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Abstract

In this paper, the classic straightening out theorem from differential geometry is used to derive necessary and sufficient
conditions for locally converting rectangular differential inclusions to constant rectangular differential inclusions. Both scalar
and coupled differential inclusions are considered. The results presented in this paper have use in the area of computer aided
verification of hybrid systems where they represent the frontier of the known decidable models of infinite state systems.
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1. Introduction

In this paper, the problem of converting differential
inclusions to constant differential inclusions is con-
sidered. The motivation for this work comes from
the formal verification of hybrid systems. Hybrid sys-
tems are systems consisting of both discrete event and
continuous dynamics. They arise in models of several
distributed, multi-agent systems such as Intelligent
Vehicle Highway Systems [14] and Air Traffic Man-
agement Systems [12]. The discrete event dynamics
usually model high level decision making or syn-
chronization among agents, while the continuous dy-
namics model low level control actions. The analysis,
design and control of hybrid systems is a very impor-
tant problem. Examples of techniques that have been
proposed in the literature are [3—7, 9].

Computer aided verification is a formal approach
for the analysis of hybrid systems. In the verification
community, hybrid systems are modeled as hybrid au-
tomata where differential equations or inclusions exist
in each discrete state of a finite state machine. Tran-
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sition from one discrete state to another is triggered
by guards on the variables of the system. An exam-
ple of a hybrid automaton is shown in Fig. 1. Given a
desired specification for a hybrid automaton, such as
satisfying certain reachability properties, verification
algorithms check whether the system indeed satisfies
the desired specification by transforming the problem
into a finite graph reachability or language contain-
ment problem. A very important issue in computer
aided verification is the decidability and complexity
of the resulting algorithms.

The state of the art in the verification of hybrid
systems is that verification of initialized, rectangular
hybrid automata is decidable [11]. Rectangular hybrid
automata are automata where in each discrete location
the continuous dynamics are described by decoupled,
constant, rectangular differential inclusions. Thus,
the time derivative of each variable must belong to a
constant interval of the form [a,b] C R, as shown in
Fig. 1. Furthermore, checking properties on various
relaxations of the above hybrid automaton model
have been shown to be undecidable [8]. Therefore,
initialized, rectangular hybrid automata are on the
boundary between decidability and undecidability.
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X=0

\Y:O

X>5 —> X=10 Y=3
d—)f € [-1, 3]

> < :
/| Y<-10 —> X=5 Y=0

dy
&Y e [-5,-3
- dt el ]

Fig. 1. Rectangular hybrid automaton.

It has also been recognized, mainly in the control
community that is used to more sophisticated dynam-
ical models, that the expressive power offered by a
rectangular hybrid automaton is limited.

In an effort to expand the applicability of the decid-
ability results just stated, we ask the natural question
of when can we convert more general hybrid systems
with more complicated dynamics in each discrete lo-
cation to a hybrid system with decoupled, constant,
differential inclusions? In addition, an answer to this
question would also be useful as it could characterize
the modeling frontier for the known decidability and
undecidability results. Along this direction, in this pa-
per we consider the following continuous version of
this problem.

Problem 1 (Straightening out coupled, rectangular dif-
ferential inclusions). Under what conditions can a
coupled, rectangular differential inclusion of the form

)&1 e [fl(xl,...,x,,),gl(xl,...,x,,)]

X, € [fl’l(xla---7xi’l)7gl’l(x17---7xl’l)]

where x =[x1,...,x,]T €U CR", fi,.... fisG1s---Gn
are smooth maps from U to R, and for each 1 <i<n
and for all xe U, g;(x)> fi(x) be converted by a
smooth coordinate change z= ®(x) to a decoupled,
constant, rectangular inclusion of the form

Z1 € [a1,b1]

Zn € [ana bi’l]

where a;, b; are real constants for all 1 <i<n?

In this endeavor, a generalized version of the
straightening out (or flow box) theorem will be used
in order to derive necessary and sufficient conditions
for the solution of Problem 1. As a corollary, we will

obtain conditions for converting decoupled, scalar
rectangular inclusions. In Section 2, we review the
necessary differential geometric tools and two ver-
sions of the straightening out theorem for differential
equations. They will be used in Section 3, where
necessary and sufficient conditions for the solvability
of Problem 1 are derived. Finally, Section 4 contains
conclusions.

2. Straightening out differential equations

Let 7,R" denote the tangent space at x € R". Let
e;=[0,...,1,...,0]" with 1 at the ith position and
el,...,e, be the standard, orthonormal basis for
R". For smooth map @:R" — R” with x € R" and
z = ®(x), we push forward tangent vectors from 7, R"
to 7.R™ using the induced push forward map &,
which is a linear map. A smooth vector field on R” is
a smooth map f which places at each point x € R” a
tangent vector f(x) € T:R". Given a diffeomorphism
@:R"— R" and a smooth vector field f on R", we
naturally define the vector field @,.( /) by pointwise
assigning the tangent vector @,( f(x)) at @(x). The
Lie bracket of two vector fields f and g on R” is
denoted by [ f,g]' and given by

.. 0g of
Lfogl=50f = =g (M)

The Lie bracket commutes with the push forward map
@, of a diffeomorphism @, thus

O([f, 9D =[P [), P(9)]. (2)
We now present without proof the R” version of the

Theorem 1 (Flow box or straightening out theorem).
Let f be a smooth vector field on R" with f(xy)#0
at some xo € R". Then there exists a neighborhood U

of xo and a change of coordinates z = ®&(x) such that
forall ze ®(U), ®.( f) is expressed as

D(f)=er. 3)

Thus, given a differential equation of the form

X=f(x),

where x € R” and f: R” — R” is smooth, then away
from equilibria, f(x)# 0, there exists a local change

' Note that [-,-] is used to denote both Lie brackets as well as
intervals. The usage will be clear from the context.
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of coordinates z = ®@(x) such that in the z coordinates
the differential equation is expressed as

z1=1,2,=0,...,2,=0. “4)

Note that the straightening out theorem is a local and
non-constructive result. Obtaining the desired diffeo-
morphism @ usually involves explicit integration of
the system since the change of coordinates is sim-
ply the time parameterization of the integral curves
(z1) along with the leaves of the resulting foliation
(z2,.-.,z,) which is induced by integrating the system.
Theorem 1 is already interesting in that it allows trans-
forming differential equations away from equilibria to
equations with constant rates or clocks. The flow box
theorem could therefore be used in converting hybrid
systems with the same differential equation in each
discrete location to timed automata, which is a decid-
able class of systems [2]. In the case where different
vector fields are present in different discrete states, the
following theorem which can be considered a gener-
alization of Theorem 1 for multiple vector fields is
useful.

Theorem 2 (Straightening out multiple vector fields).
Let fi,..., f be k smooth, linearly independent vec-
tor fields in a neighborhood of xy € R" satisfying

[/i: fi1=0,

Then there exists a change of coordinates z = &(x)
and a neighborhood U around xo € R", such that

D.(fi)=ei (6)
for all 1 <i<k and for all z € &(U).

1<i,j<k ©))

Therefore given n differential equations of the form

X = fi(x),

where 1<i<n, x€R" and f;:R" — R" are smooth,
then at any xo € R” where the vectors { fi(xo)}/_, is a
linearly independent set? and the Lie bracket condi-
tions hold, there exists a local change of coordinates
z = @(x) such that in the z coordinates the ith differ-
ential equation is expressed as

5 =0,...,2=1,...2,=0. (7

Like the Flow Box Theorem, Theorem 2 is also lo-
cal and non-constructive. The Lie bracket condition,

2Note that linear independence at xo requires that x is not
an equilibrium of any of the n vector fields. By smoothness, the
linear independence condition extends to a neighborhood of xg.

which simply says that the flows of the vector fields
commute, is necessary in order for the change of co-
ordinates to be well defined. More important though,
in the new coordinates, the vector fields in addition to
being straightened out are also decoupled.

A much more detailed exposition of the above ma-
terial may be found in numerous differential geometry
books such as [13, 1].

3. Straightening out differential inclusions

In general, a differential inclusion on R” is defined
as

¥ €F(x), (8)

where F is a map which at each x € R” assigns a sub-
set of 7,R". Given a smooth change of coordinates
@ : R" — R" and differential inclusion (8), we can nat-
urally push forward the differential inclusion by point-
wise assigning to each z = @(x) the push forward of
all tangent vectors belonging in F(x). Thus

2€ O(F(x)) )

is the differential inclusion resulting from the change
of coordinates. In this paper we focus on rectangular
differential inclusions of the form

X1 €[ f1lxr, ., x0), 91(x1,. .., X0)]

: (10)
Xp € [fu(xtsee s X0) gn(x1, .. X0)]

where the derivative of each coordinate lies in an in-
terval. We are now ready to proceed with the main
theorem.

Theorem 3 (Necessary and sufficient conditions for
coupled rectangular inclusions). Consider the cou-
pled, rectangular differential inclusion in R",

X1 €[ f1Cxr, .., x0), g1(x1,. .., X0)]
: (11)
Xn € [fn(xl,---,xn)agn(x17---axn)]

where x =[x1,...,x, ]V €U CR", fi,..., fusG1s--->Gn
are smooth maps from U to R, and for each i and
for all x € U we have g;(x)> fi(x). Then there exists
a local change of coordinates z= ®(x) on U such
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that in the new coordinates the differential inclusion
is expressed as

z1 € [a1,b1]
(12)
Z'n 6 [an9bﬂ]

if and only if for all x € U and for all 1 <i,j<n,

[fi(x)ei,g;(x)e;] =0, (13)
[fi(x)ei, fj(x)e;] =0, (14)

and for all 1<i<n and for all x€ U there exist
k; € R, such that either

9i(x) =k fi(x) or  fi(x)=kigi(x). (15)

Proof. Before we begin with the proof, we remark
that conditions (13)—(15) contain some redundancy.
However, a minimal set of conditions would be nota-
tionally complicated.

(Necessity) A more convenient representation of
the rectangular inclusion (10) is given by the follow-
ing expression

X
x=|:|€F(x)
Xn
— Fi(x) + BG) + -+ Fx), (16)

0 0
@ =cod | fi) | .| g:x)
0 0
= co{ fi(x)ei, gi(x)e: }, (17)

where co{ p1, p»} stands for the convex hull of vec-
tors p; and p;. Note that for i # j, any vector in Fi(x)
is linearly independent from any vector in Fj(x). Per-
forming the change of coordinates z = @(x) results in

z € O (F(x))
= Q(Fi(x) + F5(x) + - + Fi(x)). (18)
By the linearity of &, we have that

z2€ ®u(Fi(x)) + Cu(F(x)) + -+ - + Bu(Fi(x)). (19)

Since @, is pointwise an isomorphism, we retain the
property that any vector from @,(Fi(x)) is linearly
independent from any vector in @, (Fj(x)) for i # ;.
Now, by assumption, the change of coordinates re-
sults in inclusion (12) which is also expressed as

Z1
Zy
where Z; is the constant interval

0 0

Z,' =CO a |, b,‘ = co{aiei, bl-e,-}. (21)

0 0
Note again that for i # j, any vector from Z; is linearly

independent from any vector in Z;. By assumption we
then have that

z2 € O (F(x)) + Pu(Fr(x)) + -+ + Pu(F(x))
=2+ T+ + 2y (22)

Since for all i # j, vectors in @,(F(x)) (also Z;) are lin-
early independent from vectors in @, (Fj(x)) (respec-
tively Z;) then Eq. (22) requires that for each i there
exists some j; such that @, (F(x)) = Z;,. Therefore, up
to a permutation of the indices, the sets @, (F(x)) are
equal to the sets Z;.

In general, for linear map A and vectors pi, p; the
following property of convex hulls

Aco{ p1, p2} =co{dpi,4p>} (23)
can be easily checked. By applying this property on
Egs. (19) and (17) we obtain that
9.(F(x)) = ®.(co{ fix)er gi(x)er})

= co{ D.( fi(x)e:), Pu(gi(x)ei) }- (24)

The above calculations essentially show that in order
to push forward a rectangular differential inclusion,
one only needs to push forward the finite number of
vector fields that are needed to define the rectangular
set of tangent vectors.

But since ®,(Fi(x))=Z;, condition (24) results in

co{@.( fi(x)e)), Pu(gi(x)e;) } =colaje;,bje;} (25)
which means that either

P.(fi(x)ej)=aje; and  D(gi(x)e;)=bje; (26)



G.J. Pappas, S. Sastry! Systems & Control Letters 35 (1998) 79-85 83

or
O.(fi(x)e))=bje;; and P (gi(x)ei) =aje;. (27)

Assume without loss of generality that the first case
holds (Eq. 26). Then for all 0<i,/<n,

. ([ filx)ei, gi(x)er]) = [D( fi(x)er), Pu(gi(x)er)]
=laje;,bje;,]1=0 (28)

which results in the necessary conditions
[fix)ei,gi(x)e)]=0 forall 0<i,I<n (29)

since @, is pointwise an isomorphism. In a similar
manner one obtains

[ fi(x)er, fi(x)e;] =0 for all 0<i, I<n. (30)

In addition, since g;(x)> fi(x), if fi(x)#0 we can
express ¢;(x) as a nonlinear function of f;(x) by
gi(x) =ki(x) fi(x) (if fi(x)=0 then express f;(x) as
g;(x) multiplied by zero and proceed in the same
way). Then

bjej, = ®(gi(x)e;) = Du(ki(x) fi(x)e;)
= ki(x)P.( fi(x)e;) = ki(x)aje;, 31)

must hold for all x € U. Thus k;(x) must be constant
and g;(x) must be a constant multiple of f;(x) for all
x € U. Note that for each 7 either f;(x) or g;(x) can
be zero (but not both since g;(x) > fi(x)). However, if
fi(x) or g;(x) is zero at some point xg, say ¢;(xo)=0
and f;(xo) # 0, then smoothness and the fact that g;(x)
must be a constant multiple of f;(x) for all xe U,
force g;(x) to be identically zero on U.

(Sufficiency) Consider conditions (13)—(15) and
assume without loss of generality that for all i
fi(x)#0 (if f;, =0 for some iy then pick g;, which
must be nonzero and proceed in a similar way). Then,
the set of vector fields

{/fi)ei}is (32)

satisfies the conditions of Theorem 2. Thus, there ex-
ists a diffeomorphism z = @(x) such that

P.( fi(x)ei) =e;. (33)
Now pushing forward the rectangular inclusion

xeR(x)+HBx)+ -+ F(x) (34)

by @, results in

zZ € O(F(x))
= C.(Fi(x) + FB(x) + - + Fi(x))
= G(F1(x)) + Pu(Fa(x)) + - - - + Pu(Fu(x)). (35)

But since for each i and for all x we have g;(x)=k; f;(x)
for some constant k; (positive, negative or zero), we
obtain

D, (Fi(x)) = Du(co{ fi(x)es ki fi(x)ei })
=co{ D, (fi(x)e;), Pu(k; fi(x)ei)}
= co{e;, kie; } (36)

and thus in the z coordinates we obtain the inclusion

z1 €[1,k]

Zy € [1,k]

Note that some of the k; may be zero or even nega-
tive in which case the corresponding intervals must be
flipped. This completes the proof. [

Note that the proof of Theorem 3 depends on the
fact that g;(x) > f(x) for all i. It is therefore not
a generalization of the straightening out theorem for
differential equations.

Even though straightening out a differential equa-
tion is always possible away from an equilibrium,
straightening out a rectangular differential inclusion,
requires straightening out many vector fields, while
using the same change of coordinates. This places re-
strictions on the types of rectangular differential in-
clusions that can be straightened out. The following
corollary shows how restrictive this class is.

Example. Consider the coupled differential inclusion

X1 € [f1(x1,x2), g1(x1,%2)],
X2 € [f2(x1,x2), g2 (x1,%2)],

where we have f1(x1,x;)#0 and f3(x1,x2)#0 on
some set U C R?. Then conditions (15) require that
gi(x1,x7) is a constant multiple of f;(x1,x;). Thus nec-
essary conditions (13,14) reduce to simply checking
whether

[f1(x1,x2)er, f2(x1,x2)e2] =0 (37)
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as all other Lie brackets are guaranteed to be zero if
the above one is. But

[f1(x1,x2)e1, fa(x1,X2)e2] =0

I
[;;?le —0. (38)
o i
But since f] #0 and f, #0 on U, this requires
a A
Ny 92y (39)
6)(2 6x1

which means that it is necessary for the rectangular
inclusion to be already decoupled!

The above example suggests that the conditions of
Theorem 3 are quite restrictive. In the case that f;(x)
and g;(x) depend on x; alone, the Lie bracket condi-
tions (13), (14) are trivially satisfied. As a corollary
of Theorem 3, we obtain the following straightening
out theorem for decoupled, rectangular inclusions.

Corollary 1 (Straightening out decoupled differential
Inclusions). Consider the scalar differential inclusion

X e [f(x),g(x)] (40)

with xe UCR, f,g9:U— R smooth, and assume
that for all x € U we have g(x)> f(x). Then there
exists a local change of coordinates z = ®(x) such
that in the new coordinates the differential inclusion
is expressed as

z€[a,b] (41)

if and only if for all x € U either g(x) is a constant
multiple of f(x)#£0 or f(x) is a constant multiple

of g(x) #0.

As a corollary of Corollary 1 we obtain

Corollary 2. The following scalar inclusions can be

locally transformed to constant rectangular differen-

tial inclusions:

o Linear differential inclusions: % € [a, b]x, x # 0.

o Nonlinear differential inclusions: x € [0, f(x)],
f(x)>0.

e Nonlinear differential inclusions: x €[ f(x),0],
f(x)<O.

e Nonlinear differential inclusions: X € [a,b] f(x),

f(x)#0.

Corollaries 1 and 2 show that scalar rectangular dif-
ferential inclusions cannot be straightened out unless

one boundary vector field, g(x), is a constant multiple
of the other, f(x). This result is intuitively clear. By
Theorem 1, any vector field, say f(x), can be straight-
ened out away from singularities. But if the same dif-
feomorphism must also straighten the flows of the
other vector field, g(x), then g(x) must be a constant
multiple of f(x). But if g(x) is a constant multiple of
f(x), then after factorization, we obtain that a differ-
ential inclusion of the form x € [a, b] f(x) is the lim-
iting case of an inclusion which can be straightened
out.

Example. Consider the following simple linear differ-
ential inclusion in U = {x € R| x>0},
x€[3,5]x

Note that z = In x satisfies

o1 1
O e 23,5 =[3,5]
ox X

and the inclusion is straightened out on U.

z =

4. Conclusions

In this paper, the problem of straightening out
rectangular differential inclusions was considered.
The results presented in this paper could be used to
potentially expand the domain of the decidability
results in the area of formal verification of hybrid
systems. However, given the restrictive nature of the
necessary conditions, they present a serious barrier
extending the decidable class of hybrid systems. In an
effort to computationally analyze more complicated
hybrid systems, one has to overapproximate arbi-
trary rectangular inclusions by rectangular inclusions
which satisfy the necessary and sufficient conditions
derived in this paper. This is the notion of system
abstractions [10] which is an area for further research.
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