value of the continuous-time robustness estimate of the underlying
continuous-time signal. This problem is addressed in Section 4.3 for cIMTL formulas. But first, we present a condition on the
dynamics of the signals in the set # (R, X) which is required for the solution of both problems.

4.1. Bounds on the signal values

In order to reason about the behavior of continuous-time signals using discrete-time methods, we need to derive
conservative bounds on the divergence of the value of a signal s between two consecutive samples (for example i and i + 1).

2 Now, the timing function represents something more concrete. It returns the points in time at which we have sampled the continuous-time signal.
Hence, in this section, we refer to the timing function as sampling function and we assume that it is a member of the set # (N, R) instead of (N, R>p).
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We do that by requiring that the state distance between any two points in time is bounded by a positive non-decreasing
function & which depends only on the time difference between these two points.

Assumption 35. The signals in the set # (R, X) satisfy the condition
Vet € R. d(s(t), s(t)) < &(|t — '], )
where € : R>o — R is a positive non-decreasing function.

Notice that in (5) the bound on the distance between two values of the signal depends on the sampling function 7. In
particular, one parameter of the sampling function that we might wish to control is the maximum sampling step:

At = sup{t(i)) —t(i—1)}. (6)
ieN- g
If, moreover, the sampling function 7 has a constant sampling rate «, then At = «. Thus, in this case the control parameter
becomes the sampling rate «. In the next two sections, we develop conditions for At for two different fragments of MTL.

4.2. Sampling for MITL satisfiability

One of the main issues that arise when one tries to employ discrete-time methods in order to determine the satisfiability
of a temporal logic formula over a continuous-time signal is that the relationship between valid formulas in continuous and
sampled semantics is not always maintained [48]. For example, it is easy to see that the formula Oy 2)p is true for any signal
s if there is no sample in the interval [1, 2]. This issue can be addressed through the sampling function t, which essentially
implies that we must impose conditions on the maximum sampling step At. But first, a slight modification of the timing
constraints of the temporal operators is required.

In order to modify the timing constraints of the temporal operators in a consistent way, we must convert the input
formula ¢ € MTLy into Negation Normal Form (NNF). In the following, we assume that the input formula is given directly
in NNF. Similar to [32], we strengthen MTL formulas by changing the timing requirements of a given formula ¢. In addition,
we convert the strict temporal operators to their corresponding non-strict versions. In detail, we introduce a function

«— +

str, : MTLY — MTL,, that recursively operates on a formula ¢ and modifies the temporal operators as follows
Str a7 (1 Upeha) = Strac (P1) Uc(s, ar) StA7 (¢2)

Strp: (P1R102) = St (P1) Re(, ar) SEAL (@2)

while keeping the atomic propositions and constants the same, i.e., str,, (T) = T,stra. (L) = L, str ;. (p) = p, str. (—p)
= —p, and simply recursing in the case of Boolean connectives, i.e., Str,; (¢1V ;) = Stra; (¢1) VStr, (7o) and str . (1 Ap>)
= stru; (¢p1) A stru.(¢,). In the above formulas, we use the operators C({,8) = {r € R | cl(B4(r,$)) € 4} and E({, 5) =
{r € R| cl(B4(r,8)) N4 # @}. Informally, the operator C({4, §) contracts the interval £ by §, while the operator E(J, §)
expands it by §. The intuition behind the function str 4. is that a robust specification with respect to the atomic propositions
must also be robust with respect to the timing constraints. For example, in order to determine the Boolean truth value of ¢,
in ¢1 R, ¢, for the whole interval £ in continuous-time, we must also consider the first samples after and before the interval
(i) + J.

Proposition 36. For any ¢ € MTLE, O e FAP,PX))ands € FR,X), T € FY(N,R) such that u = (so T, T), we have
that {(stra (@) )p(u, i) = T implies {php(n, i) = T.

The next two assumptions guarantee the existence of at least one sampling point within each timing interval of the temporal
operators.

Assumption 37. Given a formula ¢ € MTL]];f , the sampling functions in the set £ T (N, R) satisfy the constraint:

AT < {sup {4 — inf 4}. (7)

min
Le(3(straz (¢))UI(9))
When R is bounded, the sampling functions in the set #1 (N, R) must also satisfy the constraint: supR — r(maxN) < ATt.

In the assumption above, J(¢) denotes the set of all timing constraints £ that appear in the temporal operators of an MTL
formula ¢. Notice that if there exists a singleton interval in the set J(¢), then the above assumption cannot be satisfied.
This observation mandates the choice of the Metric Interval Temporal Logic (MITL) [3] as a specification language instead of
MTL. MITL is a decidable fragment of MTL where the timing constraints { of the temporal operators are not allowed to be
singleton sets, i.e., inf 4 < sup J. It is easy to see that with respect to the initial formula ¢, Assumption 37 can be satisfied
by the following constraint:

AT < 1/3 min {sup 4 — inf 4}. (8)
1€3(¢)



4276 G.E. Fainekos, G.J. Pappas / Theoretical Computer Science 410 (2009) 4262-4291

Lemma 38. Consider a formula ¢ € MITL]?,C and a sampling function T € F1(N, R) and let Assumption 37 hold. Let 4 € J(¢). If
forsomei e N, t(i) + 4 C R, thent~ ' (z (i) + &) # @.

Whenever R is a bounded time interval, we have to impose additional constraints on the signal and the MITL formulas.
That is, we require that all the intervals in J(¢) are bounded as was initially suggested in [40]. This enables us to compute a
minimum time dur(¢) that guarantees in combination with Assumption 37 that there are no subformulas whose truth value
was determined by the lack of sampling points. The computation of the minimum time dur(¢) is performed recursively:

dur(a) :=0 fora € {p, —p, T, L}
dur(¢; ~ ¢,) := dur(¢;) U dur(egy) for ~e {A, v}
dur(¢;W;¢,) := sup { + dur(¢;) U dur(¢,) for w e {U, R}.

In particular, we would like to avoid the case where R is a bounded domain and (t + £) "R # @, but t + 4 € R and there is
no sample in t 4 {.

Example 39. Consider the sampling function 7 (i) = 0.5}, i.e.,, At = 0.5, and the formula ¢ = O 42p. Let the domain
of the signal s be R = [0, 2.4], then N = {0, 1, 2, 3,4} and t(N) = {0, 0.5, 1, 1.5, 2}. Note that the constraints of Assump-
tion 37 are satisfied, that is, At < 1/3(4.2 — 2.2) and supR — r(maxN) = 2.4 — 2 = 0.4 < Ar. The formula O 2 42;p
evaluates to T simply because t=1(0 + [2.2,4.2]) = t7'([2.2, 4.2]) = . However, over the time interval [2.2, 2.4] it
might not be true that s satisfies ¢.

In order to avert such situations, we must impose one additional constraint (when R is bounded). Namely, for a given formula
¢ and signal s, we let dur(¢) < supR < +o0. In other words, both the domain of the signal and all the timing constraints
in the formula are bounded from above and below. Now, assume that the temporal nesting depth of a formula ¢ is m and
that a temporal subformula ¥ = ¥y W, v, of ¢ is at nesting depth k, where W € {U, R}. Let {{;}n>j~k be any sequence of
timing constraints of nested temporal operators at higher nesting depths j than k. Informally, the temporal nesting depth of
a formula ¢ is defined to be the maximum number of nested temporal operators and it is computed in a similar way to dur
where sup { is replaced by 1. Then, for all t € [0, Zj";kﬂ sup J;], we have t + £, C Rsince ij:k sup J; < dur(¢) < supR.
Therefore, t + {4y =t 4+ Ii.

Example 40. Let ¢ = (p1 Up,21P2 V P3 Upz.41P4) Ua,61(Ps Upo,13P6)- Then, dur(¢) = 10 and the temporal nesting depth of
¢ is 2. All the possible sequences of timing constraints of nested temporal operators are: {[4, 6], [1, 2]}, {[4, 6], [3, 4]} and
{[4, 6], [0, 1]}. Let supR > 10 and consider the sequence {{,, 41} where I, = [4, 6] and {1 = [1, 2], then at nesting depth
k=1,forallt € [0, Zf:z sup ;] =[0,6], wehavet + 4y =[t+1,t +2] CR

Assumption 41. If the domain R of the set of signals # (R, X) is bounded, i.e., sup R < 400, then for the formula ¢ € MITL]'Bf
under consideration the following conditions must hold: for all £ € J(¢), we have supd < -4o0 and, also, supR >
dur(stra; (¢)).

Lemma 42. Consider a formula ¢ € MITLS and a sampling function T € F (N, R) and let Assumptions 37 and 41 hold. Let
Y = YWy, Vo, where W € {U, R}, be a subformula of str,. (¢) at nesting depth k and let {4}~ be any sequence of timing
constraints of nested temporal operators at higher nesting depths j > k. IfI = t='(T) # ¥, where T = [0, Zj sup J;], then

foralli e I, we have (t (i) 45 1) = (t(i) + dy) and =1 (z (i) + dy) # 0.

>k

The above assumptions enable us to prove the following theorem.

Theorem 43. Consider ¢ € MITLY, © € F(AP, (X)), s € F(R,X), t € F'(N, R) and let Assumptions 35 and 37 and 41
hold. Then, [stra.(¢)]Ip(w, i) > &(At) with u = (s o T, T) implies

Vt e [t(i) — Atr, t(i)) + AT]NR. {(Phc(s, t) =T (9)
forany i € N which satisfies the conditions of Lemma 42.

We should remark that the conclusion (9) of Theorem 43 does not imply that the continuous-time Boolean signal 9! o s
satisfies the finite variability property as is defined in [31]. It only states that there exists some interval in R of length at least
2 At such that the Boolean truth value of some atomic propositions remains constant. The following corollary is immediate
from Theorem 43 and Propositions 30 and 36.

Corollary 44. Consider ¢ € MITLI‘Bf, O e FAP,PX)),s € FR,X), t € FY(N,R) and let Assumptions 35 and 37 and 41
hold. Then, [[stra. (¢)lIp(n) > €(AT) with u = (s o 7, T) implies (p}c(s) = {Php(n) = T.

If the condition [[str,.(¢)]p(n) > &(A7) fails, then in general we cannot infer anything about the relationship of the two
semantics. Two strategies in order to guarantee the above condition would be (i) to reduce the size of the sampling step At
or (ii) to devise an on-line monitoring procedure that can adjust real-time the sampling step according to the robustness
estimate of a signal with respect to an MITL formula ¢.
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4.3. Sampling for cIMTL robustness

Corollary 44 provides sufficient conditions for MITL formulas for semantic equality between the two different time do-
mains, i.e., {¢)c(s) = {@))p(n). Another interesting question is whether we can relate the continuous and discrete-time
robustness estimates. This is possible, but more stringent conditions on the MTL formula and the sampling function are
required. In detail, we have to impose a constant sampling rate on the sampling function and, moreover, the timing con-
straints on the temporal operators must be closed intervals and must have sampling instants as bounds. In other words, the
logic that we consider in this section is cIMTL. Since the timing constraints £ of any cIMTL formula have rational numbers
as bounds, we can always find a common divisor « (or the greatest common divisor) and use it as a sampling constant. This
sampling constant guarantees that the corresponding sampling function = will always sample time instants that are at least
on the boundaries of the required timing intervals. Examples of such signals and MTL specifications can be found in [20].
Note that in this case, we can allow punctual timing requirements, that is, 4 can be a singleton set.

Assumption 45. Given a formula ¢ € cIMTLg, we construct a sampling function t € SL‘CT (N, R) with constant sampling rate
o, where « is a common divisor of all the finite bounds of the temporal operators in J(¢).

The following result is immediate if we rewrite the bounds of the time intervals in J(¢) as multiples of the constant « (for
example, { = [wiq, aiy] for some i; < i, € N)and define the sampling function 7 to be (i) = «ifori € N.

Lemma 46. Consider a formula ¢ € cIMTLy and a sampling function T € j"ch (N, R) which satisfies Assumption 45. If for some
ieN,wehave (t(i) + 1) NR# @, thent~1(z (i) + 1) # 0.

An implication of Lemma 46 is that if the signal s is of unbounded duration, i.e., sup R = +o00, then no other assumptions
are required since we will always have enough sampling points in order to infer a robustness estimate for the formula. On
the other hand, if the time domain of s is bounded, then we must impose additional constraints on the cIMTL formula ¢ or
the time domain R as in Section 4.2.

Assumption 47. Lett € ?'f (N, R). If the time domain R of the set of signals % (R, X) is bounded, i.e., supR < +o0, then for
the formula ¢ € cIMTLy under consideration at least one of the following two conditions must hold:

(1) Forall £ € 3(¢), we have sup 4 < +o0 and, also, supR > dur(¢) + Art.
(2) Forall £ € 3(¢), we have min 4 = 0.

Note that in the above assumption the second condition does not impose any requirements on the minimum duration of
the continuous-time signal. Intuitively, the condition 0 € J guarantees that the set 7 ~!(z (i) + {) fori € N always contains
at least one sampling point, namely, i. Similar to Section 4.2, we can prove the following result.

Lemma 48. Consider a formula ¢ € cIMTLg and a sampling function T € ET (N, R) which satisfy Assumptions 45 and 47. Let
¥ = Y1 Wy, ¥y, where W € {U, R}, be a subformula of ¢ at nesting depth k and let {1;}; be any sequence of timing constraints
of nested temporal operators at higher nesting depths j > k. IfI = t=1(T) # @, where T = [0, Zj>k sup J;], then foralli € I,

we have t=1(t (i) + i) # @ and, moreover, ¥Vt € [t(i) — A1, t(i) + AT] N Rwe have t +¢ 4; # 0.
Before we proceed to state the main result of this section, we need to define one more translation function that operates on

>
MTL formulas. In detail, we define a new translation function mtc : MTLy — MTLy that recursively operates on a formula ¢
and modifies the temporal operators as follows

mtc(¢; Uyy) = mic(¢r) Uy mte(dy).

Similar to the function str, ., the Boolean connectives just recursively call mtc and the atomic propositions and the constants
remain the same, e.g., mtc(T) = T, mtc(p) = p, mtc(—¢) = —mtc(¢) and mtc(¢; V ¢,) = mtc(¢;) vV mtc(¢,). Here, mtc
stands for matching as is defined for the until operator in [23]. The necessity for non-strict matching versions of the temporal
operators will become apparent in the proof of Theorem 49. Now, we are in position to prove the following theorem.

Theorem 49. Consider a formula ¢ € cIMTLg, amap © € ¥ (AP, (X)), a continuous-time signal s € ¥ (R, X) and a sampling
functiont € jfﬁ (N, R). Let Assumptions 35, 45 and 47 hold and set u = (s o T, ). Then,

vt € [t(i) — At, T(i) + AT] NR. [mtc(@)p(i, D) — E(AT) < [Plic(s, ) < [mte(P)llpue, i) + E(AT)
forany i € N which satisfies the conditions of Lemma 48.

Theorem 49 allows us to bound the robustness estimate of a continuous-time signal with respect to an cIMTL formula ¢.
Note that the shorter the sampling constant At = « of the timed state sequence is, the tighter are the bounds on the
robustness estimate. However, since we cannot always assume that lim,,;_.q £(At) = 0 (see Example 53), we cannot make
any further claims. Moreover, we can not only guarantee that the continuous-time signal s satisfies the specification ¢ when
[¢Tp(ie, i) > &(AT), but also that the signal does not satisfy ¢ when [[¢1p(u, i) < —&(AT).

Note that LTL is a fragment of cIMTL which satisfies the second condition of Assumption 47. Hence, the following corollary
of Theorem 49 is particularly useful in the case of LTL formulas.
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Corollary 50. Consider a formula ¢ € LTLg, a map O € F (AP, £ (X)), a continuous-time signal s € ¥ (R, X) and a sampling
functiont € ?}T (N, R). Let Assumption 35 hold and set o = s o t. Then,

Vt € [t(i) — AT, t(i) + At] NR. [mtc(P)]Ip(o, i) — E(AT) < [@llc(s, ) < [mtc(P)]lp(o, i) + E(AT).

LTL formulas, as opposed to MTL formulas, do not provide us with any information on how to sample the continuous-time
signal. In this case, the shorter the sampling rate is, the better the approximation.

4.4. Examples

In this section, we demonstrate the proposed methodology with some examples. As mentioned in the introduction, we
want to study the transient behavior of dynamical systems, thus all our examples study signals of bounded duration. The
discrete-time signals under consideration could be the result of sampling a physical signal or a simulated one. The latter
is meaningful in cases where we would like to use fewer sampled points for temporal logic testing, while simulating the
actual trajectory with finer integration step. Since we analyze discrete-time signals of bounded duration, we can compute
their robustness estimate with respect to an MTL formula ¢ using Algorithm 1.

First, we demonstrate that for certain classes of signals it is straightforward to construct a bounding function & that
satisfies the conditions of Assumption 35. For example, the function & can be easily derived when a signal is Lipschitz
continuous.

Definition 51 (Lipschitz Continuity). Let (X, d) and (X', d") be two metric spaces. A function f : X’ — X is called Lipschitz
continuous if there exists a constant Ly > 0 such that:

VX, Xy € X' .d(f (X)), f(xy)) < Ld' (X;, X)). (10)
The smallest constant L is called Lipschitz constant of the function f.
What we are actually interested in is Lipschitz continuity of a signal s with respect to time:

Ve, t' e R. d(s(t), s(t)) < Lt —t']. (11)

Any signal with bounded time derivative satisfies the above condition. Whenever only a number of values of the signal are
available to us, instead of an analytical description, we can use methods from optimization theory in order to estimate a
Lipschitz constant for the signal [55]. Moreover, if the signal s is the solution of an ordinary differential equation $(t) =
f(s(t)), where f is Lipschitz continuous with constant Ly, then it is always possible to estimate a constant L; for Eq. (11)
when the time domain R of s is compact [39]. This estimate is very conservative and it cannot be employed in practical
applications. However, it can be used as a local estimate for the Lipschitz constant at a sampling point i, i.e., for the time
period 7 (i + 1) — 7 (i), in connection with an on-line monitoring algorithm.

In all the examples that follow, we set X = R and d(x;,Xx2) = |x; — X2|. The first example exploits the fact that the
derivative of the signal can be bounded.

Example 52. Assume that we are given a discrete-time representation oy (Fig. 6) of the continuous-time signal s (Fig. 3)
which has constant sampling step of magnitude 0.2, i.e., Aty = 0.2. We are also provided with the constraint & (t) = 3t
(notice that |$;(t)| < |cost| 4+ 2|cos2t|] < 142 = 3forallt € R, therefore s; is Lipschitz continuous with L;, = 3).
We would like to test whether the underlying continuous-time signal s; satisfies the specification ¢y = Ojg,97,21(P11 —
Ofr.271P12), With O(p11) = Rs15 and O(p12) = R<_;. Notice that the sampling function t; satisfies the constraints of
the Assumptions 37 and 41. Using Algorithm 1, we compute a robustness estimate of [[str,, (¢1)]lp(it1) &~ 0.7428 where
u1 = (o1, 11), while & (A1y) = 0.6. Therefore, by Corollary 44 we conclude that {¢1))c(s1) = (P1)p(e1) = T.

The next example manifests a very intuitive attribute of the framework, i.e., that the more robust a signal is with respect to
the MTL specification the larger the sampling period can be.

Example 53. Consider the discrete-time signal o, in Fig. 7. The MITL specification is ¢, = Ojg 471P21 A O[37.47]P22 With
O(p21) = [—4, 4] and O (p32) = R<o. In this case, we compute a robustness estimate of [[str; (¢2)[p(12) =~ 1.7372 where
U2 = (03, T2), while & (A1;) = 1.7 where Az, = 0.5. Therefore by Corollary 44, we conclude that (¢, )c(s2) = T.

In the following example, we utilize our framework in order to test trajectories of nonlinear systems. More specifically, we
consider linear feedback systems with saturation. Such systems have nonlinearities that model sensor/actuator constraints
(for example see [35, Section 10]).

Example 54 (Example 10.5 in [35]). Consider the following linear system with nonlinear feedback
x(t) = Ax(t) — bsat(cx(t)), s3(t) = cx(t) (12)
where the saturation function sat is defined as
-1 fory < —1
sat(y) =y  forly| <1
1 fory > 1
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Fig. 7. The sampled signal o, generated by sampling the continuous-time signal s,(t) = sin(t) + sin(2t) + w(t), where |w(t)| < 0.1, with constant
sampling period 0.5. In this case, it is |s;(t1) — s2(t2)| < L, |ty — t2| + |w(ty)| + |w(tz)|. Thus, & (t) = L, t +0.2.
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Fig. 8. The output signal s3 of Example 54.

and A, b, ¢ are the matrices

A=[(1) é] b=m, c=[2 1].

First note that the origin x = [0 0]" is an equilibrium point of the system and that the system is absolutely stable with
a finite domain (also note that A is not Hurwitz). An estimate of the region of attraction of the origin is the set 2 =
{x € R? | V(x) < 0.34}, where V (x) = x"Px and

p— 0.4946 0.4834
7 10.4834 1.0774

(see Example 10.5 in [35] for details). For any initial condition x(0) € £2, we know that x(t) € {x € R? | V(x) < V(x(0))}
for all t € R.In addition, the distance of x(t) from the origin [0 0]" is always bounded by the radius of the minimum ball
that contains the ellipsoid {x € R? | V(x) < V(x(0))}. The lengths of the axis of the ellipsoid are given by the square roots
of the eigenvalues of the matrix P, = V (x(0))P~! (see Section 2.2.2 in [8]). Let Ay (P.) be the maximum eigenvalue of P,,

then ||x(t)|| < v/Amax(Pe) forall t € R and
X1 < AIIXE I+ 16 < IAlv Amax(Pe) + [Ibll = Ly.

Thus, for any t, t’ € R, we have
Is3(t) — s3(t)] < [lcllllx(t) — x(t)[| < llc||Lelt — t'].

That is, &5(t) = |c||Lyt. Assume, now, that we would like to verify that the signal enters an acceptable stability region
within 6 to 8 s, that is, the MITL formula is ¢3 = 0Op6,810[0,10jP31 With O(p31) = [—0.25, 0.25]. The initial condition is
x(0) = [—1 0.6]" e . The system (12) is integrated with a maximum step-size of 0.001 using the MATLAB ode45
solver (Fig. 8). The observable discrete-time signal o3 has maximum step-size At = 0.045. The robustness estimate is
[stra; (¢3)Ip(m3) =~ 0.2372 where s = (o3, t3), while &(A13) &~ 0.2182. Hence by Corollary 44, we conclude that
{#3)c(s3) = T.In addition, assume that we would like to estimate the continuous-time robustness estimate of s3 with re-
spect to the specification ¢s. In this case, the system (12) is integrated with a constant step-size of 0.001 using the MATLAB
ode3 solver. We let the observable discrete-time signal o have a constant step-size with Ar; = 0.01. The discrete-time
robustness estimate is approximately [mtc(¢s)]lp(p3) & 0.2379 where py = (o3, 73) and the function &; takes the value
&3(At}) ~ 0.0485. Thus, for all t € [0, 0.01], we have 0.1894 < [[¢s]lc(s3, t) < 0.2864. Note that in this example, we can
assume that the simulation is accurate and, hence, we can ignore the possible simulation error.
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5. Related research and discussion

Since our research on robustness for temporal logic specifications spans many different research areas, the related
literature is equally diverse. Here, we will just provide a few such references without attempting to be exhaustive.

Robustness in timed automata has been studied by several authors, for example [25,30,49,5,6,56]. Out of the
aforementioned literature, the work in [6] addresses the problem of robust temporal logic model checking of timed
automata. The authors in [32] also consider robustness issues in MITL, but there the robustness is with respect to time.
In hybrid systems, robustness issues have been analyzed in [21] and [30] among other works. We should point out that the
authors in [25] and [30] define a notion of tube acceptance for timed and linear hybrid systems very similar to ours.

The authors in [40,54,37,26] develop temporal logic monitoring algorithms for (Boolean-valued) signals. In particular,
in [40] the problem of MITL testing over continuous-time signals is addressed. The authors in [54] and [37] present
algorithms for monitoring timed temporal logics over timed state sequences. Lastly, in [26] the authors develop efficient
algorithms for LTL monitoring.

Our work on robustness has the same underlying motivation with quantitative temporal logics [13,28] as well as multi-
valued temporal logics [9]. Namely, we need to determine the degree that a system (or signal) satisfies a specification. The
difference in our approach is that our quantitative semantics are used to capture systems that are (or are not) robustly correct
with respect to continuous signal perturbations. Very recently in [51], motivated by applications to biology, a related notion
of robustness was introduced.

One open problem which is very interesting is whether we can get rid of the requirement in Section 3 that all the timed
state sequences have the same timing function (or time-stamps). It might be possible to address this issue by introducing
robustness also with respect to time. Another important extension to our framework is to allow Boolean signals along with
signals that take values in non-trivial metric spaces. This will enable the possibility to express more complicated properties
without sacrificing the very intuitive notion of robustness that we have introduced in Section 2.3.

We should point out that the idea of continuous-time temporal logic verification by discrete-time methods is not new.
In [29], the relationship between analog and digital clocks for timed state sequences is studied. In this paper, the authors
demonstrate that discrete-time verification techniques can be applied to the verification of bounded time invariance and
bounded time response properties of continuous-time systems that can be modeled by timed transition systems. A more
generalized version of the same problem is studied in [50]. In [14], the authors show that if a formula has the finite
variability property, then its validity in discrete time implies validity in continuous time. This result enables the application
of verification rules for discrete-time semantics to continuous-time problems.

The work that is the most related to ours appears in [22]. There, the authors give conditions that enable the uniform
treatment of both discrete and continuous-time semantics within the temporal logic TRIO (they also note that their results
should be easily transferable to MTL). Despite the apparent differences (for example, we do not assume finite variability and
we use analog clocks in our discrete-time logic) between [22] and our work, the two approaches are in fact complementary.
We actually provide concrete and practical conditions on the signals such that what is defined as “closure under inverse
sampling” in [22] holds.

6. Conclusions and future work

The fundamental contribution of this work is the definition of a notion of robust satisfaction of Metric Temporal Logic
(MTL) formulas which are interpreted over continuous or discrete-time signals. The robustness, which we consider, is with
respect to the value of the signal and not with respect to the timing constraints imposed by the formula. As mentioned in
the introduction, several application areas [52,16,38] may benefit from the notion of robustness that we have introduced.
In addition, we have presented an algorithmic procedure that can monitor a finite timed state sequence and compute its
robustness. This algorithm comprises the basis for our recent results on the bounded time temporal logic verification of
continuous and discrete-time dynamical systems [15].

Another contribution of this paper is a framework that enables continuous-time reasoning using discrete-time methods.
In particular, we have achieved two additional goals. First, we can infer the continuous-time satisfiability of an MITL formula.
Our solution utilizes the notion of discrete-time robustness of MTL specifications and provides conditions on the signal
dynamics and the sampling function. Second, we can compute bounds on the continuous-time robustness of a cIMTL formula.
In this case, it is required that the sampling function has a constant sampling rate. The latter contribution is quite interesting
since it might be the only way to under-approximate the continuous-time robustness of a temporal logic formula with
respect to a signal.

We are currently exploring several new directions such as the incorporation of robustness also with respect to time
as advocated in [25,5,6,56,7]. In the front of continuous-time verification by discrete-time reasoning, there exist several
directions for future research. In the current framework, we require a global bound &(At) on the deviation of the
signal between two samples. This might be too conservative for applications with variable sampling steps. One important
modification to this theory will be to use local bounds & (t (i) —t (i—1)) in coordination with an on-line monitoring algorithm.
Related to the previous modification is the extension of the present methodology to hybrid systems [33]. Currently, hybrid
systems can be handled by taking as bound & the most conservative bound &, of all control locations ¢ of the hybrid
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automaton. Finally, as is well known, the Lipschitz constant might be a very conservative estimate on the deviation of the
signal between two points in time. In future work, we plan to use approximate metrics [24] in order to obtain better bounds.
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Appendix A. Proofs of Section 2

A.1. Proof of Theorem 13

In this proof, we will use the following lemmas.

Lemma 55. Let (X, d) be a metric space and {S,}qca be an arbitrary collection of subsets of X. For any x € X, disty(x, UzcaSq) =
infyea disty(x, Sy).

Proof. For any x € X, we have

disty(x, UgeaSe) = inf  dkx,y)= inf d(x,y)
yecl(UgeaSa) Y€UgeASa

= inf inf d(x, y) = inf inf d(x,y)
acA yeSq acA yecl(Sq)

= infdisty(x, S;). O
aeA
Lemma 56. Let (X, d) be a metric space and {S,}qca be an arbitrary collection of subsets of X. For any x € X, disty(x, NgeaSq) >
sup,ea disty(x, Sq).

Proof. We have that Nyc4S, C S, for any a € A. Thus, distg(x, NgeaSq) > dist,(x, Sp). Since this holds for any a € A we get
that distg(x, NgeaSa) > sup,e, disty(x, Sg). O

Lemma 57. Consider an atomic proposition p € AP, an observation map © € ¥ (AP, $ (X)) and a continuous-time signal s €
F (R, X), then for any time t € R, we have Dist, (s, L:(p)) = [plic(s, ).

Proof. We only show the proof for the case that s € .£;(p), because the proof for the case s & L£,(p) is similar. We have

Dist, (s, L(p)) = depth, (s, £ (p)) = dist, (s, L(—p))

= inf p(s, )= inf  supd(s(t),s(t))
s/ ecl(Le(—p) s'ed(Le(=P) (' er

= inf  max{d(s(t),s(t)), sup d(s(t),s (t))}.
s'ecl(Le (—p)) t'€Rzt

For each s’ € cl(L:(—p)) with d(s(t), s'(t)) < SUPyrcr d(s(t), s'(t")), there exists some s” € cl(L£;(—p)) with s”(t) = s'(t)
and s”(t") = s(t’) for all t’ € Ry. That s,

0 = sup d(s(t), s"(t")) < d(s(t),s"(t)) = d(s(t),s'(t)) < sup d(s(t'),s'(t")

t’GR#t [/ER#t
or in other words p(s, s”) < p(s, s'). Thus,

Dist, (s, L:(p)) = inf  d(s(t),s'(t)) = inf  d(s(t), x)
s'ecl(Lt (=p)) xecd(X\0(p))

= disty(s(t), X\O(p)) = [pllc(s. ). O

The proof of Theorem 13 is by induction on the structure of formula ¢.
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Constant ¢ = T: We have £;(T) = F (R, X), thus
0 = —dist, (s, L:(T)) < [Tlc(s, t) = +oo = dist, (s, ¥) = depth, (s, L:(T)).

Atomic Propositions ¢ = p: Immediate from Lemma 57.
Negation ¢ = —¢;: By the induction hypothesis, we have

—dist, (s, Le($1)) < [$1llc(s, £) < depth, (s, L:(P1)) =
—dist, (s, Le($1)) < —[[—¢1lic(s, t) < depth, (s, Li($1)) =
dist, (s, Lc(¢1)) > [—¢1llc(s, t) > —depth, (s, L:($1) =
depth, (s, £c(—¢1)) > [—¢1llc(s, ) > —dist, (s, Lc(—¢1)) =
—dist, (s, L:(#)) < [@llc(s, t) < depth,(s, L ().
Disjunction ¢ = ¢, V ¢,: By the induction hypothesis we get that fori = 1, 2
—dist, (s, L:(¢1) < [illc(s, t) < depth, (s, L (¢)))
fori = 1, 2. Thus, by the monotonicity property of the supremum, we get
Ui=1,2 — dist, (s, L1 (¢1) < Ui=12[@illc (s, £) < Ui=1 2depth, (s, L:(¢1)).
Note that by the definition of the language we get
Le(P) = Le(d1 V ¢2) = Le(P1) U Le(2). (A1)
Moreover, by Eq. (A.1) and Lemma 55, we have
Uiz1,2 — dist, (s, Le(¢i)) = — Miz1 2 dist, (s, Le(Pi)) = —dist, (s, Le(P1) U Le(d2)) = —dist, (s, Le()).
Also, by Eq. (A.1) and Lemma 56, we have
Ui=1,2depth (s, L (¢i)) = Ui=q2dist, (s, F (R, X)\L:(P1))
< dist, (s, Niz12F (R, X\ L (P1)) = dist, (s, F (R, X)\ Uiz12 Le (1))
= depth,, (s, Ui=1 2L: (¢:)) = depth, (s, L(¢)).
Thus, by definition we have
—dist, (s, L:(#)) < [@llc(s, t) < depth, (s, L:($))
Until ¢ = ¢ U,¢,: By definition, we have

[P1 Usallc (s, t) = |_| ([[fpz]]c(s’ [ [olets. f”)) .

t'e(t+rd) t<t<t!
By the induction hypothesis, we get
—dist, (s, L (#2)) < [21lc (s, t') < depth, (s, Ly (¢2))
foranyt’ € (t +z 4) and
—dist, (s, Lo (¢1)) < [P1llc(s, t”) < depth,, (s, L ($1))

for any t” € (t, t’). By the monotonicity property of infimum we have

[ —dist,(s, Lor(¢1) <[] [allcGs t”) <[] depth,(s, £ (1))
te(t,t’) t"e(t,t’) t"e(t,t’)
Also, by Lemma 56 we have that
dist,, (s, Nere(e,ey Lo (P1)) = Upre,ydist, (s, L (1)) ==
—dist, (s, Nyre,ery L7 (P1)) < Mpree,ery — dist, (s, Lo (1))
and by Lemma 55 we have that
Hr”e(t,t’)depthp (S, Lo (P1)) = Nere,mydist, (s, F (R, X)\ L (1)) = dist, (s, U, ey F (R, X)\ L (P1))
=dist, (s, F (R, X)\ Nereq,ery Lo (P1)) = depthp (s, Nere,eryLer (1))-
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Therefore, we have that —dist, (s, ﬂ[,re(m,) Lo (1)) < Mree,rylP1lle (s, t7) < depth,, (s, ﬂt,,e(m,) L (¢1)). Similarly, we
get that forany t’ € (t +5 4)

~dist, (s, Lo n N ocw(d:l)) < golcs. ) [ [gillets. ")

t"e(t,t’) t"e(t,t’)
< depth, (s, L (¢2) N ﬂ Ly (¢1)> .
t"e(t,t’)
Finally, similar to the disjunction case, we get that

— dist,, (S, U (aCﬂ(¢2)m m £ﬂ/(¢1)>)

t'e(t+gd) t"e(t,t)

< I_l ([d’z]]c(&f,)'_' [ [[¢1]]c(5,f”))

t'e(t+gd) t"e(t,t’)
< depth, (s, U <£r’(¢2)ﬂ N £r”(¢1)>)~
t'e(t+gd) t"e(t,t’)

Since

Li(@) ={se€ FRX)|(Phc(s,t) =T}

= lS € F(RR,X) |_| («¢2»C(Ss O [ (@G, f”)) = T}
t'e(t+gd) t<t" <t/

= {se FRX) |/ («qbz»c(s, =TnAr \ (@it t") = T)}
t'e(t+gd) t<t" <t

U (acﬂ@zm N £c'/(¢1)>,

t'e(t+gd) t"e(t,t’)

we conclude that —dist, (s, £ (¢)) < [@llc(s, t) < depth, (s, L (¢)).

A.2. Proof of Proposition 16

Note that the first statement - i.e., if [¢]c(s, t) > 0, then {(¢))c(s,t) = T, and if [¢]lc(s,t) < O, then {P)c(s,t) = L
- is immediate from Corollary 14. Therefore, we will only prove by induction on the structure of the formula ¢ € MTLy the
second statement, that is, if (@) c(s,t) = T, then [¢]lc(s, t) > 0,and if {(@))c (s, t) = L, then [¢]lc(s, t) <O.

Case ¢ = T or ¢ = L:Immediate from the semantics.

Case p = p € AP:If {p))c (s, t) = T, then by definition s(t) € ©(p), which implies that Dist,(s(t), ©@(p)) > 0, and, thus,
that [[¢]lc(s, t) > 0. If on the other hand (@) (s, t) = L, then by definition s(t) & ©(p), which implies that Dist,(s(t),
O(p)) < 0and, thus, that [¢]c(s, t) < 0.

Case ¢ = —¢q: (i) If (@p)c(s,t) = T, then by definition {(¢1))c(s, t) = L. By the induction hypothesis, we get that
[p1llc(s, t) < 0O, which implies [—¢1]c(s, t) > 0. (ii) If {¢))c(s,t) = L, then by definition {(¢1))c(s,t) = T. By the
induction hypothesis, we get that [¢1]lc(s, t) > 0, which implies [—¢1]c(s, t) < 0.

Case ¢ = ¢ V ¢o: () If (1 V P2))c(s,t) = T, then by definition we get that (¢1))c(s,t) = T or {(¢2))c(s,t) = T.
By the induction hypothesis, we have [¢1]c(s,t) > 0 or [¢2llc(s,t) > 0. Thus, [p1]lc(s, t) U [¢21c(s, t) > 0, which
implies [¢1lc(s, t) > 0. (ii) If (P71 V ¢2))c(s,t) = L, then by definition {(¢1))c(s,t) = L and {(¢p2))c(s,t) = L. By the
induction hypothesis, we get that [[¢1]lc(s, t) < 0and [¢21lc(s, t) < 0.Thus, [[¢11c(s, t) U [¢21c(s, t) < 0, which implies
[¢Iics. t) < 0.

Case ¢ = 1 Uypp: () If {(Pp1 Uga))c(s, t) = T, then by the definition of until, there exists some time t' € (t +5 1)
such that (¢, )c(s,t’) = T and for all t” € (t, t"), we have {¢1))c(s, t”) = T. Using the induction hypothesis we get that
[¢21c(s,t’) > 0and for all t” € (t,t’), we have [¢1]c(s,t”) > 0. Therefore, [¢llc(s,t) = U[,E(HRD([[Q’)Z]]C(S, t m
i<t <v [p11c Gs, t”)) > 0. (ii) If {¢1 Ugpa)c(s,t) = L, then (t +r 4) = @ or for all time t’ € (t +x 1), we have
(PN (s, t) M Me<pr<p (D10 (s, t”) = L. In the former case, we immediately get by the definition that [¢]lc(s, t) = —oo.
In the latter case, for all time t' € (t +5 ), we have {(¢,))c(s,t’) = L or there exists some time t” € (t,t") such that
{p1)c (s, t”) = L. Using the induction hypothesis we get that forallt’ € (t+g4), [¢21c(s, t") < Oorthereexistst” € (t,t')
such that [¢1]c(s, t”) < 0. Therefore, [¢]lc(s, t) < 0 by definition.
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A.3. Proof of Proposition 19
The proof of Proposition 19 is by induction on the structure of ¢.
Constant ¢ = T: We have
Dist, (s, £((T)) = depth, (s, L:(T)) = dist, (s, ¥) = +00 = [T]ic(s, ).

Atomic Propositions ¢ = p or ¢ = —p with p € AP: Immediate from Lemma 57.
Conjunction ¢ = ¢ A ¢,: Since (P)c(s,t) = T, we have {(¢p1))c(s,t) = T and {¢2))c(s,t) = T. By the induction
hypothesis we get that [¢]lc (s, t) = dist, (s, L£:(—¢1)) and [ ]Ic (s, t) = dist, (s, L;(—¢>)). Moreover,

Le(7¢) = Le(—¢1 V =2) = Le(—¢1) U L (—¢2).
Hence, using Lemma 55, and the induction hypothesis we have
Dist,, (s, £ (¢)) = dist,, (s, L (—¢)) = dist, (s, L(—¢1) U Li(—¢2))
= min{dist, (s, L (—¢1)), dist, (s, L (—$2))}
= [p1lic(s, ©) M lg2llc (s, £) = [Pl (s, t).

Always ¢ = 0, ¢;: Since (@) c(s, t) = T,wegetthat (t+gJ) = Gorthatforallt’ € (t+g 1), we have {(¢1))c(s,t') = T.
In the former case, we immediately get that £;(¢) = F (R, X) and

Dist, (s, £L:(¢)) = dist, (s, #) = +00 = Mrepliprllc(s. t) = [Plc(s, ©)

In the latter case, by the induction hypothesis we get that for all t’ € (t 4+ {), we have [¢1]lc(s, t') = dist, (s, Ly (—¢1)).
Also, L (—=¢) = Upe(tpn) L (—1). Hence, using Lemma 55, and the induction hypothesis we have

Dist, (s, L:(¢)) = dist, (s, L:(—¢)) = dist, (s, Upe(rspn) L1 (1))

= inf dist,(s, L (—¢1)) = Mrerrn [P11c(s, t)
t'e(t+rd)

= [@lc(s, 0).

A.4. Proof of Corollary 20

Note thatif ¢ € MTLg(V, ¢), then v = nnf(—¢) € MTLg(A, O). Also, since {(¢))c(s, t) = L, we have () c(s,t) = T.
Then, by Proposition 19, we have

[@lcGs. t) = —[—¢llc(s, ) = =¥ 1lc(s, t) = —dist, (s, L (=) = —dist, (s, L:(p)) = Dist, (s, L(¢)).

Appendix B. Proofs of Section 3

For easy reference, we state here the discrete-time semantics of the (strict non-matching) release

(pr RN i) =[] (((¢2>>D(MJ) u |_| (P dp(p, k)) (B.1)
jer= 1z ()+4) i<k<j
[p1R1p2llp(pa, D) :=  [] ([[¢2]]D(M,]') u |_| [11p (1, k)) ; (B.2)
jer—1(z(i)+4) i<k<j
the discrete-time robust semantics of the temporal operators ‘17 and §
[ U palo(ued) = | ] ([[@]]Dw,j) n [ Do (p. k)) (B.3)
jerT 1@+ ik<j
[ e%l dallp(u, i) == |_| ([[¢2]]D(MJ) u I_l [P11p (1, k)) > (B.4)
jer= 1z ()+49) i<k<j
as well as the discrete-time robust semantics of the temporal operator ‘(L_l
[¢1 W dolo(u.i) = | | ([[«bznn(u,f) n [ [ Tok, k)) : (B5)
jer=1(z(i)+4) i<k<j
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Most of the proofs in Section 3 are essentially identical to the proofs of Section 2 and, hence, we omit these proofs. An explicit
presentation of the proofs for finite timed state sequences appears in [18].

B.1. Recursive formulation of strict non-matching until in Section 3.5

Starting from the definition of until, we have

Ipr Usgolp(u, i) = | | ([[@]]D(u,j)n |‘|[[¢1]]D(u,k>)

jer=1(x()+1) i<k<j

=|| <K§°(L @@ + D) nlgallo(w, H 1 [] [plo (i, k))

j=i i<k<j

= (K@, Tz (i) + ) 1 [p2llp (i, 1))

U |_| (Kgo(i, (@) + D) N ld2lo(, H 0[] Mgl (u, k))

jZit1 i<k<j

= (K@, ' (z (i) + 0) 1 [p2llp(u. 1))

U |_| (K?(i,f1((T(i+1)—5T(i))+1))l‘lll¢z]]D(u,j)l‘l [T [o1ln(u, k))

JjZit+1 i+1<k<j

E (K2, T @) + D) M Igllo (1, D) U by U sein e b2l i+ 1),

Since t(i) € R, we have 7(i) € (t(i) +g 1) iff (i) € (z (i) + 1) iff 0 € 4. Also, when dom(7) is finite and i = max dom(7),
forallj > i+ 1, we have K2°(j, 1-1(z(i) + 1)) = —o0. Thus, we derive the recursive formulation of strict non-matching
until in Section 3.5.

B.2. Proof of Lemma 33

The proof uses induction on the structure of ¢. Since i < max N, we have last = . We only present the base case and
the case for until since the rest of the cases are similar.
Base case ¢ = p € AP: then

[pllo(u, i) = Disty(o (i), O(p)) = DERIVE(9, 0 (i), 8T (i), L, O)
= [DERIVE(9, o (i), 8T (D), L, O)lIp(1, i+ 1)
since Disty (o (i), @(p)) € R. The proof is similar when¢ = T or¢ =c € R.
Until ¢ = ¢1 Uy ¢-: Now using the equivalence from Section 3.5, we derive

18151, 1) = (K0, 2) 1 [T (e, D) U (I91lloe, D VISt Ucseiiys d2lo(asi+ 1))
= (K2°(0, £) N [DERIVE(¢, o (i), 8T (i), L, O)lIp(i, i+ 1))

U ([DERIVE(¢, o (i), 8T (D), L, O)lp(u, i+ 1) M [ ‘l(_1<_az(f>>+R1 ¢2llp (i, i+ 1)) by LH.
= [DERIVE(¢, o (0), 8T (i), L, O)Ip(i, i+ 1).

Appendix C. Proofs of Section 4

C.1. Proof of Proposition 36

The proof is by induction on the structure of formula ¢. The cases for T, p and —p are immediate from the definitions.
Similarly, the cases ¢; A ¢, and ¢ V ¢, are immediate from the induction hypothesis.

Case ¢ = ¢ U po: We have ((stru,(¢1) ‘IZC(JM,) str. (¢2))p(w, i) = T. Thus, by the definition of non-strict non-
matching until (B.3) and the induction hypothesis, there exists somej € T~!(z (i) + C({, A1)) € v (v (i) + 4) such that
{d2)p(e,j) = T and for all k such thati < k < j, we have ((¢1))p(u, k) = T.We conclude that {(¢1 U3¢, )p(ie, i) = T by
the definition of until. Note that if C(4, At) = @, then str,. (¢) would evaluate to L which is a contradiction.

Case ¢ = 1Ry We have ((str,, (¢1) ;QE(LAT) str,; (¢2)))p(u, i) = T. Thus, by the definition of the non-strict non-
matching release (B.4) and the induction hypothesis, for all j € t=!(z (i) + E({, At)), we have {¢,)p(u,j) = T or there
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exists k € [i, ) such that (¢1)p(it, k) = T.Since t~1(z (i) + E(4, At)) D - (z(i) + 1), by the definition of release, we
conclude that (¢1Ryp2)p(u, i) = T.

C.2. Proof of Lemma 38

If both R and { are unbounded, then we immediately get 7 ~!(z (i) + {) # ¥ since 7 is strictly increasing and diverging.
Assume now that { is bounded and that for some i € N we get that ~!(z (i) + 4) = 0. In other words, we assume that for
allj > i(since 7 is strictly increasing), we have t(j) & (7 (i) + £). One of the following two options must hold since 7 (i) + {
is an interval of R:

(1) All the samplesj > i map to points in time that occur sooner than the minimum required time by (i) + {. Formally, for
allj € N>; we have 7(j) < inf(z (i) + 4), where <€ {<, <} depending on the bounds of {. Note that this can only be the
case when R is bounded, i.e., N is bounded and, thus, T (max N) < inf(z (i) + {). Hence, we get that supR — t(max N) >
supR—inf(r (i) + &) > sup(r (i) + &) —inf(z (i) + &) > sup 4 —infd > Ar, whichis a contradiction by Assumption 37.

(2) There exists some sample j > i such that the time interval t (i) + { fits between the samples j and j + 1. Formally,
there exists j € N>; such that 7(j) < inf(z (i) + ) and sup(z (i) + ) < t(j + 1), where <€ {<, <} depending on the
constraints of {. Thatis, t(j+ 1) — 7(j) > sup(r (i) + 4) —inf(z (i) + 4) = sup 4 —inf 4 > A, which is a contradiction
by definition (Eq. (6)).

Note that the case where all the samples j > i map to points in time that happen later than the maximum required time by
(i) + 4 cannot be considered since the time 7 (i) cannot occur after the time interval 7 (i) 4+ {. Thus, =1 (z (i) + 1) # 0.

C.3. Proof of Lemma 42

If R is unbounded, then the result is immediate from Lemma 38. If now R is bounded, we have by definition that

ijk sup J; < dur(str,,(¢)) < supR.Thus,foranyi e I, we have 7 (i)4-sup 4 < sup Rand, therefore, (7 (i)+4x) € R.Thus,

(t(i)4+4x) = (t(i)+rdx). The result follows by Lemma 38. Since T~ (7 (i) + 4;) # ¥, we also get that 7~ ([0, ijk sup J;]) #
¢ (note that by assumption t~'(T) # @).

C.4. Proof of Theorem 43

The proof of the theorem is by induction on the structure of formula ¢. In the following, we setoc = so 7, u = (o, 7)
andT; = [t (i) — A1, t(i) + AT]NRfori € N.

Case ¢ = T: [[strp, (T)p(u, i) = +00 > &(Art). Therefore, for all t € T;, we have (T )c(s,t) = T.

Case ¢ = p € AP: [[stra: (D) ]Ip(i, i) > E(Ar),i.e, depth,(o (i), O(p)) > E(At). Therefore, d(o (i), Xx) > E(At) for any
x € c(X\0O(p)). Moreover by Assumption 35, we get that d(o (i), s(t)) < §(At) forall t € T; and d(o (i), s(t)) < (A1) <
d(o (i), x). Also, since d is a metric: d(o (i), x) < d(o (i), s(t)) + d(s(t), x). Hence, d(s(t), x) > 0. Since this holds for any
x € cl(X\O(p)), we conclude that s(t) € O(p) and, thus, {p)c(s,t) = T forallt € T.

Case ¢ = —p € AP: [[stra. (—p)Ip(u, i) > &(AT), ie., dist;(o (i), O(p)) > &(AT). The proof is similar to the previous
case.

Case ¢ = ¢1 A ¢o: We have that [[str, (¢1) A stra; (¢2)p(i, i) > &(AT). Thus, both [stra; (¢1)p(u, i) > §(AT) and
[stra;(¢2)Ip(m, i) > &(At). By the induction hypothesis, we get that for all t € T;, we have {(¢1))c(s,t) = T and for all
t € T;, we have ({(¢2)c(s, t) = T.Thatis, for all t € T;, we have {¢1))c(s, t) = T and {(¢2))c(s, t) = T.Hence, forallt € T;,
we have (@) c(s,t) = T.

Case ¢ = ¢1 V ¢,: The proof is similar to the previous case.

Case ¢ = ¢ Uypo: We know that [[stru. (¢1) ‘ljcu,m) stra; (¢2)Ip(u, i) > E(AT). By Lemma 42, we have ] =
t-1(t (i) + C(4, At)) # @. By Eq. (B.3), there exists some j € J such that [¢;]p(u,J) M Mi<k<jll@1lp(ie, k) > &(A71).
Hence, [stra;(¢2)Ip(i,j) > &(At) and for all k such thati < k < j, we have [[stra;(¢1)Ip(, k) > &(At). By the
induction hypothesis, we get that {(¢,))c(s, t) = T forallt € T; and (¢1))c(s,t) = T forall t € Ty and for all k € [i, j). We
sett’ = 7(j). Note that for all t € T;, we have 7(j) € 7(i) + C(L, A1) C (t + 4).But 7(j) € t(i) +r C(4, A1), thus we have
t' = 1(j) € (t+gd) # @.Also,since t(j) < 7(j— 1) + At, we get that forall t” € (t, t), we have (¢ ))c(s, t”) = T.Hence,
we conclude that {(¢1 Uyda))c(s, t) = T forall t € T; by the definition of U.

Case ¢ = ¢1R;Po: We have [Stra; (¢1) Re,ar) Strac(@2)Ip(, i) > E(At). By Lemma 42, we have ] = 1z (i) +
E(4, At)) # @. By the definition of release, for all j € J, we have [[str,(¢2)1p(i,j) > &(At) or there exists k such that
i <k <jand [stra;(¢1)p(u, k) > &(At). By the induction hypothesis, we get that for all j € J, we have {(¢,)c(s,t) =T
forallt € Tjand (¢1))c(s,t) = T forall t € Ty. Let j,, = minJ and j,, = max]J.Forallt’ € [t(jm) — A7, T(ju) + AT]NR,
we have {¢,))c(s,t’) = T. Moreover, for all t € T;, we have (t + 4) C 7(i) + E(4, A1). But by Lemma 42, we get
(i) +r E(4, A1) = (i) + E(4, At). We conclude that (t +r 4) # @ since (t +¢ 4) < 7(i) +r E(4, At). Hence, for
allt € T, forallt’ € (t +g 4), we have (¢,)c(s, t’) = T or there exists some t” € (t, t’) such that (¢ ))c(s, t”) = T.Hence,
(D1 Ryp2))c(s,t) = T forallt € T.
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C.5. Proof of Lemma 48

If R is unbounded, then the result is immediate from Lemma 46. If R is bounded, we need to consider two cases.

e Case 1 of Assumption 47: Consider any t € [t (i) — At, T(i) + At]NR. We have thatt 4+ sup J < 7(i) + AT +sup dy <
dur(¢) + At < supR.Thus, t +¢ 4 # @ and 7' (z (i) + di) # ¥ by Lemma 46.

e Case 2 of Assumption 47: Since 0 € {, we immediately get thati € 7 !(t(i) + 4y) # @ and that for all t €
[t()) — AT, t(i) + AT]NR t € (t +r J) # D.

Since T~ 1(T) # ¥ and T~ (z (i) + 4;) # ¥, we get that t~1([0, Y=k Sup &) # 0.

C.6. Proof of Theorem 49

The proof is by induction on the structure of formula ¢. In the following, we always setoc = so 1, u = (o, 7) and
Y = mtc(¢). For the sake of brevity, we also define T; = [t (i) — A7, t(i) + Atr] N Rfori € N. By Assumption 45, there
exists some o € Q- such that (i) = aifori € N.Thus, At = o and T; = [a(i — 1),a(i+ 1)]NR.

Case ¢ = T: We have ¢ = T. By definition, for all t € T;, we have [ T]c(s, t) = +oc and, also, [ TlIp(u, i) — E(AT) =
[TIo(w, i) + &(AT) = +o00.

Case ¢ = p € AP: We have ¢ = p. In the following, we let t € T;. By Assumption 35, we have

d(o (i), s(t)) < &(A7) (C.1)
We must consider 4 cases according to the values of {p))p(u, i) and {(p))c(s, t).

(1) Assume thats(t), o (i) € O(p), thatis, [pllp(u, i) = disty(o (i), X\O(p)) and [pllc (s, t) = disty(s(t), X\ O (p)). Since we
have disty (o (i), X\O(p)) < d(o (i), x) for any x € cl(X\O(p)), from the triangle inequality, we get
disty(o (i), X\O(p)) < d(o (i), ) < d(a (i), s(t)) + d(s(t),x) =B [pllp(ue, i) — E(AT) < d(s(t), %).
That s, [pllp(, i) — &(A7) is a lower bound on d(s(t), x) over the set cl(X\O(p)) and, thus, [pllp(1, i) — E(AT) is less
than or equal to the greatest lower bound (glb) on d(s(t), x) over the set cI(X\©(p)) or
[plo(u, i) — &(AT) < inf{d(s(t), x) | x € AAX\O(p))} = [pllc(s, ©).
By symmetry, we get
[pllc(s, t) — &(AT) < [plo(i, i) = [plic(s, t) < [plo(u, i) + E(AT).

(2) Assume that s(t), o (i) € X\O(p), ie, [plpb(u, i) = —disty(o (), O(p)) and [pllc(s, t) = —disty(s(t), O(p)). Since
dist; (o (i), O(p)) < d(o (i), x) forany x € cl(O(p)), using the triangle inequality and the glb argument from the previous
case, we have

dists(0 (i), O(p)) < d(o (i), x) < d(o (i), () + d(s(t), ) =3

~lplo(u. D) — E(AT) < d(s(t).x) <2
—lplp(p, i) — €(AT) < distq(s(t), O(p)) = —[pllc(s, t) =
[pllc(s. t) < [plo(p, D) + &(AT).

By symmetry, we get

[plo(u, i) — €(AT) < [[plic(s, ).

(3) Now, we prove the case where o (i) € O(p) and s(t) € X\O(p). Letep = [[pllp(u, i) and ec = —[[plc (s, t).

e Caseep > 0and ec > 0: let Bp = B,4(o (i), ep) and Bc = B4(s(t), &c). Since o (i) € O(p) and s(t) € X\O(p), we have
Bp € O(p) and Bc € X\O(p). Hence, Bp N Bc = ¥, which implies that ep + ec < d(o (i), s(t)).

e Case ep = 0and &c > 0: o (i) is on the boundary of the set @ (p) and, thus, on the boundary of the set X\ @ (p). Since
&c is the shortest distance from s(t) to the boundary of the set X\ @ (p), we get that d(o (i), s(t)) > ec = &p + &c.

e Case ¢p > 0and e = 0: similarly to the previous case, we have d(o (i), s(t)) > ep = &p + &c.

e Case ep = 0 and ec = 0: this case is included in the cases (1) or (2) above since both points belong to the same sets.

Therefore in every case, by using the inequality (C.1), we get

épt+éc < €(At) = [plo(n, ) — €(AT) < [[pllc(s, v).
Moreover, since [pllp(«, 1) > 0and [pllc(s, t) < 0, we immediately get
[plc(s, t) < [plo(u, i) + &(AT).
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(4) Similar to the previous case, when s(t) € @ (p) and o (i) € X\O(p), then ep = —[[pllp(1, i) and ec = [[pllc(s, t)
ep +&c < &A1) = [[pllc(s, t) < [[plo(u, i) + E(AT).
Moreover, since [[pllp(u, i) < 0and [pllc(s, t) > 0, we immediately get

[plo(m, ) — €(AT) < [plic(s, ©).

Therefore, we conclude that for all t € T; we have

[plo(u, i) — &(AT) < [plic(s, t) < [plb(u, ) + E(AT).
Case ¢ = —¢q: Let ¥y = mtc(¢,). By the induction hypothesis, for all t € T;, we have

[Y¥llo(, 1) — €(AT) < [[P1llc(s, t) = [¥alp(ue, D) + E(AT) =
—[=v1lo(, D) — €(AT) < —[=¢1llc (s, £) < —[—¥1llp(u, D) + €(AT) =
[=¥1lo(u, D) + €(AT) = [=¢1llc (s, t) = [=¥lp(p, 1) — E(AT) =

(¥ o, ) — €(AT) < [@llc(s, t) < [V 1w, i) + E(AT)

Case ¢ = ¢1 Vv ¢,: Let 1 = mte(¢) and i, = mtc(¢,). By the induction hypothesis, we get that for j = 1, 2, for all
t € T;, we have

[¥illp (e, D) — (A7) < [@i1lc(s, ) < [¥lp(w, D) + E(AT).
Since U is monotonic with respect to the relation <, for all t € T;, we have

([l (e, 1) — €(AD)) U ([Y2lp(pe, D) — €(AT)) < [$11lc (s, £) U [alle (s, £)
=< (¥ lo(, D) + €(AD) U ([Y2lp (i, 1) + €(AT)) =

(Do (e, D L Y2 lp (e, D) — (A7) < [@1lc (s, ©) U [21lc(s, 1)

< ([¥alo(w, D) U [Y2llo(ie, 1) + E(AT) =

(Y1 vV allo(u, i) — €(AT) < [¢1 V ¢2llc(s. ) < [¥n V Y2llo(u, D) + E(AT).

Case ¢ = ¢1 Uypo: We have ¥ = Yy ‘171 Y, where ¥, = mtc(¢;) and Y, = mtc(¢g,). Let ] = 71 (z (i) + 1). By
Lemma 42, we know that the set J is non-empty. Now let t € T; and consider any t’ € (t 4+ 1), which is a non-empty set by
Lemma 42. Since t +¢ 4 € UjgTj, there exists some j € J such thatt’ € T;. Note that forall =i,i+ 1, ..., max] (if J isa

finite set), we have T; # ¢. By the induction hypothesis, for all f € T;, we get that

[V2llo(u. i) — €(AT) < [fallc (s, ) < [Wallp(w. i) + E(AT) (C2)
and for all k € [i, ], forall t € Ty, we have

[¥1Ip(i, k) — €(AT) < [¢11lc(s, £) < [Y1lo(i, k) + E(AT). (C3)

Let th‘t/ =T, N (t, t'). Note that for any k € [i, j], we have Qk”/ = (. From (C.3), for any k € [i, j], forall t € th’t/, we have

[ [pilcGs.t”) < Mprlcs. ) < Tyaln(p k) + E(AT). (C4)
t”eQ,f’r/

Also, since [y Ip(u, k) — &(At) is a lower bound on [[¢1]lc (s, -) over the set Qk“/ and []
lower bound, we have

Qb [p11c(s, t”) is the greatest

t'e

[Vilo(u, k) — €(AT) <[] [p1licGs, ). (C5)
t”EQ,f’[/
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Then, using the last two inequalities and the monotonicity of M with respect to the ordering relation <, we get

M Mlo(u. b — €Ay < [ [ TileG. ) < [ Mallo(u, k) + €(AD).

keli,j] keli,j] et/ keli.jl

t"eQ,

Note that L);(:iQ,f’tl = (t, t’). We should point out that this is true only because we are using the matching until operator.
If instead we were using the non-matching operator, then there would exist some t € T; and some t’ € (t 4+ {) such that

UiZlQbY c (¢, t'). Thus, we have

[ [¥ilo(e, k) — €A <[] [dillets, ) < [ ] [¥aln(u, k) + €(AD). (C6)

keli.j] t"e(t,t)) keli.j]

Again, by using the monotonicity of M and by pulling out the constant &(At) from the min operator, from (C.2) and (C.6),
forany t’ € Tj, we have

(IIl/fz]]D(,Uu]') n] [[1//1]]D(M,k)) —&(Ar)

keli,jl

<ligolcGs tH)m [T Dpalles, t”)

t"e(t,t’)

= ([[%]]D(M,J') n [ ] [¥alo(u, k)) +&(An).

keli,j]

Let Pj‘ = TjN(t+x4). Note that if Assumption 45 does not hold, then it is not true that Pj[ # (). Next, we prove by contradiction
that Pjt = () since Assumptions 45 and 47 hold.

Claim 58. Forany j € ], the set ij =T; N (t +r 4) is not empty.
Proof. First note that since t € T;, we have

max{0, (i — 1)} <t < min{a(i + 1), supR}. (C.7)
Moreover, we have Tj # ¥ and (t 4+ 4) # @. Assume now that Pf = (). We consider two cases which depend on {:

(1) & = [aiy, +00) for some i; € N: This is possible only if R is unbounded or i; = 0, i.e., { = [0, +00). Sincej € J, we have

() € (t() +r d) = «j € (ai+g [aiy, +00)) =
oj € lai + iy, +00) NR — «aj > a(i+1i;)) = i+1i; <]j. (C.8)
Also, P{ = J implies that
e either sup Tj < inf(t 4+ 4), that is,
0 < min{a(j + 1), supR} < inf([t + «iy, +00) NR) = min{0, t + ai;} = min{a(j + 1), supR} < t + ai;
SsupR < t + «aiy is a contradiction, because in this case t + 4 = @. Thus,

a+1) <ttai; B qlit+i+1) <tdai = ali+1) <t
which is a contradiction by Eq. (C.7).
e or sup(t +5 £) < infT;. If supR = o0, then this is immediately a contradiction. If R is bounded, then sup(t +z
[0, +00)) = supR < infTj, which is a contradiction since T; # .

(2) 4 = [aiy, aiy] for some iy, i € N such thati; < iy: R can be bounded or unbounded. In either case, we havet +z 4 C R
by assumption and, thus, t +z 4 =t + {. Sincej € ], we have

Tt e () +4) = «aj € (vi+ [aiy, aiz]) = «@j € [ai + aiq, di+ aiy] —
ali+i) <aj<ali+i) = i+i<j<i+i. (€9)
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Also, Pjt = () implies that sup T; < inf(t 4+ &) or sup(t + {) < infTj. The case sup T; < inf(t 4 {) is the same as above.
For the case sup(t + 1) < infTj, we have

sup[t + aip, t +aiy] <af—1) = t+aib <aG—1) L ttai) <ali+ir—1) = t<ali-1)
which is a contradiction by Eq. (C.7). O

Since Ujeijt = (t 4+ {), similarly to the derivation of (C.6), for any t € T;, we get

| |madote, iy 0 [ [l k) ) — €(AT)

el kelij]
< | fgales hn [ lignlicGs, ¢
t'e(t+gd) t"e(t,t)
< (Jtvalo(e.yn [T [alo(u, k) | + €(AT) =

jeJ keli,j]

[V b, i) — €(AT) < [@lc(s, t) < [V 1w, D) + E(AT).
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