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Abstract—In recent years, federated learning has been widely
studied to speed up various supervised learning tasks at the
wireless network edge. However, there is a lack of theoretical
understanding as to whether similar speedups in sample complex-
ity can be achieved for cooperative reinforcement learning (RL)
problems subject to communication constraints. To that end, we
study a federated policy evaluation problem over wireless fading
channels where, to update model parameters, a central server
aggregates local temporal difference (TD) update directions from
N agents via analog over-the-air computation (OAC). We refer
to this scheme as OAC-FedTD and provide a rigorous finite-time
convergence analysis of its performance. Our analysis reveals
the impact of the noisy fading channels on the convergence
rate and establishes a linear convergence speedup w.r.t. the
number of agents. Notably, this is the first non-asymptotic
analysis of a cooperative RL setting under wireless channels that
jointly considers linear value function approximation, Markovian
sampling, and the OAC channel-induced distortions and noise.
Our work develops the theoretical foundations that are key for
relevant advancements in the analysis and design of federated
reinforcement learning algorithms over wireless networks.

Index Terms—Reinforcement Learning, over-the-air computa-
tion, federated learning, finite-time convergence analysis.

I. INTRODUCTION

N recent years, there has been an increasing demand

for edge intelligence, where distributed machine learning
algorithms are implemented at the wireless network edge on
diverse datasets [1], [2]. One particularly popular instance of
edge computing is the federated learning (FL) framework [3],
where agents periodically coordinate with a central server to
speed up the process of model-training for supervised learning
tasks, while keeping raw training data private. The resulting
FL problem boils down to stochastic optimization subject to
communication constraints: unpredictable and heterogeneous
wireless channels [4] that have limited bandwidth [5] and
suffer from channel fading effects [6]. In this context, the effect
of imperfect channels on the convergence of the underlying
optimization procedure is a topic that has been extensively
studied in FL [7], [8]. Departing from this line of work on
supervised learning/optimization, in this paper, we ask: Is it
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possible to achieve speedups in sample-complexity for coop-
erative reinforcement learning (RL) problems when commu-
nication takes place via over-the-air computation (OAC) over
noisy wireless channels?' Surprisingly, there is no theoretical
understanding of this question, even for the simplest of RL
problems, such as policy evaluation. We seek to bridge this
gap with our work.

In a standard RL setup, an agent repeatedly interacts with
an environment by playing actions based on some policy, re-
ceiving observations (rewards), and then improving the policy
with the aim of maximizing long-term cumulative returns. This
sequential decision-making problem is captured via a Markov
Decision Process (MDP), where the agent’s goal is to find the
optimal policy without knowledge of the transition kernels and
reward functions of the MDP. As such, decision-making in RL
is based on sequential data in the form of observations of state
transitions and rewards.

For MDPs with large state and action spaces, RL algorithms
typically require many data samples to achieve a desired
level of accuracy [9]. In this regard, the emerging paradigm
of federated reinforcement learning (FRL) [10], [11], [12],
[13], [14], that has recently gained momentum in wireless
networks applications [15], [16], [17], seeks to reduce sample-
complexity requirements by parallelizing data collection and
computation across multiple agents. In FRL, agents share
local model parameters or model differentials (i.e., gradient-
like update directions) with a central server while keeping
their states, rewards, and actions private. However, similar
to FL, achieving a convergence speedup w.r.t the number of
agents in FRL at the wireless network edge requires frequent
information exchanges between the agents and the server over
a shared wireless communication medium. This leads to an
interesting tension: more agents imply more data, and hence,
the hope of a greater convergence speedup; however, more
agents also imply a larger communication bottleneck.

In this work, we provide the first principled understanding of
this tension in FRL by considering a setting in which N agents
cooperate via OAC to solve a policy evaluation problem. We
focus on policy evaluation since it is at the heart of value
iteration algorithms like Watkin’s Q-learning algorithm [18]
for finding the optimal policy. In our setup, each agent interacts
with the same MDP, collects observations by playing the
policy to be evaluated, and employs temporal difference (TD)
learning [19] with linear function approximation to construct
a local TD(0) update direction. The agents’ local update
directions are then transmitted to a central server over a shared

'We describe the OAC mechanism in detail in Section II.
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wireless channel medium for model updating. To alleviate
the communication bottleneck, we consider analog over-the-
air computation (OAC) that has recently been advocated to
provide large-scale, bandwidth- and energy-efficient up-link
communication in FL [20], [21]. In particular, OAC exploits
the waveform-superposition property of the wireless multiple
access channel (MAC) to enable the receiver (server) to obtain
the average of the analog signals transmitted by the agents
over the same time-frequency block [22]. Examples of appli-
cation of this considered OAC FRL setting are in internet of
things and internet of vehicles scenarios, where, equipped with
onboard intelligence and wireless communication capabilities,
intelligent agents (e.g., robots and autonomous vehicles) will
be continually learning and evaluating new machine learning
algorithms and RL policies [12], [23]. Compared to standard
digital transmission, OAC comes with notable gains in up-
link bandwidth efficiency. Furthermore, OAC has intrinsic
privacy-preserving features [6], [24]. However, analog signals
transmitted over the air are subject to fading channel distortion
and additive noise at the receiver [6], [8], [7]. This leads to the
main question we investigate in this paper: Is it still possible to
achieve collaborative performance gains for federated policy
evaluation under such channel distortion and noise?

Related work. In this work, we provide an answer in
the affirmative. Before elaborating on our contribution in this
regard, we first survey the most relevant strands of literature.

e Distributed Learning over Noisy Channels. A vast body
of work has investigated distributed optimization/supervised
learning problems over imperfect, noisy channels [25], [2],
[26]. In particular, OAC has been considered in, e.g., [6], [8],
[7]. While we draw inspiration from these papers to formulate
our problem, deriving finite-time convergence rates for our
multi-agent RL (MARL) setting is much more challenging
since (i) policy evaluation is not a static optimization problem;
and (ii) unlike the i.i.d. sampling assumption prevalent in
supervised learning, the data samples in RL are part of a single
Markov chain, and hence, temporally correlated.

e Single-Agent RL. Even for the single-agent case, while
there is a rich theory characterizing the asymptotic perfor-
mance of RL algorithms [27], [28], finite-time rates of conver-
gence under Markovian sampling have been established only
recently [29], [30], [31], [32]. We note that a finer analysis
relative to these papers is needed to establish the benefits of
collaboration in a MARL setting like ours.

o Collaborative MARL/FRL. There is a growing interest
in understanding the performance of collaborative MARL
algorithms. The initial results in this space work under a re-
strictive i.i.d. sampling assumption [33], [34]. Recently, linear
speedups in sample complexity under Markovian sampling
have been established in federated reinforcement learning
(FRL); see [11], [35], [36]. Importantly, [11] and [35] do not
consider any effects of noisy wireless channels. In contrast, the
OAC mechanism we study in this paper introduces additional
forms of randomness that necessitate a very careful analysis.
While [36] consider the effects of quantization and packet
drops, the channel effects we study in this paper are quite

different and, as such, need a separate treatment.?

In light of the above, our contributions are the following.

Contributions. First, we formulate and study federated
policy evaluation under the analog OAC model - a setting
that we refer to as OAC-FedTD. Ours is the first work to
formally study the convergence behavior of a cooperative
RL algorithm subject to the channel distortions and noise
introduced by OAC, while jointly accounting for linear value
function approximation and Markovian sampling.

Second, as our main technical contribution, we provide
a comprehensive non-asymptotic convergence analysis of
OAC-FedTD. In Theorem 1, we prove that the sample-
complexity bounds for OAC-FedTD exhibit an N-fold linear
speedup relative to the vanilla single-agent TD algorithm. In
particular, our bounds reveal that increasing the number of
agents helps “drown out” both the effect of the channel noise
and of the MDP sampling variance. Since RL algorithms
are typically data-hungry, our linear speedup result is of
considerable theoretical and practical significance.

Notation. We denote vectors and matrices as lower and
upper case bold letters, respectively (e.g., vector a and matrix
A). For a positive integer i, a(i) denotes the i-th element
of a, and AT denotes matrix A’s transpose. I; denotes a d-
dimensional identity matrix, 0 a vector of zeros and E[.] the
expectation operator. We denote by (a,b) the inner product
of two vectors a and b, and by || - || the Euclidean norm.

II. SYSTEM MODEL AND OAC—-FEDTD

In this paper, we examine a framework in which N agents
independently interact with replicas of identical Markov De-
cision Processes (MDPs). We denote an MDP by M =
(S, A, P,R,7v). The finite set S comprises the n states of
the MDP, while A is the finite set of actions. We denote by
P the set of Markov transition kernels, which are functions
of the actions. We let R be the reward function. The constant
~ € (0,1) is the discount factor. The goal of the federation of
agents is to collectively evaluate the value function associated
with a policy p : & — A. To do so, the agents communicate
with a central aggregator (server) via up-link analog transmis-
sion. In what follows, we first briefly illustrate some necessary
background on policy evaluation with function approximation.
Then, we formally describe the considered OAC framework,
with related objectives and technical challenges.

Policy evaluation with linear function approximation.
The purpose of the considered policy evaluation setting is to
evaluate, for each state s € S, the value function uu(s), where
u, is a vector of size n storing the value function for each
state. The value u,(s) is the discounted expected cumulative
reward obtained by playing policy p starting from initial state
s. The policy p interacts with the MDP M to generate a
Markov Reward Process (MRP) characterized by a reward
function R, : & — R, and a Markov chain with transition
probability matrix P,,. Mathematically, we have

u,(s)=E Z’ykRu(skﬂso =s|, (1)
k=0

2For distributed optimization, the effects of quantization, erasures, and OAC
have been explored separately in several papers, e.g., [37], [25], [6], [38], [7]
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where sj, represents the state of the Markov chain associated
with the kernel P,, when initialized from sy = s. The
policy evaluation setting that we analyze is model-free, i.e., we
assume that the Markov transition kernel P, and the reward
function R, are unknown.

As is common, we consider a linear value function approx-
imation setting in which the n-dimensional value function
u, is approximated by vectors in a linear subspace of R"
spanned by a set of d basis vectors {¢,}%_,. Resorting to
value function approximation is particularly needed when the
state space S is very large, and indeed usually d < n.
Let ® £ [¢y,...,0,] € R™™ be the feature matrix. As
is standard [29], we assume that the columns of & are
independent and that the rows are normalized. The parametric
approximation 9g of u, is given by u(@) := 4y = 90,
where 6 € R™ is the approximation parameter. Denoting the
s-th row of @ by ¢/, the approximation of u,(s) is given by
o (s) = (0, 4L).

The goal of the federation of agents is to obtain the best
possible estimate of 0%, which represents the best linear
approximation of u, in the span of ®. For this purpose,
we consider a multi-agent version of the well-known TD(0)
algorithm [19]. In this setting, agents i = ., N are
initialized from some initial state s;o € S with an initial
estimate 8y € R™. Next, at each time-step k£ € N, the
server broadcasts a global parameter vector 6 to all agents.
Each agent, at that point, takes an action a; = u(s; ), and
observes the next state s; 41 ~ P, (-|s; 1) and instantaneous
reward 7; ;, = R, (s; ). Note that s;  is the state of agent ¢
at iteration k. Using the parameter vector 6 and the observed
tuple 0; k = (Sik,Tik, Si,k+1), agent ¢ then computes a local
TD update direction as follows:

<¢;i,k bl 0k>)¢;i,k :

In the rest of the paper, we will often write g; 1, (60}) instead
of g; 1(0k, 0, ;). Note that although all agents are playing and
evaluating the same policy p, while interacting with replicas
of identical MDPs, the local observation processes {0; i}, in
general, differ across different agents, and we assume that
these observation processes are statistically independent across
agents. Note that, however, for each agent i, the observations
are temporally correlated because they are all part of a
single Markov chain. Given that the observation processes are
independent across agents, one hopes that communicating and
averaging agents’ local TD update directions will reduce the
variance in the estimation of 8*. In the wireless FRL frame-
work that we consider in this paper, the exchange of local TD
update directions occurs based on over-the-air aggregation. In
what follows, we describe this scheme in detail.
Over-the-air computation model. We consider the typical
OAC channel model that has been adopted, for example, in
[22], [6], [24], [7]. In this scheme, N agents, coordinated
by a central entity, synchronously transmit their local update
directions as analog wireless signals. The central entity then
collects the superposition of these signals; hence, the term
‘over-the-air.” The analog signals are subject to fading channel
distortion and to additive white Gaussian noise at the receiver.
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Fig. 1. Illustration of the OAC-FedTD scheme. For a description of the
various symbols, see Table I.

Under the assumptions of synchronization and phase com-
pensation [6], [8], [22], the server at iteration k obtains the
following noisy and distorted global TD direction:

N
1
Vi = Zhi,kgi,k(ok) + Wk, 2)

i=1

where wy, ~ N (0,02 1,) and 02, = 52, /N?, where G2, is the
additive white noise variance at the receiver. The distortion
term h; j is the random channel gain experienced by agent
4 at iteration k, with mean m, and variance O’Z. We make
the standard assumption that the random channel gain process
is independent across agents and iterations. We will also
assume that the random processes {wy} and {h;} related
to the channel effects are independent of the Markovian data
tuples {o0; x}. The model in (2) captures different settings
of OAC. For example, the model adopted in [22] considers
transmitters with adaptive power transmission. In that case,
hik = Cik\/Di k> where ¢; j is the actual channel gain, and
V/Pik 1s the power scaling factor of device ¢ that can be
adaptively adjusted to reduce the impact of the channel gain.
Due to channel estimation errors [39], even when channel
inversion is performed, h;j is typically a random object. In
general, the model considered in this paper captures any OAC
framework with phase compensation, as long as the distortion
hi.x in (2) admits first and second moments.

Once the server receives vy, it updates the estimate of the
parameter @} according to the following update rule:

01 =0, + avy, 3)

where « is a constant step-size/learning rate, and vy, is as in
(2). We refer to this specific federated TD learning framework
as over-the-air federated TD learning (OAC-FedTD).
Objective and challenges. In the rest of the paper, we
aim to study the finite-time convergence performance of
OAC-FedTD. This presents multiple challenges. Indeed, even
in a single-agent setting, the non-asymptotic analysis of TD(0)
is very demanding due to temporal correlations in the Markov
process. To analyze OAC-FedTD, we deal with a multi-
agent setting where two different sources of randomness are
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concurrently in place: (i) the randomness due to the time-
correlated agents’ trajectories, and (ii) the randomness in the
up-link communication due to the wireless fading channels.
Furthermore, the final objective of OAC-FedTD is to provide
a linear convergence speedup w.r.t. the number of participants
in the federation. This requires a novel and elaborate analysis
that we report in the sequel.

III. MAIN RESULT

We now present our main contribution, which is the study
of the non-asymptotic convergence rate of OAC-FedTD. We
start introducing technical machinery that we will use in the
remainder of the section. We make the standard assumption
that rewards are uniformly bounded. Therefore, there exists
a universal constant 7 > 0 such that for every state s € S,
R,,(s) < 7. Thanks to this assumption, we are guaranteed that
the value function in (1) is well-defined. We make the fol-
lowing assumption that is pivotal in most finite-time analyses
of TD learning and stochastic approximation algorithms with
Markovian sampling [29], [30], [27].

Assumption 1. The Markov chain induced by the policy | is
aperiodic and irreducible.

A key consequence of the above assumption is that the
Markov chain induced by the policy p admits a unique
stationary distribution 7 [40]. Define the matrix 3 = <I>TD<I>,
where D is a diagonal matrix whose diagonal entries are the
probabilities of 7. Note that because ® is full column rank,
3 is full rank with smallest eigenvalue 0 < w < 1, which is a
key object that will appear in our non-asymptotic rates. Next,
we define a mathematical object that plays a crucial role in
the analysis. This object is also referred to as the steady-state
TD direction, and it is defined as follows:

8(0) 2 Es, yomsi pssnPo(lsin) 81k (0,0i1)],V0 € RT. (4)

The virtual deterministic update rule 011 = 0 + ag(6y)
converges with an exponential rate to 8™ (see [29]), with 8™
being the unique solution of the projected Bellman equation
Ip7,.(®0*) = ®6". Note that IIp(-) is the projection
operator onto the subspace spanned by {¢, },c[q With respect
to the inner product (-,-)p, and 7,, : R™ — R" is the policy-
specific Bellman operator [27]. Equipped with the above def-
inition of steady-state TD update direction g(@), the analysis
of OAC-FedTD relies on the notion of mixing time of the
Markov chain, that we define as follows.

Definition 1. Define 7. £ min{t > 1: |E[g; (0, 0ir)|0i0]—
g0)] <e(||0] +1),Yk >1,V0 € R™, Vi € N,Vo,}.

Note that Assumption 1 implies that the Markov chain
induced by ;. mixes exponentially fast [41], i.e., there exists
some K > 1, such that 7, < K log(%). To establish our
theoretical results, in the sequel, we set € = a?. To lighten
the notation, in the remainder of the paper, we omit the
subscript of € in 7., and call the integer 7 the mixing time.
We define the optimality gap 67 = ||0" — 6,|%, and the
quantity py, = max{l,m? + o2} that is directly related to
the statistical power of the channel distortion. Furthermore,

TABLE I
LIST OF NOTATIONS
Notation Description
Siks Tik state and reward of agent ¢ at iteration k
05k = (Si ks Si,k+1+Ti,k) observation tuple of agent 4 at iteration k
9 c R? value function approximation parameter
0* € R? best approximation parameter
0 = |0k — 6%|| optimality gap at iteration k
N eN number of agents
ik (0k) = i k(O,0i 1) € R4 TD update direction of agent 4 at iteration k
g(0y) € RY steady-state TD direction at iteration &k
P c RM*d feature matrix
v € (0,1) discount factor
>0 upper bound on instantaneous reward
T €R? stationary distribution of the Markov chain
p:S—A policy to be evaluated by OAC-FedTD
Il llo norm induced by D = diag(w) € R"X"
weR smallest eigenvalue of 3 = D&
hir €R channel distortion for agent ¢ at iteration k
wy, € R4 measurement noise at the receiver
mp =E [hlk} mean of channel distortion
U,QL = var(h; i) variance of channel distortion
02,1 = Var(wy,) € RExd variance of measurement noise
a>0 step-size/learning rate
v € R global update direction of OAC-FedTD
T=7 €N mixing time of the Markov chain
pr = max{l,m? + o2} statistical power of channel distortion
o =max{1,7,|0%|,d0} variance of observation process

3

we define the “variance” of the observation model as o =
max{1,7,[|0"], o}

We now present the main result of the paper, which is the
first finite-time convergence result in RL with OAC. Notably,
we consider the challenging case in which agents’ trajectories
follow a Markov process, and show that cooperation between
agents provides a linear convergence speedup even under noisy
analog communication over wireless fading channels. Our
result highlights OAC noise effects on the convergence rate.

Theorem 1. Consider the update rule of OAC-FedTD in (3).
There exists a universal constant Cy > 1, such that with o <
mnw =) ype following holds for T > 27+

CoTpn
CgphcwaQ
E[62] <(1-— 1—NT _—
53] 0ot =)0+ DS
Cspprola’ C’4om'&‘2”d
mpw(l =v)  mpw(l —~)N?’
where C; = 602 + 2‘?\3;2'1, and Csy, Cs, C4 are universal

constants.

A detailed proof of Theorem 1 is provided in Section IV,
where we outline the key technical challenges relative to the
centralized analysis in [30].

Discussion: We now discuss the main takeaways from The-
orem 1. From (5), we first note that OAC-FedTD converges
linearly (in the mean-square sense) to a ball around 6* whose
radius depends on the second, third and fourth terms in (5).
Compared to the case without noise (my = 1, o = 0,
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ow = 0), the linear convergence rate worsens due to both
the mean distortion my, and due to the choice of the step
size, which needs to scale inversely with p,7. The term py,
also inflates the dominant “variance term”, namely the second
term in (5). So, given that E {hfk] = m3 + o7 and recalling
that p, = max{1,m3 + o7}, our bound clearly reveals the
effect of fading distortion on the rate. This channel effect is
consistent with what one observes for analogous settings in
FL with OAC [6]. Compared with the effect of noise in FL
via OAC, we note that the variance term related to the additive
noise at the receiver, i.e., the fourth term in (5), gets scaled
by the mixing time 7. Note that the second, third, and fourth
terms in (5) have a tight dependence on the mixing time 7.
Indeed, we achieve a linear dependence of O(7), which is
consistent with the centralized setting [29], [30], and has been
shown to be minimax optimal [42]. Next, compared to the
centralized setting [30, Theorem 7], observe that the second
and fourth terms in (5) get scaled down by a factor of V.
Moreover, the third term is O(a?), i.e., it is a higher-order
term that is dominated by the second term for small enough
a. Thus, ours is the first work considering MARL/FRL via
OAC over wireless fading channels to establish a variance-
reduction effect w.r.t. the number of agents. Notably, the only
requirement in terms of assumptions on the channel model is
that the fading and measurement noise distribution admit first
and second moment. In this sense, our analysis captures the
most widely adopted fading models, e.g., Rayleigh, Nakagami
and Rician fading [43], [44]. With o« = O(log (NT)/T),
we can explicitly show that each of the four terms in (5) is
O(1/NT), yielding the linear speedup effect we had hoped for.
We explicitly illustrate this result in the following corollary.

Corollary 1. Consider the update rule of OAC—FedTD in (3).
Let the step-size o and the number of iterations T' be chosen
to satisfy:

log NT

= d T >
@ w(l —y)ympT’ an -

2CoNT1log NT

6
o ©

where Cy is as in Theorem 1. We then have the following
bound:

o log(NT)r 9 2d
el < 0 (et Sor) (4 %) O

The above Corollary illustrates explicitly the sample effi-
ciency of OAC-FedTD, which is established by the presence
of NT at the denominator of the first term between brackets.
To better illustrate this fact, let us compare it with the
centralized case, which was studied for example in [29]. Under
Markovian sampling, part (c) of Theorem 3 in [29] establishes
that the mean-square error for single-agent TD decays at the

following rate:
0 G?7log(T)
w?(1—7)?T )’

®)

where G, as defined in [29], captures the effect of both the
projection radius (in [29], the authors consider a projected
version of TD learning) and the noise variance. The term G?
can be viewed as the analog of o2 in our bound. Comparing

the above bound with that in (7), we make two immediate
observations. First, the term T in the centralized bound gets
replaced by NT in our bound. This is precisely what we
wanted since in our setting, each agent has access to T’
samples, yielding a total of NT samples. Essentially, this
goes on to show that our algorithm is sample-efficient in
that it makes use of all the samples from all the agents and
achieves a linear speedup w.r.t. the number of agents. At the
same time, we can clearly observe the effect of the channel
distortion and measurement noise on the rate: note how the
variance term o gets inflated by the statistical power of the
distortion pp and how the variance measurement noise at the
receiver G2, multiplied by d/N, adds up to the term pjo2.
It is noteworthy that our bound recovers precisely the tight
centralized bound [29], [30] in the absence of distortion and
noise, namely when o2, = 0 and p;, = my, = 1. The proof
of the above Corollary follows with some simple algebraic
calculations by choosing the number of iterations 7" and the
step size « in (6), and it is omitted. In the next Section, we
provide the complete proof of Theorem 1, which is the key
result and main technical contribution of this paper.

Remark 2. Recent work has shown that for certain nonlinear
stochastic approximation schemes that subsume variants of Q-
learning, finite-time results for TD learning carry over seam-
lessly to the nonlinear setting, provided the underlying op-
erator satisfies Lipschitzness and contractive properties [32],
[45]. As such, while our focus here is on TD learning with
linear function approximation, we anticipate that much of our
analysis can be extended to nonlinear stochastic approxima-
tion schemes with suitable modifications of our techniques.

IV. OUTLINE OF THE PROOF OF THE MAIN RESULT

Here, we provide a detailed outline of the proof of Theorem 1.
We start by introducing some definitions and preliminary
results. Then, we show the main steps of the proof, which
require some intermediate results, which we present in the
form of auxiliary lemmas. For convenience, we define, Vk >
7,0 € RY, Vi € [N],

) (8) 2 ||E [gi.1 (6. 05.0)|0ii—r] — &),

©)
Ok,r = |0k — O—7||-

(1>

Both 77/(;)7 (6) and 6y , are crucial quantities in the analysis.
In particular, n,(f)T(O) quantifies the distance between (i) the
expectation of the noisy operator g; (0, 0; 1) conditioned on a
past observation o; j—., where recall that 7 is the mixing time
defined in Definition 1, and (ii) the expectation of the operator
when the observation o; ; is sampled i.i.d. from the stationary
distribution 7 of the Markov chain {o; 1} - see the defini-
tion (4) of g(@). As argued in Section III, Assumption 1 has
a direct implication on 77,(:1(0) due to the geometric mixing
property. We formalize this implication in the following lemma
which follows directly from Assumption 1 and Definition 1.

Lemma 1 (Geometric mixing). There exists K > 1 such that,
VO e R Vi=1,...N, k>,

, 1
1C5(0) < a?([6] + 1), with 7 < Klog( ) (1o

a?
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As we will illustrate in this section, the above result is key
to establish our finite-time analysis and the linear convergence
speedup. In order to invoke this property, we will need to deal
with terms of the form Jj -, which also plays a relevant role
in the analysis. Next, we summarize in one lemma a result
from [29] that we will use in our analysis.

Lemma 2. The following holds V0 € R%:

(6" —0,8(0)) > w1 —7)llo" - 0]°.

This result provides a property for the function g(6) which
resembles strong convexity in optimization. We will also use
the fact that the random TD update directions and their steady-
state versions are 2-Lipschitz [29], i.e., Vi € [N],Vk € N, and
v0,0' € R%, we have:

Ig(6) —g(6")| <2||6— 6’|, and an
@ik (68) — ik ()] < 2[00 — 6.
From [30], we further have
lgin(0)] < 2|10| + 27, Vi € [N],Vk € N,vO € R%.  (12)

We now provide an intuitive outline of the proof, highlighting
the challenges and the key technical steps in establishing
Theorem 1.

A. Key steps of the proof

The proof relies on analyzing the following recursion,

which, in turn, follows directly from the update rule of
OAC-FedTD:
Oip1 = 0f — 20{vi, 0" — Bi) + v > (13)
Let us define the following quantities:
N(Br) & — th 18(Ok),
(14)
1
A
gnk(0r) = ; hi k@i k(O)
Taking expectation on both sides of (13), we get
E [67,1] =E [6}] — 20E (g (6).6" — 0]
— 20K [(gh,1(0r) — 8N (1), 0" — 0k)]  (15)
— 2aF [(wg, 0% — 0,,)] + o?||ve |
Now note that E [(wg,0r — 0%)] = (E [wg],E[0; — 07]) =

0, using the fact that the measurement noise at iteration k and
the iterate 0, are independent, and E [wj] = 0. Moreover,
using the fact that the distortion h; j, of agent 7 at iteration &
and the parameter 8}, are independent, we obtain

El(@n(00).0" — 1)) = - > E[his] El(@(60).0° — 0]
— i E [((61).0° — 0)].
(16)

Based on the above discussion, we can write

6
E [671] =E[6;] — 2am4(g(6k), 0" — 6})
+ 20K [(gn,k(0k) — 8N (Ok), 0k —07)]  (17)
+a?[|vi .
Now define
U £ (gnk(0r) — BN (1), 0r — O7). (18)
Using Lemma 2, we then obtain
E [67,1] < E [0;7] — 2amp(1 — 7)wE [67] (19)

+ 20 [ + ’E [||vi|’] -

The most challenging part of the analysis is in bounding
E [[|ve|?] and E[¢] while guaranteeing a linear speedup
w.r.t. the number of agents. In fact, even without the chan-
nel effects, this is highly non-trivial. Let us elaborate on
this point. First, in standard stochastic optimization analyses,
E [1)x] would vanish under the unbiasedness assumption of
the stochastic gradient oracle. However, in our case, since
the Markovian observations are temporally coupled, E [t;]
does not vanish. To work around this difficulty, the bounding
techniques in the centralized setting, like the ones in [29] and
[30], use mixing-time arguments in conjunction with equation
(26). Unfortunately, directly appealing to such techniques will
fail to provide the desired convergence speedup that we seek
in our multi-agent setting. The key technical step of our proof
is providing a bound for E [||v||?] of the following form:

E [lvill?] <O (pn)E[6;] + O <0 Ph)

52d
+ 0 (o? mha)+O<N2>

We derive this bound by appealing to the Lipschitz properties
of g; 1(0x) and performing some careful manipulations that
allow us to exploit the mixing property of the Markov chain
which we formally illustrated in Lemma 1. The bound is stated
in Lemma 3. Leveraging this key result, our next main step

(20)

is to obtain a bound on E 5,%)7 of the following form:

2
B[] <0 (@rm)E[] +0 (22 )

52
22wd

21
+0 (7202a4) +0 (a T )

N2
This result, derived in Lemma 4, turns out to play an essential
role in bounding E [¢)%]. In particular, we show that

N
~2
+ 0 (Tpha2a3) + 0 (om’awd> .

E [¢x] < O (arpy)E [6] + O (cwphgz)

N2
We establish this bound in Lemma 5. Combining these bounds

allows us to prove Theorem 1. Indeed, with these results, we
can re-write (19) as

B [3.] < (1 - amn(1 = )u)E [5] + 0 (o724 )

52
—|—O(7‘ph0 a )—|—O (a TNQd)
(22)
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Lemma 1: ’7,52(0) Lemma4: [E [5,? I]
geometric mixing drift control
N
Ve
Lemma3: [E [||Vk||2] Lemmas: [E [l//k]
L variance reduction cross-term

Lemma 2: (0* — 0,8(0)) > Theorem 1
monotonicity property

Fig. 2. Flowchart of the proof of Theorem 1 with respect to the five Lemmas
presented in Section IV. We mark in green the results from the literature that
we use. In orange, our novel results that we present in Section IV-B and prove
in the Appendix. In red, Theorem 1, which is the main result of this paper.
In each auxiliary block, we write the quantity that the results bound. Arrows
connecting blocks signify that a result is used to prove another result.

Unrolling this inequality and with some additional calcula-
tions, we can arrive at the main bound (5) of Theorem 1.
In the next section, we state and comment Lemma 3, 4 and 5
which are the fundamental milestones to prove the main result.
We summarize the outline of the proof in Figure 2.

B. Main Technical Lemmas

We now state three lemmas that we mentioned in the
previous section and that are instrumental to the proof of
Theorem 1. In particular, these three results allow us to bound
the terms E [||vy ], E [6x,-] and E [1;,]. We start by providing
a bound on E [|lvy||?] of the form illustrated in (20). To that
end, we state and prove the following lemma.

Lemma 3. For k > 7, we have

2

g
“ph +7

E [|lvi]®] < 8pnE [57] +32— +80°mj, (23)

The key to prove this result is manipulating the explicit
expression of the squared norm of vj so that we can apply
the mixing property which we formally illustrated in Lemma 1.
The key takeaway from the lemma is that E [|v,]|?] can be
upper bounded by E [5,3] and by variance terms of fading
distortion (pp), measurement noise (&\2»/)’ and Markovian
sampling (02), scaled down either by the number of agents
N or by a higher order function of the step size a.

Our next key result, which builds upon Lemma 3, is a bound
on the drift term E {6,%77}

Lemma 4. Let k > 27 and o < g5 Ve then have

E [5%77} < 64027 pE [5,%} + 960[27'2M

52 d (24)

252 4 4a2727 Z:]Vz .
Like Lemma 3, the key takeaway of the above result is

that the noise terms are all scaled down by either the number

of agents IV or by higher-order functions of the step size a.

Using jointly the two lemmas above (Lemma 3 and 4), we are

+ 4ot

now able to provide a bound for E [¢;], which is the last main
ingredient we need to prove Theorem 1.

Lemma 5. Let k > 27 and o < . We then have

68Tp
2

E [ihy] < 435a7psE [62] + 657ar 2
52 4 (25)
+ 307ppo?ad + 27047'W.

The proof of the above lemma, in addition to relying on
Lemmas 3 and 4, also directly relies on the mixing Markov
property as formalized in Lemma 1. Equipped with these
bounds on ||v||? and on 1, the proof of Theorem 1 follows
deriving the inequality in (22) and then unrolling it and
computing a further bound on the initial condition. We provide
the complete proofs of all Lemmas and the explicit illustration
of the final part of the proof of the main result in the Appendix.

V. SIMULATION RESULTS

In this section, we provide simulation results to validate our
theory. We consider (i) synthetic Markov reward processes
(MRPs) generated at random in repeated trials and (ii) a
more concrete MRP obtained by fixing a policy to be played
in the OpenAl-gym Frozen Lake environment [46]. For the
synthetic MDP, we consider |S| = n = 100 states and a
feature space spanned by d = 20 orthonormal basis vectors.
For the purpose of our policy evaluation simulations, we
need to generate a reward function R, : & — R and a
transition probability matrix P, € R"™*"™. We generate the
matrix P, with uniform random numbers - making sure we
normalize the rows so that they sum to one, and the reward
vector r, = [R#(sl),...7Ru(sn)]T at random as well. In
the Frozen Lake environment, we consider a random policy
over a grid with |S| = 25 states and slippery transitions.
We set the discount factor to v = 0.5 and the step size to
a = 0.02. Once P, r,, and +y are fixed, and once we fix the
basis functions [¢y, ..., ¢,], we can compute the best linear
function approximation parameter 6 in closed form solv-
ing @ D (®—~P,®)0 = & Dr,. Note that the matrix
D = diag(m), with w = [r(s1), ...,7r(sn)]T - where 7 is the
stationary distribution of the Markov chain, can be computed
noting that w"P,, = 7", and then finding the eigenvector
corresponding to the unit eigenvalue of PZ. In most exper-
iments, we generate the channel distortion h;j (with mean
my, and variance ai) as a Rayleigh random variable, which
is the most widely adopted model for fading channels [6],
[47]. In Figure 4-(b), instead, we compare different models for
the fading distortion, including Nakagami [43] and Rice [44]
fading. The focus of the simulations is on two aspects: (i)
the effect of the OAC channel distortion on the convergence
behavior and (ii) the benefit of cooperation in improving
the convergence of OAC-FedTD, i.e., convergence speedup
w.r.t. N. To this end, we compare the proposed OAC-FedTD
algorithm with a vanilla version of federated TD learning (i.e.,
OAC-FedTD without channel effects) to which we refer to as
FedTD. For fairness, in all simulations we set m; = 1, which
implies that o7 ~ 0.3, for all fading models, and o2 = 0.25,
which are values aligned with those of several OAC related
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Fig. 3. Comparison between vanilla FedTD and OAC-FedTD, in the single-
agent (N = 1) and multi-agent (N = 15, 50) cases. In the sub-figure to the
left, we plot the results with the synthetic MDP, while in the figure to the
right we show the results when the MRP is induced by a random policy in
the OpenAl-gym Frozen Lake environment.

(a) (b)

100 —#*— OAC_FedTD, N = 1, Rayleigh
OAC_FedTD, N = 1, Rice

—+— OAC_FedTD, N = 1, Nakagami
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Fig. 4. In sub-figure (a), to the left, to further validate the linear speedup that
we show theoretically in Theorem 1, we show the results on OAC-FedTD for
several values of the number of agents N = 1, 15, 50, 100, 200. In sub-figure
(b) to the right, we show the results obtained with different channel distortion
models (Rayleigh, Rice, and Nakagami) for N = 1, 20.

works, e.g., [6], [48], [49]. From Fig. 3, we note that for
the single-agent case (N = 1), the convergence error-floor
of FedTD is smaller relative to OAC-FedTD with channel
distortion, as expected, for both synthetic and Frozen Lake
MRPs. For Frozen Lake, in particular, the algorithm is not
able to reduce the error for N = 1 for the selected step size.
Crucially, by increasing the number of agents (N = 15, 50),
we observe that the error gap can be made much smaller
for both MRPs (by two and more orders of magnitude),
thus validating the beneficial effect of collaboration and the
convergence speedup w.r.t. N in Theorem 1. In Figure 4-
(a), to better validate the linear speedup effect with N, we
show the performance of OAC-FedTD when the number of
agents is N = 1,15, 50, 100, 200. The linear speedup property
of OAC-FedTD is effectively validated in the results: indeed,
note that the error halves (approximately) when we double the
number of agents N. In Figure 4-(b), we show the performance
obtained for N = 1,15 when using three different models
of fading distortion: Rayleigh, Rician, and Nakagami fading.
Note that although slight differences can be observed, the
performance is very similar across the different models. This
is compliant with our theory which claims that the only
relevant quantities for the converegence (in expectation) are

10

100 E

e

10T E

—FedTD, N =1
—4¢—OAC-FedTD, 6,, = 0.8,
——OAC-FedTD, 6, = 0.2, N
—e—FedTD, N =15
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k

Fig. 5. Performance of OAC-FedTD for different values of the standard
deviation of the measurement noise at the receiver (6w = 0.2,0.8), and for
different values of the number of cooperating agents (/N = 1, 15).

the first and second moment, regardless of the other fading
distributions features.

In Figure 5, we show some further results comparing the
performance of OAC-FedTD under two different values of the
standard deviation of the receiver noise, namely 6, = 0.2, 0.8.
We show the performance for N = 1, 15 agents, with the step
size set to @ = 0.2 and number of states set to |S| = 20.
Consistent with the theory, we can see how the convergence
ball is inflated by the noise at the receiver. We can note,
however, that for N = 15, thanks to the speedup guaranteed
by cooperation, the noise ball inflation is contained and we
still get better performance compared to the single-agent case.

A. A Simple Control Example

Now, to conclude this section, we provide a simple ex-
ample of applying OAC-FedTD beyond policy evaluation.
Specifically, we consider the Q-learning algorithm [18] with
linear function approximation applied to solve a shortest-
path-to-goal ¢ x ¢ grid-world problem [50] (|S| = ¢?) with
starting point and goal in opposite corners. The action space is
A = {“left”, “down”, “right”, “up”}, with a state-action space
of size |S| x |.A| = 4¢2. For each action a € A, we approx-
imate the corresponding state representation using a one-hot
encoding of rows and columns and stacking them together.
Note that this implies that the parameter 8 we learn is of size
d = 2{x|A| = 8¢, because for both columns and rows the one-
hot representation requires a vector of size ¢. Let us denote the
0-approximated @)-table by Qg(s,a). As a behavioral policy,
as is common [51], we choose a policy alternating between
the action arg max,c4 Qo(s,a), that maximizes the current
approximation of the () function, and a random action choice,
with probability 1 —e and €, respectively. Across learning steps,
we linearly decrease the probability of a random action from
e = 0.9 to ¢ = 0.2 to encourage exploration of the state-
action space at the beginning of the training. In Figure 6,
we show the outcome of running the federated Q-learning
algorithm using the OAC-FedTD aggregation scheme, over
the grid-world environment with ¢ = 13, for N = 1,5, 10.
Note that in this configuration the state-action space has size
676 and the parameter space is in R? with d = 104. We set
the discount factor to v = 0.95, the learning rate to o = 0.02,
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Fig. 6. Illustration of the convergence speedup for federated (Q-learning
in terms of the average reward across iterations using the OAC-FedTD
and FedTD aggregation schemes. We plot the average per-agent reward vs
iteration k, varying the number of agents N.

fading channel parameters to m;, = 1, o5 ~ 0.3, and we set
the measurement noise at the receiver to 7y = 0.2. We also
include the results using the vanilla FedTD digital aggregation
scheme for N = 1,10, for comparison. As a performance
metric, we plot the average reward over 1000 consecutive
steps, multiplied by the Manhattan distance between starting
point and goal vs the current iteration k. The resulting average
rewards across epochs show a pattern similar to the one
obtained in our policy evaluation experiments, which suggests
that the convergence speedup with N of OAC-FedTD holds
also in the policy control setting of ()-learning with linear
function approximation. As we argue next in our concluding
remarks, extending our theoretical analysis to this control
setting is therefore a promising direction for future work.

VI. CONCLUSION AND FUTURE WORK

We studied, for the first time, a federated policy evaluation
problem where multiple agents interacting with the same
MDP upload local TD(0) update directions over noisy wireless
channels that introduce distortions. Our main contribution was
to provide a rigorous finite-time analysis of this scheme that
we referred to as OAC-FedTD. Our theoretical bounds reveal
how the noise and distortion introduced by the channel affects
sample-complexity bounds. Moreover, we showed that despite
the channel effects, OAC-FedTD achieves a linear conver-
gence speedup w.r.t. the number of agents under Markovian
sampling. In particular, our proof of the linear speedup is novel
and can be applied to other federated RL problems as well.
There are several interesting questions one can explore
based on our work. For instance, the focus of this paper
was solely on policy evaluation. The next natural step would
be to consider the control problem and study (-learning
and policy gradient algorithms over wireless channels. One
can also consider function approximation beyond the linear
case to, e.g., neural networks. Our preliminary experiments in
this direction suggest that cooperative speedups might occur
in that case too, but we leave formally establishing this as
future work. One can also ramp up the generality of the
wireless channel model and study the effect of interference
phenomena [8]. We believe that the analysis framework in

our paper provides the theoretical foundation to address these
relevant follow-up directions.

APPENDIX

Here, we provide the proofs of all our theoretical results. First,
note that, using equation (12), and given that (z + y)? <
2(2? + y?),Vz,y € R, and the definition of o, we will often
use the following:

ik (0)]1* < 4([|0] +7)* < 8(||6]* + )
< 8(|10]* + o*).
2

In what follows, 7 = 7. with € = o“.

(26)

Proof of Lemma 3

Let us start by noting that the randomness in 6, is induced
by {hic}ien) eelk—1) 10 e tielN] eek—1)> and {Weloep—1)-
Based on our assumptions on the noise process, wy is in-
dependent of each of these random variables and also inde-
pendent of {h;x}icn] and {0k }icn). Using these observa-
tions with the fact that E [wy] = 0, we immediately obtain
E [(gn.k(0r), wi)] = (E[gnx(0r)], E [wi]) = 0.

This yields:

E [[Ivil*] = E [llgns(0)1%] + E [[wr]?] -

Now, note that in the centralized/single-agent TD analysis,
llgn.k(0k)||* could be bounded using (12), and this would
provide a term of the form O(d7) + O(o?). This approach
would, however, fail to provide a linear convergence speedup
with the number of agents, N. We will show how through a
finer analysis, we can establish a tighter bound. We start by
writing

18h,k(0)]1> = llgnc(0r) — 8k (07) + g1k (67)|

2
Sﬁ(T1+T2),

where T and 75 are as follows:

27)

(28)

N
Ty =) hixgix(6)],
=1

N
Ty = (| i p (i (0k) — 8k (6%))]1*.

i=1

We proceed to bound 7. We write 77 = 111 + T2, with

(29)

N
Tn = Zh?,k‘lgi,k(e*)||27 and
i1
al (30)
Tz = Z hi b r(gir(07), 25 k(07)).
ij—1
Z

Using (26) and ||@*|| < o, we obtain ||g; ,(0")|* < 1602,
and hence, T} < 1602 vazl hf’ .- Taking expectations,
N
]E[T]_l] < 160’2E Zhl27k
i=1

=1602N(m3 + o;) < 16Na>py,.
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Next, to bound the cross-terms in 772, we will exploit the
mixing property in Definition 1. To that end, we write

N
E T12 Z E zkhj k<gz k(e*)7gjak(0*)>}
=1
ijaéj
(@)
= Y Elhixhi k) E[(gix(67),8x(67))]
ij=1
i
) -
= Z E [hi k] E [hje] (E[gix(07)], E[g;1(0%)])
i,j=1
o
(é) mh Z gz k )|Oi,k—7'] - g(a*)] )
7 1
z'];éj
E[E [gj k(0%)]0jk—7] — 8(07)])
(d) .
< mj, Z |E [E [gi,1(07)]0ir—r] — 8(8)] |l
=1
gy
x ||E [E [g;,x(07)]0j k-] — 8(O)] ||
(©) N
< mj, Z E | E [gix(0%)|oir—r] — g(6%)]
i,j=1
% i, (07)
xE||E[gjx(0%)|0jr—r] — (O],

70, (0%)

where (a) follows from the independence between the channel
distortion gains and the Markovian tuples; (b) follows from the
independence between h; ; and hj ) for i # j, and between
0i 1 and 0, i, for i # j; (c) follows from the fact that g(6™) = 0
[29]; (d) is a consequence of the Cauchy-Schwarz inequality;
and (e) follows from Jensen’s inequality. Now observe that:

E [0 (67)] xE [1)(6")] < (a2(1+167])))" < 4%’

€29

In the step above, we used the mixing property by noting

that k > 7. We therefore obtain that E [T}5] < 4N?m3o%a’.
Combining the bounds for E [T11] and E [T}2] thus yields:

E[T1] < 160*Npy, +4N>*mioa’. (32)
Now, using (11), we see that
N
E[T2] < N> E [h74llgir(0r) — ik (67)]|°]
i=1
N (33)
<A4NE [67] Y E[h7,] = 4puN’E [67] .
=1
Combining all the bounds above, we conclude that
2 (<) ph
E [|lgnr(0%)]%] < 8prE [07] + 32— + 8o2mia®. (34)

The claim of the lemma then follpzws from the above bound
and by noting that E [||wy||?] = i(,vzd.

Proof of Lemma 4

We start by writing

Srpr = O — 20(vy,, 0% — Oy) + || v ||?
< (14 a)of + (a+a®)|ve?
< (14 )82 + 2al|vy|]?.

(33)

Now using Lemma 3, we have

E [0i41] < 1+ @)E [67]
9 o? 52d
+ 2a ( 8piE [67] N N2
< (14 17ap,)E [6;]

2 ~2d
N + 160%m3i o’ +2aN2 .

+ 64a0

B
(36)

Iterating this inequality, we can obtain for any k—7 < k' < k,

T—1

E[67] < (1+17apy)"E [07_,] +B Y _(1+17apy)’. 37)
£=0

Now using the fact that (14-2) < e®,Vz € R, observe that (14
17apy)t < (1 + 17app,)” < €020 < 2, for o < 1/(68ph7')
Using the same argument, we also have >, L(1+17apy)! <
27. This yields:

E [0%] < 2E [6;_,] +2Br. (38)

Next, note that

k—1 k—1
Spr ST Y 10041 = 0 =70 > ve]*.

l=k—T1 V=k—1

(39)

Taking expectations on both sides of the above equation and
applying Lemma 3 and (38), we get

6,” | <a?r Z

<8phE 6@
l=k—T1

N

~2d
+802m a + NQ>

o
=

E [67] + 1on'ZB

= 8ph0427' 3

< 8ppa’t (2E [67_,] + 2B7) + %aTQB

1
= 16a27p,E [5,3_4 + 16a*7° Bpy, + 5047'2B.
(40)
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In the above steps, we used the fact that £ > 7 since k > 27.
We now simplify the resulting inequality above as follows:

E [513,7] < 160*7°pLE [67_.]

2 ~2 d
+ 16027y, (64a + 160%mia® + 20 2%" )

N N2

1 Ph ~2 d
+ 50T (64aN + 160*mia® + 204N2>
= 16a*7°pyE [6,%_7]
+ 1603 73py, <64N + 160*mia* + 9w N2 )
N N2
a’pn
N

1 52.d
+ 50’ <64U T Db | 160%m2at + 270" )

(a)
< 16a27?%p,E [5,%_7] + 480272

+2a*720% 4 2027 N2 ,
) (4D
and that T;h < 1, implying

+ < 207 4 207 ., we obtain

where for (a), we used ar < 681

mja < . Now noting that 67_

E [6} ] (1 = 320°7°py) < 3207, E [57]

2 524  (42)
+ 480272 U]\];h 17262 4 20%72 70]:;,2 .
Since at < &, we have that 1 — 32a27%py, < 5, and hence

P
a’p
E [6; ;] < 64*T?puE [6;] + 960777

(43)

+ 40*7%6% + 4027 NQ'

Proof of Lemma 5

Recall the definition of gn(8;) £ & S°N | h,; x&(6)) and

gnk(0r) = % S i i (0). We write vy as ¢ = T1 +
TQ + T3 + T4, where

Ty = (0k — Ok—7,8h,k(0k) — 8N (0k)),

To= 0k —0%,8h1x(0k_+) —EN(Ok_+)), )
T35 = (Op—r — 0", 811 (0k) — 8ri(Or—r)),
Ty=(Or—7—0",8n(0r—7) — 8N (O1)).

We now bound each of the terms E [T7]
We start by observing that

— E[T}] individually.
E[T1] = (0r — Or—r, 811k (0k) — N (Ok))

1 1
7 E [67 -] + 5aTE [llgn,kx(0x) —

1
< —E[62,] +arE [||gn(05)]|]

- 2aTr
+a7E [gn(0x) — gv (07)]%] .

gn (0r)]?]

(45)

Now note that E [||gs,x (0% )||*] can be bounded using the same
procedure we used in (28), while for E 6,%77 we can invoke

Lemma 4. We also have

E [llgn(6x) — gn(67)]7]
N
N
~z P ll&(0r) — g0
4 N
< L[] Z (12,] = 4 )
1=1
Now, combining the above bounds and simplifying,
O.2ph 5.2
E[T1] < 44arp,E [6;] + 80ar N + 370203 + 207 V.
(47)

We now proceed to bound E [T3]. We will again use the fact
that 67 < 207 + 203 .

E[T3) =E[(0r—r — 0", 811k (0k) — hix(Or—r))]
N
L1
(Op—r — 07, v Z bk (8ik(Ok) — gi,k(ok—T))>]
i=1
| X
=E N ; hi e (Op—r — 0, 8i 1 (0k) — gi,k(akr»l
| X
S L > llgik(0x) — gi,k(ek—7)|]
i=1

aT 2
< 7miﬂa [6r_,] + —E 67 +]

< armiE [6,3] +armik [51%,7] + %E [6,%7T]
< armiE 5] + B[],
" y (48)
where we have used that ar < # and : < 1, which

imply m?ar < 1. Applying Lemma 4, we can then get
E[T5] < arpnE [67] + 3 (640*7°pyE [07]
aT
2 2&‘2~d> 49)

2 2 2

49602 Qp}]LV +40%7%6%0% + 4a

N2
Simplifying the above bound yields:

E [T5] < 193arp,E [62] + 288ar24

(50)

~2

9 3 ood
+ 1270°«x +12arﬁ.

With analogous calculations, we can derive exactly the same
bound for E [T4].
We now proceed to bound E [T3]. For ease of notation, let
us define Fr » = ({0jx—r} N1, 0,_,). Observe:
E[13] = E[E [T3|Fk,-]] = E[(Or—r — 07,
N

(]E (8ik (O, 0ik) | Fhr] — 8(Or—r)))]

mp,
‘N

1
4 <mpa®E (65— (1 + [|0k—-])] -
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2
Since a < 1, we have 6, (0p—r +20) < 2= + 206, +

2
ac? = (‘Skﬁ +ao) < 2(-+= —|—a02). Based on this

observation, Lemma 4, and the fact that m;, < p;, we obtain

51%—7' 2
(%

3 2

E[T3] < 2mpa? (

= 2mpadi__ 4 2mua’o

< dmpadi + 4mhoz§k77 + 2mpo’o? (51)
2 0'2ph

< SppaTE [6k] +

+ 3r0%ppa® —I—aT N2 .

Combining all the terms, we can conclude the proof.
Conclusion of the proof of Theorem 1

Consider the inequality that we derived in (19). For k > 27,
plugging the bounds derived in Lemma 3 and in Lemma 5,

E [0h41] <E [63] — 2ampu(1 — v)wE [67]
+ 2aF [yg] + o*E [||V;€||2]
<E [5;%] —2amp(1 — v)wE [5,%]

2
+ 2c <435a7’phE [5,3] + 657047']3}]1V
+3O7‘ph0 34 27@70]\[2)

2d
+O[2 <8ph]E [6]6} +32T + 8U thé + N2 )

=E [6;] — 2amy(1 — v)wE [6;]

2
+ 8780 TpyE [67] + 134607217

N
52d
+617pha a* + 5502 TW
=E[6;] — o (th(l —v)w — 878arpy) E [67]
+ 1346027 bno_ + 61rppoiat + 55a T(;V—Q.
(52)
Hence, for oo < %;pz)w, with Cy = 878, we get
E[62,,] < (1 - amp(1 - y)w)E [67] + 13460722
2d
—|—617'ph0 at 4+ 5502 TW.
(53)
Unrolling this inequality, we obtain
E [67] < (1 — amu(l —7)w)"7E [63,]
atppo? Cstppo?a’®
+Cy
mp(1 —vy)wN — mp(l —7)w (54)
Cyatésd
mp(1 —7)wN?2’

with Cy = 1346, C3 = 61 and C; = 55. To conclude, we
proceed to bound E [557]. Note that, for any k£ > 0,

E[071] < 1+ B [5] + 20E [[[vel®] . (59
Observe as before (see (27)):
E [[vil*] = E [llgnr(0)?] +E [[[lwel®].  (56)

Note that E [||wg|?] = ié’?d

E [|lgn.x(6x)[?] as follows:

||* Z i ki k 9k)||21

and that we can bound

E [llgn.»(0x)]I’]

N &
< 7 2kl O
i=1 (57)
1 2 2 - 2
< N 8(10x]|” + o )ZE[hzk]
i=1
< (8(20% + 302)) pn
= 16p,E [6,%] + 24ppo?.
Hence, E [[|vk|?] < 16p,E [67] + 24pro? + i\‘z',vzd. Thus,
E [0711] < (1+ )E [67]
2d
+ 2« <16ph [5k] + 24ph0' + N2 > (58)
~2 d
< (1+ 33pra)E [07] + 48apyo” + 2022 ER
Iterating this inequality, we obtain
E[65,] <(1+ 33aph)276§
27—1
. (59
(48apho +2a > Z (1 + 33app)’ (59

7=0

Now with the same procedure used to obtain (38), we see that
if 66appT < < =, then

52
E [63,] < 2E [63] + 47 (48apha + 202 d>

N2
8 d
<2E [60} + 192at0py, + 70(7\7 T (60)
d
<2E[5] +o + W’
where we have used that a7 < 878 . With the choice of

step size in the statement of the theorem, we have aw(l —
y)myp < 1. This then yields (1 — aw(1 —v)mp) "2 < (1 —
amh)_27. Finally note that since ar < Gopn < 4; we have
atmy, < % < %, where we used the fact that m: < 1. Based
on this discussion and using Bernoulli s inequality, we obtain
(1 —amy)* > 1—2army, > 3; hence, (1 — amy) ™7 < 2.
We thus have (1—aw(1—+)my,) ™2™ < 2. Plugging this bound
back in (54) completes the proof.
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