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Online Learning of the Kalman Filter With
Logarithmic Regret

Anastasios Tsiamis

Abstraci—In this article, we consider the problem of pre-
dicting observations generated online by an unknown, par-
tially observable linear system, which is driven by Gaussian
noise. In the linear Gaussian setting, the optimal predictor
in the mean square error sense is the celebrated Kalman
filter, which can be explicitly computed when the system
model is known. When the system model is unknown, we
have to learn how to predict observations online based on
finite data, suffering possibly a nonzero regret with respect
to the Kalman filter’s prediction. We show that it is pos-
sible to achieve a regret of the order of poly log(IN) with
high probability, where IN is the number of observations
collected. This is achieved using an online least-squares
algorithm, which exploits the approximately linear relation
between future observations and past observations. The
regret analysis is based on the stability properties of the
Kalman filter, recent statistical tools for finite sample anal-
ysis of system identification, and classical results for the
analysis of least-squares algorithms for time series. Our
regret analysis can also be applied to other predictors, e.g.,
multiple step-ahead prediction, or prediction under exoge-
nous inputs including closed-loop prediction. A fundamen-
tal technical contribution is that our bounds hold even for
the class of nonexplosive systems (including marginally
stable systems), which was not addressed before in the
case of online prediction.

Index Terms—Adaptive estimation, Kalman filter, online
learning, statistical learning.

[. INTRODUCTION

HE celebrated Kalman filter has been a fundamental ap-

proach for estimation and prediction of time-series data,
with diverse applications ranging from control systems and
robotics [1], [2] to computer vision [3] and economics [4].
Given a known system model with known noise statistics, the
Kalman filter predicts future observations of a partially observ-
able dynamical process by filtering past observations. When
the underlying process is linear and the noise is Gaussian, the
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Kalman filter is optimal in the sense that it minimizes the mean
square prediction error. Since Kalman’s seminal paper [5], the
stability and statistical properties of the Kalman filter have been
well studied when the system model is known.

Learning to predict unknown partially observable systems is
a significantly more challenging problem. Even in the case of
linear systems, learning directly the model parameters of the
system results in nonlinear, nonconvex problems [6]. Adaptive
filtering algorithms address the problem of making observation
predictions when the system model or the noise statistics are
unknown or changing [7], [8], [9], [10]. These adaptive filtering
approaches are usually based on variations of extended least
squares. The statistical analysis of adaptive algorithms has relied
on asymptotic tools, which assume that the number of collected
data NN is infinite. However, our asymptotic tools, e.g., the central
limit theorem or law of large numbers, do not always capture
all aspects of finite sample performance [11, Ch. 2]. Moreover,
the dependence of prediction performance on various system-
theoretic parameters has been hidden under the big-O notation.

In this article, we consider the problem of predicting obser-
vations generated by an unknown, partially observable linear
dynamical system under finite samples. The system dynamics
and observation map are corrupted by Gaussian noise. For the
theoretical analysis, we adopt the notion of regret [12], which
captures the finite sample performance of online prediction. It
measures how far our online predictions are from the optimal
Kalman Filter predictions that has access to the full system
model. Our goal is to find an online prediction algorithm that has
provably small regret. Our technical contributions are as follows.

1) System-theoretic regret: We define a notion of regret that
has a natural, system-theoretic interpretation. The predic-
tion error of an online prediction algorithm is compared
against the prediction error of the Kalman filter that has
access to the exact model, which is allowed to be arbitrary.
Previous regret definitions [13] required the model to lie
in a finite set.

2) Logarithmic regret for the Kalman filter: We present the
first online prediction algorithm with provable logarith-
mic regret upper bounds for the classical Kalman filter.
We prove that with high probability, the regret of our al-
gorithm is of the order of O (1), where O hides poly log N
terms and /N is the number of observations collected. Our
algorithm is inspired by subspace identification system
parameterizations [14]. Instead of optimizing over the
state-space parameters, which is a nonconvex problem,
we convexify the problem by establishing an approximate
regression between the next observation and past obser-
vations. Our analysis is based on the stability properties
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of the Kalman filter, tools for self-normalized martingales
and matrices, and high-dimensional statistics [11].

3) Logarithmic regret for nonexplosive systems: Our regret
guarantees do not require persistency of excitation and
hold for the class of nonexplosive systems, which includes
marginally stable linear systems. This proves that online
prediction performance does not depend on the system
stability gap (1/(1 — p), where p is the spectral radius
of the system). Recently, it has been shown that the
stability gap does not affect system identification [15].
However, the question, whether the stability gap affects
online prediction under stochastic noise, had not been
addressed before.

4) Refined regret bounds for stable systems: When the sys-
tem is stable, we can provide tighter logarithmic regret
upper bounds by exploiting stationarity and new results
for persistency of excitation developed in this article.

5) Regret analysis for other predictors: Our approach di-
rectly carries over to various interesting online predictors.
For example, our analysis can be directly extended to the
case of f-step ahead prediction of observations, or to the
case when we have exogenous inputs. Both predictors
enjoy similar logarithmic regret bounds.

6) Learning gap between LQOR and Kalman filter: One of
the implications of our bounds is that learning to predict
observations like the Kalman filter is provably easier than
solving the online linear quadratic regulator (LQR) prob-
lem, which in general requires Q(\/N ) regret [16], [17].
This might not be surprising due to the fact that, in the
case of exogenous inputs, we need to inject exploratory
signals into the system.

A. Related Work

Recently, there have been important results addressing the
regret of the adaptive LQR problem [18], [19], [20], [21], [22],
[23], [24]. The best regret for LQR is sublinear and of the order of
O(\/JV ), where NV is the numbers of state samples collected; an
in-depth survey can be found in [25]. When the system model is
known, then the Kalman filter is the dual of the LQR, suggesting
that this duality can be exploited in deriving the regret of the
Kalman filter. However, when the system model is unknown,
the LQR and the Kalman filter are not dual problems [26]. As
the state is fully observed in LQR, the system identification in
adaptive LQR reduces to a simple least-squares problem. In the
adaptive Kalman filter, the state is partially observed resulting
in nonconvex system identification problems requiring us to
consider a different approach.

A related but different problem focuses on online predic-
tion algorithms for systems without internal states (such as
autoregressive moving average) [27]. Although such results
suggest that logarithmic regret is possible, they do not directly
address state-space systems and require the observations to be
bounded. Prediction of observations generated by state-space
models in the case of exogenous inputs and adversarial noise but
with a bounded budget was studied in [28]. Recently, Kozdoba
et al. [13] introduced regret bounds for the Kalman Filter in the
restricted context of scalar and bounded observations. The regret
is shown to be of the order of v/ N along with a small linear term.
Here, we improve the state of the art to logarithmic bounds for

general observations. Concurrently and independently [29] also
proved logarithmic regret bounds for the Kalman filter, under
an algorithm similar to ours. Contrary to [29], our algorithm
progresses in epochs, and is agnostic to the total number N of
samples collected. The order of the logarithm in our regret upper
bound is independent of the size of the system. Our analysis
also establishes persistency of excitation guarantees, providing
refined regret bounds in the case of stable systems. After this ar-
ticle was written, regret bounds were extended to the case where
the Kalman filter closed-loop matrix is close to instability [30].
Finally, Lale et al. [31] proved logarithmic regret bounds for
the linear quadratic Gaussian (LQG) control problem, under the
assumption that the optimal policy is persistently exciting. The
LQG control problem is different from the prediction problem
studied here.

Our online algorithm is inspired by subspace identification
techniques [32]. The technical approach is based on classical
results for the analysis of the least-squares estimator for time
series [33], as well as modern results for finite sample analysis
of system identification in both the fully observed [34], [35],
[36] and the partially observed cases [15], [31], [37], [38],
[39], [40].

Article organization: In Section II, we provide some back-
ground on the classical Kalman filter and formulate the regret
problem considered in this article. In Section III, we introduce
the online learning algorithm while the regret guarantees are
presented in Section IV. In Section V, we illustrate the perfor-
mance of our algorithm via numerical simulations. In Section VI,
we present discussion and extensions. Finally, Sections VII
concludes this article. The proofs can be found in the Appendix.

Notation: The term universal constant is used for numbers
that are independent of the system’s (algorithm’s) parameters.
The operator > denotes comparison in the positive semidefinite
cone. With ||||2, we denote the Euclidean norm for vectors and
the spectral norm for matrices. The spectral radius of a matrix
A is denoted by p(A). The smallest singular value of a matrix
A is denoted by 0,1 (A4). By A*, we denote the transpose of A.
The big-O notation O( f(N)) represents a function that grows at
most as fast as f(N). The O(-) notation hides polylogarithmic
terms. The poly(x) notation means a polynomial function of x.

[I. PROBLEM FORMULATION

The Kalman filter considers the problem of predicting obser-
vations generated by the following state-space system:

Tp1 = Az +wr,  wi Y N(0,Q)
ye = Cay + o, v = N(0,R) 6

where x;, € R™isthestate, y; € R™ andm < n are the observa-
tions (outputs), A € R™*" is the system matrix, and C' € R™*"
is the observation matrix. The time series wy and vy, represent
the process and measurement noise, respectively, and are mod-
eled as zero-mean independent identically distributed (i.i.d.)
Gaussian variables, independent of each other, with covariances
@ and R, respectively. The initial state is zero-mean Gaussian
with covariance ¥ and independent of the noises. The following
assumption holds throughout this article.

Assumption 1: System (1) is nonexplosive, namely the
spectral radius is p(A) < 1. The state matrices are bounded
[IAll2, 1Cl2, |Qll2s | Rl < M, for some M > 0. Letting
A = 5JS~! be the Jordan form decomposition of A, then the
similarity transformation is bounded S|z, || S~ < M.
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Let Fx 2 o(yo,...,yr) be the filtration generated by the
observations g, ..., yx. Given the observations up to time k,
the optimal prediction ¢4 attime k£ + 1 in the minimum mean
square error sense is defined as

G 2 arg min E |y — 203 |7 - @)
ze€Fy

In the case of system (1), the optimal predictor admits a recursive
expression, known as the Kalman filter:

Thy1 = Az + Keg, 390 =0
Uk = CZp, Yo = Ur +ex ©)

where e, £ yr — CZy is the innovation noise process. Matrix
K € R iscalled the Kalman filter gain, and can be computed
based on A, C, @) and R [see (6)].

The Kalman filter requires the system matrices A and C' and
noise covariances () and R to be known. In this article, we seek
online learning algorithms that can predict observations based
only on past observation data, without any knowledge of system
matrices or noise covariances. To quantify the online prediction
performance, we define the regret of our online learning algo-
rithm with respect to the Kalman filter (3) that has full knowledge
of system model (1). Our goal is to achieve sublinear regret, as
defined in the following problem statement.

Problem 1: Assume that A, C,Q, R,Yo and n in system
model (1) are unknown. Consider a sequence yo,¥y1,..., of
observations generated by system (1). Let y;, € F,_1 be the
prediction of an online learning algorithm based on the history
Yk—1,-- -, Yo and gi be the Kalman filter prediction (3) that has
full knowledge of model (1). Define the regret

N N
Ry 2 k= 3ell> =D llye — 1. @
k=1 k=1

Fix a failure probability § > 0. Our goal is to find a learning
algorithm such that with probability at least 1 — §:

Ry < poly(log1/§)o(N).

The regret captures the average suboptimality of the online
predictor. If the regret is sublinear, this implies average conver-
gence since Ry /N = o(1).

In the following section, we provide some background on the
Kalman filter and specify some standard assumptions, which
guarantee that the Kalman filter is well defined.

A. Kalman Filter Background

The Kalman filter enjoys two critical properties, namely
closed-loop stability and innovation orthogonality, that are now
reviewed. The following standard assumption holds throughout
this article and guarantees that the Kalman filter is stable.

Assumption 2: R is strictly positive definite. The system
matrix pair (A4, C) is observable, i.e., the observability matrix

Ok 4 [C* A*C* (A*)kflc*]* (5)
has rank n for all k > n. The pair (A4, QI/Q) is controllable, i.e.,
the pair (A*, Q'/?) is observable.

The following result shows that under Assumption 2, the
closed loop matrix A — K C of the Kalman filter is stable.

Proposition 1 ([41]): Consider system (1) under Assump-
tion 2. The Kalman filter gain in (3) is computed by

K = APC* (CPC* + R)™*
where P is the positive definite solution to
P=(A-KC)P(A-KC)"+Q+ KRK". (6)

Moreover, the closed-loop matrix A — K C'is stable, i.e., it has
spectral radius p(A — KC) < 1.

Proposition 1 implies that the Kalman filter reaches the steady
state exponentially fast. This allows us to make the following
standard assumption, which guarantees that the Kalman filter
has stabilized to its steady state and (3) is well defined.

Assumption 3: We assume that the initial state covariance is
>0 = P, where P is defined in (6).

The following assumption is for notational simplicity. It as-
sumes that the largest eigenvalue of A — KC' is simple. It also
assumes that the responses C'(A — K C')! K have bounded norm.
We could remove it at the expense of more complicated bounds
in the regret analysis.

Assumption 4: For all t > 0, the closed-loop matrix sat-
isfies ||[(A— KC)'||2 < Mp(A— KC)'. The Kalman filter
gain K and the innovation covariance R = CPC* + R are
bounded || K||2, || R||2 < M. The responses are upper bounded
S0 IC(A = KCYI K| < M(1— p(A— KC)).

Our final assumption makes sure that system (3) is minimal.

Assumption 5: The pair (A4, K) is controllable.

The above assumption is only needed to provide refined regret
guarantees for stable systems (see Theorem 2 and Lemma 1.4).

In addition to the previous stability properties, another prop-
erty of the Kalman filter is that the innovation sequence ej, =
Yk — Ui 1s orthogonal and, by Gaussianity, also i.i.d. By the law
of large numbers, this implies that the ¢ accumulative error
Sooo Il — 9x]|3 will be of the order of Q(NN) almost surely.
Predicting the true observations exactly is impossible in the
stochastic noise setting, even if we know the system.

Systems (1) and (3) are statistically equivalent, i.e., they
generate observations with the same distribution. This implies
that the noise parameterization is not unique [42]. Another
source of ill-posedness is that the state-space parameterization
is nonunique. Any similar system S~1AS, CS, S71QS~* gen-
erates the same observations. These problems will be addressed
later by considering an alternative system representation.

[lI. ONLINE PREDICTION ALGORITHM

Our online prediction algorithm is based on a system response
representation (Markov parameterization) that has been used in
subspace system identification [32]. Let p be an integer that
represents how far we look into the past. We define the vector
of past observations at time k:

Zkp = [Yiep Vi k= p. (7
Define also the matrix of closed-loop responses:
Gp 2 [C(A-KC) 'K CK| ®)

which are essentially the Markov parameters of the stochastic
system. By expanding the Kalman filter (3) p-steps into the past,
the observation at time k£ can be rewritten as

Y = GpZip + C(A- KC)pJEk_p +ep. ©))

bias
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Algorithm 1: Online Prediction Algorithm.
Input: 3, &, Tini
fork=0,..., T — 1do

Observe yy,
end for
fori=1,2,... do
T = 2liljﬂinit
p = BlogT
Veey =M+ 30 Ziy 75,
. T . v
Gr-1=( t:pl Z/tZt,p)VT—l1
fork=T,...,2T — 1do
Predict g, = Gr-1Zk
Observe y,
Update Vi, = Vo1 + Zi pZp, ,
Gr = Gr1+ (yk — ) 21, Vi !
end for
end for

Instead of optimizing over system parameters A, C, and K,
which results in a nonconvex optimization problem, we optimize
over (the higher dimensional) G, which makes the problem
convex. From an online learning perspective, this technique is
also known as improper learning. Using this lifting, we can learn
a least-squares estimate (G, , by regressing outputs y; to past
outputs Z; ,, fort < k

k k -1
Crp = uZi, (M +> Zt,pz,;p> (10)
t=p t=p

where A > 0 is a regularization parameter. A similar procedure
was employed in [31], [40], and [43] for system identification.
To predict the next observation, we compute

(1)

Due to the stability properties of the Kalman filter (see
Section II-A), the bias term in (9) will decay fast with p, since it
is premultiplied by p(A — K C')P. Notice that for nonexplosive
systems, the state £, can grow polynomially fast in the worst
case. Evenif £;,_, remains bounded, keeping the past p constant
would lead to a nonvanishing bias error (linear regret). Thus, to
make sure that the prediction error decreases, we need to gradu-
ally increase the past horizon p. For this reason, inspired by the
“doubling trick” [12], we divide the learning in epochs, where
every epoch is twice longer than the previous one. During every
epoch we keep the past horizon constant. Since p(A — KC)P is
exponentially decreasing, it is sufficient to slowly increase the
pastas p = O(log T'), where T is the epoch duration.

The pseudocode of our online prediction approach can be
found in Algorithm 1. Each epoch lasts from time 75, . . . , 27} —
1, where ¢ = 1,..., is the epoch, T; = 2t-1 . and Tiy is a
design parameter (the length of the first epoch). During every
epoch, we keep the past p; = Blog(T;) constant, where (3 is a
design parameter. Initially, from time O to Tj,; — 1, we have a
warm-up phase where we gather enough observations to start
predicting. To make sure that p; < T}, we tune Ti,;; accordingly.
Based on Lemma III.1 it is sufficient to select T, = 25 log 20.
Within an epoch, the least-squares-based predictor (11) can be

Uk+1 = Gk,ka-i-Lp-

implemented in a recursive way:

Vk,m = Vk—lmi + Zk,pi Z;,pi
ékﬁ”i = ék—l,pi + (yk - gk)Z;,Pinjl

which requires polynomial complexity and at most O(logT;)
memory. In the beginning of an epoch, when p; is updated, we
reinitialize the predictor based on the whole past, which requires
polynomial complexity and O(7;) memory. In total, after N
collected samples, the runtime is © (N log V) and the memory
requirement is linear O(N).

No knowledge about the dynamics or even the state dimen-
sion n is required. We only need to know upper bounds on
n and (1 — p(A — KC))~! in order to tune the past horizon
p—see Theorem 1. There is a tradeoff between the bias error
and statistical efficiency. Increasing the past horizon by selecting
larger /3 leads to smaller bias error, but increases the variance of
the estimate of G}, since we have more unknowns.

IV. REGRET ANALYSIS

In this section, we prove that with high probability, the pre-
diction regret is not only sublinear, but also of the order of
polylog N (or O(1)), where N is the number of observations
collected so far. The challenge in the nonexplosive regime is that
the observations grow unbounded polynomially fast (Q(v/N)).
Meanwhile, recent work in finite sample analysis of system
identification [15], [38], [39], [40] shows that the model pa-

rameters can be learned at a slower rate (O(1/v/N)). Therefore,
these system identification results cannot be directly applied to
obtain regret bounds for our problem. Nonetheless, we show
that our online Algorithm 1 mitigates the effect of unbounded
observations. As a result, the logarithmic regret bound of O(1)
remains valid even as we approach instability.

We provide two results, one for nonexplosive systems
(p(A) <1) and one for stable systems (p(A) < 1). Before
we present the regret results, let us introduce some notion.
Let a(s) = s — ag_15%' - - - — ag be the minimal polynomial
of matrix A, i.e., the minimum degree polynomial such that
a(A) = 0. Denote its degree by d. We define the ¢; norm of
its coefficients as |[all; £ 1 + Zf;é |a;|; the £ norm ||a||2 is
defined in a similar way. Let s be the dimension of the largest
Jordan block of A. In general, k < d < n. For brevity, we omit
the first Tjp; terms from the regret. More precise bounds can be
inferred by the proofs, at the cost of more complicated and less
intuitive expressions.

Theorem I (Regret for nonexplosive systems): Consider sys-
tem (3) and let Assumptions 1—4 be in effect. Fix a horizon NV
and a failure probability § > 0. Assume Algorithm 1 runs for N
time steps with & = 1 and let

K
50 ( ) (12)
log(1/p(A = KC))
and Ti,; = 26 log 25. With probability at least 1 — §
R < poly(Cait)O(log® N) (13)

where Cdiff £ d”nﬁ||a||2% log 1/(5

Theorem 1 provides the first logarithmic regret upper bounds
for the problem of Kalman filter prediction. Concurrently and in-
dependently, logarithmic regret upper bounds were also proved
in [29], where the upper bound is of the order of poly(log™ T'),
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i.e., it scales exponentially with the size of the Jordan blocks.
Here, we provide an improved logarithmic rate of log® 7". Our
bounds do not depend on the stability gap 1/(1 — p(A)) of the
open loop matrix A and they do not degrade as we approach
instability p(A) = 1. However, they degrade with the stabil-
ity gap 1/(1 — p(A — KC)) of the Kalman filter closed-loop
matrix. As shown in subsequent work [30], it is possible to
also remove this dependence in the special case when A — KC'
has real eigenvalues, by considering filtered versions of the
past observations. Note that our regret bounds do not require
persistency of excitation. Hence, they do not degrade as R
approaches singularity.

The upper bound also depends on the quantities d” and ||al|,
both of which can be exponential in the dimension of the system
state n in the worst case. This can happen, for example, if k = n,
e.g., if the system is an nth order integrator. Dependence of
learning performance on the coefficients of the characteristic or
minimal polynomial has been found in related work [37]. This
dependence can be improved—see, for example, [28], [15], [29].
However, it is an open question whether it is possible to avoid the
exponential dependence on «. It might be possible that systems
with long chain structure, e.g., integrators, are harder to learn;
such systems are difficult to observe even in the known model
case. In open-loop system identification [15], such dependence
also appears. It might be an inherent limitation of the problem,
since fundamental quantities of the system, for example, matrix
A® or the observability matrix O; have norms that scale with
1"—see Lemma I.1.

We can provide a tighter logarithmic rate and avoid the above
issues in the case of stable systems (p(A) < 1), by exploiting sta-
tionarity and persistency of excitation. Let ', £ Ed, 7}, be the
covariance of the state with I'y, = lim_,, I'; the steady-state
covariance. Let the minimum singular value of R be denoted by
o r. Let the mixing time Tnix be the minimum time such that the
system is close to the steady state:

IT/20 T2y > 1/2, forall k > Tiniy. (14)

Based on Lemma 1.4, the mixing time scales with

Tmix < poly((log1/p(A))~", k,log Zi((;:)))

We obtain the following guarantees.

Theorem 2 (Regret for stable systems): Consider system (3)
and let Assumptions 1-5 be in effect with p(A) < 1. Fix a
horizon N and a failure probability § > 0. Assume that Algo-
rithm 1 runs for N time steps with A = 1, £ as in (12), and
Tinit = 2 1og 2. There exists

JVOS = pOIy (TL, 57 log 1/57 Tmix » 1/UR)
such that with probability at least 1 — §, if N > Ng, then

R < poly(Cii)O(log" N) (15)
where C = nﬂ% log1/6.

Notice that for stable systems the dominant logarithmic term
in the upper bound is smaller. Also, we no longer have quan-
tities that depend exponentially on the dimension n. The main
bound (15) does not depend on the stability gap 1/(1 — p(A)).
However, via Tix in INV§j, the guarantees depend logarithmically
on the inverse radius log1/p(A). This quantity reflects the
mixing time needed for a stable system to approach stationarity.
The burn-in time N is also related to persistency of excitation

conditions, i.e., we need enough samples to guarantee that the
Gram matrix V}, is well conditioned.

The proofs of Theorems 1 and 2 can be found in the Appendix.
In the next section, we provide an overview of the regret analysis
and explain why the quantities d” and ||a|» appear in the bound
in Theorem 1. We also explain how we obtain tighter bounds by
exploiting stationarity and persistency of excitation in the case
of stable systems.

A. Regret Analysis for General Nonexplosive Systems

Recall the definition of the innovation error e, = y; — ¥s. For
brevity, we also define the error &, = §j;, — 1, between the online
prediction of Algorithm 1 and the Kalman Filter prediction.
Adding and subtracting ¢, in the first term

N
Ry = > llex+ ik — Gkll3 — llexl

k=Tt
N N
= > g =l +2 > ek (9r —dr)-
k="Tinit k=Tinit
LN martingale term

It is sufficient to prove that the cumulative square loss

N
Ly 2 ok — kll3
k=Tt

16)

is logarithmic in N. Because the innovations are i.i.d., we have
a martingale structure for the second term since ey € Fj, while
€r € Fr_1. The martingale term is small and can be bounded in
terms of the square loss £y . In particular, the quantity

N
(Lx+1)72 N e (G — i)

k=T

is a self-normalized martingale and can be analyzed based on the
following theorem, which can be found in [40]. It is an extension
of [44], Th. 1] and [36], Prop. 8.2].

Theorem 3 (Self-normalized martingales [40]): Let {F;}2,
be a filtration. Let n; € R™, t > 0 be F;-measurable, inde-
pendent of F, 1. Suppose also that 7, ~ N(0, I) is isotropic
Gaussian. Let X; € R?, t > 0 be F,_1 —measurable. Assume
that W is a d x d positive definite matrix. For any ¢ > 0, define

t
Wy =W+ XX,
s=1

t
Dy =Y X.H;
s=1

H = [n; Mogr—1] € R™

for some integer r. Then, for any 6 > 0, with probability at least
1—94,forallt >0

HWA/QDt

2 m -
) < 8r (log % + log det WtWI) .

An application of the above theorem with W, =Ly, H = e,
(see the proof of Theorem 1 in the Appendix) implies that

N
Z er (k — k) = O(V/Ln)
k=T
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with high probability. Hence, we focus on bounding £ .

To complete the proof, it is sufficient to show that within
a fixed epoch, the cumulative square loss is logarithmic—see
Theorem 1.2. Then, the same will hold for the total square loss
L n, since the number of epochs is logarithmic with N. Hence,
for the remaining section, we will assume that we are within
one epoch ¢, i.e., the past horizon p = p; and T' = 21T .. are
constant. For brevity, we omit the subscript p from all variables
and write G, G, and Zk instead of Gy, Gk p» and Zp .

Define Sj,_1 2 Z eZZ* and Vj,_1 £ A1 + Zk L. Z7.
Then, the error between our online prediction and the Kalman
filter prediction can be written as

ér = (Gro1 — G) 2k — C(A— KC)Pi_
= Sk,ﬂ_/k_}le + kGVkille

regression regularization

k-1

+C(A—KO)P (Zx D ZIV N Zy — i p>. (17)

=T

truncation bias

The regression term is due to the noise ey, perturbing the system.
The truncation bias is due to using only p past observations and
not all of them. The key ingredients to analyze the cumulative
error L are 1) the stability properties of the closed-loop matrix
A — K 2) self-normalization properties of predictor (11).

Regression term: We can rewrite the regression term as a
product of three separate terms:

SV L Z = (S Vi Y VP 0 ).

Hence, the regression term is upper bounded by

\/Zl*j/k’le sup

T<t<2T-1

1/2 1/2v,1/2
(ERvaGi=asBE

The first term Z; V,* Z, is self-normalized since Vj, is the Gram
matrix of Zy, ..., Z,. We control its cumulative growth using
the following lemma that is inspired by [33].

Lemma 1: Recall that Vi, = AT + Zf:p 7,77 . We have

27T-1
> 2V 2k < logdet(Var 1 Vi),
k=T

Intuitively, Z,Z; appears in Vj and, hence, it cancels
out the effect of Z;. Hence, to prove that the cumulative
square loss is logarithmic, it is sufficient to upper-bound the
supremum of the last terms. The second term, Sj_ 1V ! /2
is a self-normalized martingale and can be bounded based
on Theorem 3, where V;,S;, Z;, and ¢; assume the role of
Wi, Dy, Xy, and Hy, respectively—see Theorem 1.1 in the

Appendix for details. Thus, the term ||S,_1 Vk__ll/ ?|l2 grows at
most logarithmically with k. The martingale property comes
from the fact that the innovation process ey, of the Kalman filter
is i.i.d.—see Section II-A. The third term can be rewritten as

1/271/2 1/2
IV P08 = 1+ 192223
where the equality follows from

v v =14 v P2z v R

Now, we can exploit the fact that Z;, does not change too fast
compared to the most recent past Z;_1, ..., Zg_n-

Lemma 2 (ARMA-like representation): Let yo,y1, ... be ob-
servations generated by system (1). Fix a past horizon p and let
a be the minimal polynomial of A with degree d. Then, the past
observations satisfy the following recursion:

Zy=aq 121+ +agZp_q+ Ok (18)

where 65, € Fi_1 with

[0kl < A sup el (19)
i<k—1

and A = O(d"|al|1/p).

Intuitively, the unbounded components of Zj, are captured by
therecenthistory Zy_1, ..., Zx_qand the residual 0y, is bounded.
Replacing Z;, with (18), we obtain by two Cauchy—Schwarz
inequality applications

d—1

——1/2 2 —&—1/2 ——1/2

1V 2 ZilI3 < 2ally SV Zieaill3 + 201V, 20513
1=0

< 2|lall3d+20A% sup |lell3
i<k—1

where we used the fact that the terms V,;ll/ iz k—d+; 1n the sum
are normalized and their norm is upper-bounded by 1.
Regularization and truncation terms: For the regularization
term, we follow the same steps as with the regression one.
Since matrix A — K C is stable, the truncation term decreases
exponentially with p. System quantity x governs how fast the
observations grow polynomially. Parameter 3 should be large
enough to cancel out this polynomial rate. This explains why &
affects the choice of 5 in (12)—see Theorem 1.2 for details.

B. Refined Analysis for Stable Systems

If p(A) < 1, it is sufficient to write the regression term as a
product of two terms

Sk-aVih Z = (S Vi )V 2 2).
We exploit the fact that Z; converges exponentially fast to a

stationary distribution. Hence, the term Vk,__ll/ * Z will effectively
be self-normalized, without the need to express Zj, as a function
of the past observations. The key ingredient toward providing
stronger regret guarantees is proving that persistency of excita-
tion for the past observations holds with high probability. In
particular, we prove a novel persistency of excitation result,
which strengthens prior results—see for example [40]. Similar to
the definition of the state covariance, we define the past outputs’
covariance I'z j, L2 EZ, Z}.. We have the following.

Lemma 3 (Uniform persistency of excitation: Stable case):
Consider the conditions of Theorem 2. Select a failure prob-
ability § > 0. Let T'= 21T for some fixed epoch i with
p = flogT the corresponding past horizon. There exists a
N§ = poly(n, B, Tmix, 1/oR,log 1/d) such that if T > N, with
probability at least 1 — ¢

ZZ Zr = I‘ZOC (20)

uniformly forall 7' < k£ < 27 — 1.
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Fig. 1. (Empirical) expected regret for various choices of the past Fig. 2. Expected regret, normalized with different logarithmic rates. It

horizon. The shaded regions capture one (empirical) standard deviation.
We indeed obtain logarithmic regret (the z-axis is logarithmic) if the past
horizon increases logarithmically as Slogt. On the other hand, if we
keep the past horizon constant (p = 4), we suffer from linear regret.

Hence, the term ‘71;11/ 2z , can be bounded by

iz, <o () e,

where now the normalized term I', k/ 7. behaves like a stan-

dard isotropic Gaussian variable—see Theorem II.1.

V. SIMULATIONS

In this section, we perform simulations to verify that our
algorithm exhibits logarithmic regret. We also study how the
past horizon p affects performance. Let

11 0
A=101 1],0—[100],@—[,3—1.
00 0.9

The system is nonexplosive with K = 2. We select Ty = 20,
A =1,and N = 1000. We ignore the errors for the initial epoch
until 75,5, We perform 1000 Monte Carlo simulations. In Fig. 1,
we show the (empirical) expected regret for various choices
of the past horizon, where the shaded regions capture one
(empirical) standard deviation. We indeed obtain logarithmic
regret (note that the z-axis is logarithmic), if we let the past
horizon p increase slowly with time as (3 log ¢. Note that this slow
growth of p is essential for obtaining logarithmic regret under
our algorithm. As shown in Fig. 1, under a constant past horizon,
e.g., p = 4, we suffer from linear regret. Nonetheless, if the past
horizon increases too fast, even if the regret is logarithmic, it
might exhibit large variance. For instance, if we choose g = 2,
we obtain smaller regret with smaller variance compared to
B = 3. In Fig. 2, with 5 = 2, we investigate the logarithmic
order of the regret by normalizing with different logarithmic
powers. It seems that the actual rate of our algorithm is of the
order of log? T, suggesting that our regret upper bounds could
be further improved. We observed similar results for both stable
and nonexplosive systems.

VI. DISCUSSION AND EXTENSIONS

In this section, we discuss implications and generalizations
of Algorithm 1 and the regret analysis.

Comparison with online LOR: Our bounds show that the
problem of learning the Kalman filter online is provably easier
than the online LQR, in the case of unknown systems. The latter

seems that the logarithmic rate of our algorithm is log? T'.

requires in general regret of the order of Q(v/N) [16], [17]. This
is another reason why the problems are not dual in the unknown
model case [26]. This gap might be expected since in the case of
control, there is a need for exogenous exploratory signals, which
increase the LQR control cost.

f-steps ahead predictor: An immediate generalization of
Algorithm 1 is to consider the f-steps ahead predictor, where
f is some future horizon. Instead of predicting only the next
observation, we predict the sequence ¥, . . ., Yx+s. Denote the
future observations and noises by

Yy, = [vi y,’;Jrf]*, Ef =e
Similar to (7), we can establish a regression:
Y. = OfICka + Of(A — KC)pi‘k,p + 'TfE

2 [(A-KC)Y K K], and T; is a
block Toeplitz matrix generated by
CAf=2K. The optimal Kalman filter predictor

Chrr]

where K,
lower triangular
I,CK,...,
is

Vi = 04K, Z1 + Op(A — KOy
Hence, the regret can be defined as in (4), with the lowercase

y replaced with uppercase Y. The online predictor (11) can be
adapted here:

Y, = ék,f,ka:

where é;“ f,p 1s obtained similar to (10) by regressing future
observations Y; to past observations Z; from time pup to k — f.

The logarithmic regret guarantees of O(1) also hold with the
final bound depending polynomially on f and || 7||2.

Prediction with inputs: We can apply the same algorithm in
the case of exogenous inputs u:

Tyl = Az, + Buy + wy,
yr = Cor + vy
where B is some unknown input matrix. Define now the vector
A *
Zlf:,p = [yzfp yltfl ’U;I,:l]

of both past outputs and past inputs. Following identical argu-
ments as in the derivation of (9), we arrive at

yr = [Gp GP]Zg, +ex + C(A— KCOPiy,,
where G, is defined in (8) and

Gr&[C(A-KC)'B

*
ukfp

CB].
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TABLE 1
NOTATIONS FOR FIXED PAST HORIZON p

t=p etZ;
WA D SN AV A
M+ V4,
S Eege;,
£ Toep (I,CK,...,CA*72K)
£ ET, B E; Ty

OR £ O'min(R)

Iy 2E#4)
z: 2EZZF

G 2] CA-KOP 'K

I\

(> 1> > > e e (> >

Zt
Ey
Zy,
Ey
X
Sk
Vi
Vie
R
Tk
)

CK |

Past outputs at time ¢
Past noises at time ¢
Batch past outputs up to time k
Batch past noises up to time k
Batch past states up to time k
Correlation of current noise with past outputs
Gram matrix of past outputs
Regularized Gram matrix of past outputs
Covariance of innovations

See (1.4), Toeplitz matrix of I,,, and system responses C' A* KK

Covariance of weighted past noises
Smallest singular value of R
Covariance of Kalman filter state prediction
Covariance of past outputs
Kalman filter responses

To predict, we follow exactly Algorithm 1, where 7 ,, is re-
placed with Z} , i.e., instead of using only the past outputs,
we also use the past inputs. We can obtain logarithmic regret
guarantees and the proof (nonexplosive case) still holds, as long
as we can establish an upper bound on the input energy [similar
to (35)]. Some sufficient conditions include 1) bounded inputs
or 2) closed-loop inputs (see [43]) that render the closed-loop
system stable. Due to space limitations, we leave the detailed
analysis for future work.

VIl. CONCLUSION

In this article, we provided the first logarithmic regret upper
bounds for learning the classical Kalman filter of an unknown
system with unknown stochastic noise. Our regret analysis holds
for nonexplosive systems and our bounds do not degrade with the
system stability gap. Going forward, our article opens up several
research directions. Our current bounds are mainly qualitative
and data independent, focusing on how various system-theoretic
properties affect learning. It is an open problem to develop
sharper data-dependent bounds that are more suitable for control
applications, possibly at the cost of losing some interpretability.
Another interesting direction is to study how the learning per-
formance is affected by system-theoretic properties, such as the
exponential quantity d” in the case of systems with long chain
structure, e.g., k-order integrators. Analyzing the regret of other
online algorithms, e.g., extended least squares, is also an open
problem. Another challenging problem for both prediction and
system identification is the case of explosive systems. Although
in the fully observed case, this problem has been studied [34],
[36], it remains open in the case of partially observable systems.

APPENDIX |
REGRET ANALYSIS FOR NONEXPLOSIVE SYSTEMS

A. Notation and Organization of the Appendix

Structure: In Sections I-B and I-C, we review fundamental
results from system theory and statistics. These provide the main
tools for proving Theorems 1 and 2. In Section I-D, we provide
finite sample complexity bounds and persistency of excitation
(PE) results for a fixed time k and fixed past horizon p. In Section
I-E, we generalize those results from pointwise to uniform over
all times k in one epoch. In Section I-F, we prove Lemma 1.
By combining the uniform bounds and Lemma 1, we prove

in Section I-G that the square loss suffered within one epoch
is logarithmic with respect to the length of the epoch. Hence,
we can now prove Theorem 1—see Section I-H. In Section II,
we analyze the case of stable systems and prove Theorem 2.
Section III includes some technical results about logarithmic
inequalities, which are used to show that the burn-in time Ny
depends polynomially on the various system parameters.

Notation: A summary of the notation can be found in Table 1.
We will analyze the performance of Algorithm 1 based mainly
on a fixed epoch i. Since the past horizon p is kept constant
during an epoch, we drop the index p from Zj, ,,, G, G, and
Vkﬁp and write 7y, G, ék and Vj, instead. Similar to the past
outputs Zj, we also define the past noises:

E. £ [ej{fp e};l]*.

The batch past outputs, batch past noises, and batch past Kalman
filter states are defined as

7222, - Z], B2 [E,

1)

]

X £ [&o Trp] .- (22)

Recall the definition of the correlations between the cur-
rent innovation and the past outputs Sy, = Zf:p et Z; and the
regularized autocorrelations of past outputs Vj, £ AT + AYAR

The innovation sequence ey, is i.i.d. zero mean Gaussian. Its

covariance has a closed-form expression and is defined as
R £ Eepej, = CPC* + R (23)

where P is the solution to the Riccati equation (6). Next, we
define the Toeplitz matrix 7T, for some k > 1

I 0 0
. CK I, -0
T 2 (24)
CAF2K CAF 3K ... I,
The past outputs can be written as
Zt = Op:ﬁt*p + 7;Et (25)
The covariance of 7, E; is denoted by
Yp = ET,E BT, =Ty diag(R, ... ,R)7;*. (26)
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We define the covariance of the state predictions

Iy, £ Eiyiy 27
and the covariance of the past outputs
Uzk £ BZ, 25 = OplipO) + g (28)

B. System-Theoretic Bounds

1) Bounds for System and Covariance Matrices:
LemmaI.1: Consider matrix A with Jordan form S.JS~!. Let
k be the largest Jordan block of A. Under Assumption 1

. r—1
i 2 i—kt1 €t
4l < aotay ()
As a result the following bounds hold:
[T, < MO (#), 102 < MPO (%)
7]z < MPO (%), ITell2 < M7O (£*71).

Proof: Recall the Jordan form of A = S.JS~1. For simplicity,
assume that J is equal to an n x n Jordan block with eigenvalue
A = p(A). Then, we have that

(29)

T L L
P L A
0 0 . Al

By Lemma 1.2 and Assumption 1, we obtain

n—1 . . n—1
i 24 i—n+1 ? 24 i—n+1 et
Jal, < a3 () < v (29)

where the second inequality is standard [11, Exercise 0.0.5].
This completes the proof of (29). The proof for the other cases
is similar since the Jordan matrix is block diagonal.
The bounds on Oy, 7;, I'; follow from (29). O
Lemma 1.2 (Toeplitz norm [40]): Let L € R™™*m2n for
some integers n,mq, and mo be a block triangular Toeplitz
matrix:

L =Toep(L1, La,...,Ly)

where L; € R™*™2 Then, | L|2 < Y i, || Li|2-

Lemma 1.3 (Monotonicity [40]): Consider system (3), with
I, £ EZ;2},. The sequence I';, is increasing in the positive
semidefinite cone.

Lemma 1.4 (Mixing time): Assume that system (3) is stable
p(A) < 1. Recall the definition of R in (23). Under Assump-
tion 5, the sequence I'y, convergesto I', > 0, the unique positive
definite solution of the Lyapunov equation:

I = AT A* + KRK™.
Let the mixing time T,ix be defined as in (14). Then,

1 ~
Tmix < —————~O(max {logcond(I's.), ©
o7 O ma {og cond (T v})

with cond(T'y) = Z‘axi((g%))

Proof: Since A is stable, I'y = > 50 AKKRK*(A")* is
well defined and solves the Lyapunov equation. Since (A, K) is

controllable (by Assumption 5), I' is strictly positive definite:
' = KK > 0, where the following matrix has full rank:

Kn & [KRY? AKRY? .. A"1KRY?].

It is unique since the operator £L(M) = M — AM A* is invert-
ible; its eigenvalues are bounded below by 1 — p?(A).

Notice that 'y = 0 < I', and by induction, we can show that
I'y X I'. Since I';; is also monotone, it converges to the unique
I'. Now after some algebra, we obtain

[y — Ty = —AFT  (A7)F.
It is sufficient to find a 7, Such that
Tmix |12 Umin(Foo)
[A™ | omax(Too) < 9
Since the norm of matrix A grows as fast as ||[A™x|y =
O(p(A)Tmx—rt1z o ®), it is sufficient to pick

log Tmix 1 d(I’ 2
Tmix = K{ Og: Og(;on (1 OC)/ + K —1.
08 50A) 98 514y
By Lemma III.1, the order of Tpix is
1 -

Tmix = mO(max {logcond(T'y,), k}).

2) Proof of Lemma 2: For the plain observations yy,

d
Yoot = CA 3y g + Z CA " Key_s + epy
s=t+1

fort =0,...,d. By the definition of the minimal polynomial
CAd.')ASk = ad,chd_li‘k,1 + oo+ agCTp_g

which leads to

d
Yk = Qg—1Yk—1 + - + aoYr—q + Z Lgep—s
s=0
with Ly = I and
s—1
Ly =—ag-sIm — Y ag_s:CAT'K + CAT'K.
t=1

The norm of the above matrices is upper-bounded by

i—1
1Llly < llally 1C1l5 1K1, poax |4, (30)

where ||a||; denotes the ¢; norm of the polynomial coefficients.
The same will now hold for the past outputs:

d
Ze=ag 1%k 1+. . .+aozk,p+z diag(Ls, . . .
s=0

7L5)Ekfs
where EJ, is the vector of past noises. We can bound the residual
o 20 diag(Ls, . .., Ls)Ex_s by
[0kl < Alles]l, , where
A
A= (d+1) max |[Ls],v/p. (3D

From (29) and (30), it follows that A = O(d" !||a||1\/p). O
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C. Statistical Toolbox

1) Least Singular Value of Toeplitz Matrix: Let u; € R™,
t=20,..., be an ii.d. sequence, where wuj ~ N(O, I) are
isotropic Gaussians. The following result, which is adapted
from [45], shows that the Toeplitz matrix of wu; is well con-
ditioned with high probability. Similar results appeared in [38]
and [39].

Lemmall.5 (Toeplitz Isometry [45]): Letu, € R™,t=0,...,
be an i.i.d. sequence of Gaussian variables with unit covariance
matrix. Consider the Toeplitz matrix

Uk—p Uk—p—1 --- Uup
Uk —p+1 Uk—p e (751
U =
Uk—-1 Uk—2 Up—1

Fix a failure probability 0 < § < 1/2. There exists a universal
constant C' such that if

k > Cpmlog(pm/9)
then with probability at least 1 — §
ikl 2 UU* < 2kI. (32)

Proof: Define U = [U U], where

0 0 0 0
U 0 0 0

Uy =
Up—2 Up-3 ... U 0

Notice that we have

IUU" = k|l < |UU” = k|2 + [UoUgl2
By [45, Th. A.2], it follows that with probability at least 1 — §,/2
kpmlog(k/d))

for some universal constant C”. To bound Uy U, we follow the
same steps as in the proof of [45, Th. A.2] (see bounds on Uy U3
there). With probability at least 1 — 6/2

|OU* = kI||, < C'(pmlog(k/6) +

[ToUsll2 < C"pmlog(pm/d)

for some other universal constant C”. By a union bound and if
we select k > C'pmlog(pm/J), with C large enough, we get
that with probability at least 1 — ¢

[UU* — k|5 < k/2.

The condition on k& makes use of Lemma III.1. O
2) Gaussian Suprema:
Lemma 1.6: Consider v, € RY ~ N(0,1) iid., for t=

1,..., k. Let X} € R? be a linear combination:
k
Xy 2 Myyvp, fork=1,...,T
t=1

where M, € R7*¢. For some ;1 > 0, define

Ek =S MI + EX]CXZ.

Fix a failure probability § > 0. With probability at least 1 — §

_ T
sup |52 Xell2 < G+ \/2log = (33)
k=1,...,T 1)

)

If EX), X} and k& < T are invertible, the result holds for ;o = 0.
Proof: Fix a k. An application of Jensen’s inequality gives

B[S, 2 Xille < \JEX{E, Xe = 5, EX XS < VA
Observe that we have EX; X} = Zle M M. As aresult,

o <

since by definition ¥, = EX,X/. Hence, the function
||E;1/2XkH2 is 1—Lipschitz with respect to v, for t =1,

..., k,i=1,...,d. By concentration of Lipschitz functions of
independent Gaussian variables [46, Th. 5.6]

PO Xl > Va+ ) < e /2
Now select t = y/21log % and take a union bound over k.  [J

D. Finite Sample Bounds for Fixed-Time, Fixed-Past

In this section, we include results for persistence of excitation
and for identification of the system parameters for a fixed time
instance k and a fixed past horizon p.

Theorem 1.1 (Finite-sample identification): Fix a time k.
Consider system (3) with observations g, . .., y;. Fix a past
horizon p, a failure probability § > 0 and recall the notation of
Table 1 and the universal constant C' in Lemma L.5. Let

k1(p,d) = Cpmlog(pm/$)

. 512pn 5p 1| Oplla [Tkplly + 6
k:2(k7pa 6) min{4,ch} 0og < 5 5

(34)
1) With probability at least 1 — 24, the following events

E7 N Ecross hold simultaneously:
i) output upper bounds

_ m
& 2{2z; 2k"Er20}  69)

ii) correlation upper bounds

Eorons 2 {||skv,;1/2||§ < e (k,p, 5)} . where

(36)
_ Smpk (||T’ A1
c (kp.5) 2 16| R|mplog 272 Z’(’;HQ )
(37)
2) If k is large enough
k Z k?)(kapa 6) £ max{kl(pa 5)7k2(k>p7 5)} (38)
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then with probability at least 1 — 34, the following PE  then with probability at least 1 — ¢
condition is true: k k o 3k
TEkEkT*>‘ QZE 2O'RI
1 1 Proof: Matrices Uy, = E;/ 2’7;Ek satisfy the conditions of
Epp £ Zka - iopXkX;;O; + 57;EkE;;7;* (39) Lemma L.5. Hence, under (42), with probability at least 1 — &
f[ =< Z UU; < —I
Proof: Let Wy, V; be the Gram matrices: o ) ) 12 .
L Multiplying both sides with ;= gives
Wi & X X5 4+ W, Wa _———1 (40) k 3k
10,13 558 2 TEET) < =Sk,
Vi & Zp 25+ V, V&AL (41)  Finally, from [40, Lemma 2], we have X = orl. O
Next, we prove PE for the past outputs.
Define the b ts:
eine the base events Lemma 1.8 (Output PE): Consider the conditions of
g5 2 {ij(z < kﬁFk_p} & AT EWELT = kEE Theorem 1.1 and the definition of ko (k, p, §), Eg, Ex,and Ex k.
) P=2 If

_ o 2
exe & {0 i
m T -1
< Splog p5™ det(W, W 1) } .
)
_ _ 172112 ™ det(V,, V1
Epz & {HRl/QSka 1/2H2 < 8log o de ((SVkV )}

We will show that £ and all of the base events occur with
probability at least 1 — ¢ each. Moreover

Epr 2 Ex NEENEXE, Ecross 2 E2 NEZE.
Hence, by two union bounds
P(Epg) > 1— 36, P(E; N Eoss) > 1 — 26.

1) Base events: The fact that P(Eg) > 1 —0,P(Ez) > 1 —
0 follows by a Markov inequality argument—see [35, Sec.
3]. The fact that P(Eg) > 1 — ¢ follows from Lemma 1.7.
For each of the remaining events, we apply Theorem 3;
note that R~'/2¢;, and E;/ 27;,Ek are isotropic.

2) Event Epg: From Lemma 1.8, we have that Epg 2 £ N
Er N Exp if k satisfies (38).

3) Event Erpss: We show that Eqross 2 E7 N Ezk.

Conditioned on £7 N £z, we have

5m
1SeV;, V213 < 8|R||, (log

5 +logdet V3.V~ )

_ 5m
< 1|, (108 % + mptos (+2 |l +1)

where the second inequality follows from | det L| < || L||5" for
any matrix L € Rmp *mP_ The final bound is simplified using
mpk < landlog 2= < mplog 5””’. O
Next, we prove the PE results that are required in the proof of
the above theorem.
Lemma 1.7 (Noise PE): Consider the conditions of Theo-
rem .1 and the definition of k4 (p, ¢). If

k = ka(k,p,9) (43)

then the following output PE condition holds:
{ZkZ;; . ;OpXng(Qp—l—;EE_'kE_'kE}Q E5NEx N Exe.
Proof: The batch past outputs can be written as
Zy = Op Xy, + T, Ey.

As a result, the sample-covariance matrix YAYA .. will be
OpXkX;;O; + EEkE;ﬂ;* + OpXkE,ﬁﬁ,* + EEkX;O;.
The proof proceeds in two steps. First, we bound the cross-
terms based on the events €5 and Ex g. Second, we show that

if k is large enough, then the cross-terms are dominated by the
autocorrelation terms:

o _ 1 o _
OpXiE{ Ty + T, Ex X0, 2 5 (Op X Xp Oy + T, ELELT,)
Cross-term bounds: For simplicity, we rewrite X i 2T E, =
Uy, where Uy, is defined similarly to E;. but has umt variance
components. Conditioned on & ¢

_ Opll5 |-
log det Wl gn10g<”” dHIY pngH)

where we used the property | det L| < ||L||5, for any matrix
L € R™. Conditioned also on Ex g

- _ _ 12
|wo 20z < ke

where we define

5m 0,12 1T

Letnow u € R™?, |Ju||s = 1 be an arbitrary unit vector. Then,
consider the quadratic form

1 _
q(u) = = (“ Oy Xi Ui S *u + U*E}smUkX;O;u) '
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Conditioned on {||W /2X;€Uk||2 <Cxg}N&gNEx andus-
ing I = W, Wk , we can bound the quadratic form by

o <2 o,

e W1/2H HW V2%, 07

_2\/ OXkX*O*uHCX—EHzW H2

Cross-terms are dominated: Define variables
1 o
a2 %u*OpXkX;O;u, b2 uTpu.

To complete the proof, it is sufficient to show that for any unit
vector u if (43) holds, then

Cxk 1 2 2
2\/a—|—1ﬁ\/l;§ B (a—|— ku Zl/ UkUk 1/ ) .

But on Eg, we have 12U U;SY? = k/25 . Thus, it is
sufficient to show
CXE a b
2v/ 1—=Vb< =+ -.
a—+ NG Vb <35 + 1
To guarantee the inequality, we apply the following Lemma 1.9,

where we exploit the fact that b > 0,10 (X g) > og. It follows
that it is sufficient to have

Cxp/Vk <min{2,\/or} /8.
To obtain the final expression for ko(k,p,d), we use the
simplification 8p log(p5™ /&) < 8pnlog(bp/d), since m < n.
Lemma 1.9: Leta > 0and b > o > 0. Then, if
min {2, ,/UR}
8
then f(a,b) £ & + % —2/a+ 1Vby > 0.

Proof: By minimizing over a, we obtain

7 <

. b/4 — 2v/by if 2yvb < 1
b) = i = b
B @D = a0y S 1je it 1
If 27\/5 < 1, then we have
. —Vbog
pmin, F(@.0) = 7 —2Vby > > 2R =0

Since v < 1/4, the case 27\/5 > 1 can occur only if b > 4. But
then, for b > 4

1 1 1 1\ 1 b-4
-2 —Z>b(=—-2)—==——>0.
b<4 7) 2—b<4 8) 2~z =0

E. Uniform Bounds

The result of Theorem 1.1 applies only for a fixed time step
k within an epoch. Here, we directly extend the results to hold
uniformly for all times steps k& within an epoch. Note that we do
not require PE.

Lemma 1.10 (Uniform bounds): Consider the conditions of
Theorem 1. Fix a failure probability § > 0. Let T' = 21T
for some fixed epoch i with p = SlogT the corresponding

past horizon. Consider the definition of e(k, p,d) in (37). With
probability atleast 1 — 2 ZiT Tl 720, the following events hold:
ZnZ; < Kmpp

N 271 .
Euit = U { HS v 1/2” < ek, p, 6/k?) } (44)

Proof: FixaksuchthatT < k < 2T — 1 apply Theorem I.1
for & replaced with § /k2. The results follows from (35) and (36),
by taking the union bound over all 7' < k < 27 — 1. (]

F. Proof of Lemma 1
Recall that Vj,_; = Vi, — Z; Z;. Using the identity det(/
B) = det(I + BF), we obtain
det Vi1 = det Vi det (1 - V22, 2;7,1/?)

=det Vi (1 - Z;V,7 ' Zy) .
Rearranging the terms gives

det Vk 1
de th

where the inequality follows from the fact that the sequence
Vi = Vi_1 is increasing and the elementary inequality:

ZiVi ' Zp =1 - < logdet V}, — logdet Vi1

1—a <logl/z, forz < 1.

Since the upper bound telescopes, we finally get

2T-1
Z Z};Vk‘le < 10g det ‘72’1“,1 — log det VTfl.
k=T

G. Analysis Within One Epoch

We will analyze the square loss for the duration of one
epoch, from time 7" up to time 27" — 1 with fixed past horizon
p = BlogT. Note that PE is not required.

Consider the cumulative square loss within the epoch:

271

LA gk — anll3 - (45)
T

Based on the notation of Table 1, the error between the Kalman
filter prediction and our online algorithm is

Uk — Qk = Skfl‘_/];_llzk + )LG‘_/];_%Z]C
+ O(A — KC)p (Xk_le_lef_llzk — i‘k_p) .

By Cauchy—Schwarz, the submultiplicative property of norm,
and the fact that || Z,_1V, /|2 < 1 is normalized

16— 5812 < 4 (IS V208 + 16723
v 1/2v-1/2 1/2
+ C(A = KCPI IRk lB) 1 V221317 2413

+4[C(A— KO3 || 2k—pl3 - (46)

To obtain a bound on the square loss, it is sufficient to bound the
following three terms:
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1) the supremum over 7' < ¢t < 2T — 1 of:

1Se1 V3213 + IAGV 212 4 1C(A = KO |2 || X o)

2) the sum ||C(A — KC)?|13 755" [|2r—plI3:
3) the supremum over 7' < ¢t < 27 — 1 of

VAPV = 1+ V2 23
where the equality follows from
v 1/2VtV 1/2 11V 1/2ZtZt*‘7;11/2;

4) the sum Y21 [V 2 2412,

Theorem 1.2 (Square loss within epoch): Consider the condi-
tions of Theorem 1. Let a be the minimal polynomial of A with
degree d, A defined as in (31). Fix a failure probability 6 > 0.
Let T = 2T}, for some fixed epoch i > 1 with p = Blog T
the corresponding past horizon. Recall the definition of Cgg in
Theorem 1. With probability at least 1 — 4 ZiT Tl klz 1

£27-1 < poly(Cair) (0(1og5 T) + O(p(A — KO)”TZ"”")) .

Proof: Consider the uniform event &£,,;r defined in (44) and
define the events:

_ 4T
£ 24 sup [T o < v+ y[2log ——
k<2T-1 01
_ 2T
Ee=14 sup [[R Y %exlls < Vm+ /2log =~
k<2T-1 01
where §; = 2T ! (S/k2 Based on Lemma 1.10, Lemma 1.6,

and a union bound the events Eynir N &, N &, occur with proba-
bility at least 1 — 4 Ziz}l 1%25 . We will bound all terms of the
square loss based on the above events.

1) a) For the term Sk_ﬂ_/k:ll/ 2, based on event & p;f

I1Sk-1 Vi {213 < e(2T,p,6/(2T)?)

= pOly(Cdiff)O(10g2 T)

where the exponent of 2 is due to the fact
that the dominant term is plog ||T'z, k|2, with
log||T'z, k|| = O(log T) in the general case of
nonexplosive systems.

b) Regularization term: |AGV; /2|12 < A||G 2.

¢) To bound the term |C(A— KCO)P|3|| X:1]|3,
we use the inequality || X; 1|2 < 27 supgor_4
| Z1||3. Hence, it is sufficient to upper-bound the
norm of the states. Since the covariances I';, are
increasing

Hence, conditioned on &, and since ||Tar_1|]2 =
O(T2n71)

swp [l < [Tarall, sup [0
k<

> 2
IC(A= KO3 | X,
< poly(Cairr) O(p(A — KC)PT*").

2) Tobound the sum [|C(A — KC)?||3 S35 |Ek_pl|3, we
use the exact same steps as above since

2T-1

Do llanply<T Sup. Hwkllz
k=T

3) To bound the norm of HI_/,:{ *Zu||2, we exploit the
ARMA-like representation in Lemma 2. Replacing Z;, =
ag-12p-1+ -+ agZx_q + O by two applications of
Cauchy—Schwarz

d
——1/2 2 * Cr—
V2 20l3 < 20all3 > Zi Vil Zies

=1
+ 2V, 2013

<2|al3d+227A% sup Je3
i<k—1

= pOly(Cdiff) 0] (IOg T)

where the bound on ||e;||3 follows from &..
4) Finally, by Lemma 1, we have

2T-1 B 2 B
3 HV,;”%HZ < log det(Vhra ).
k=T

Based on &, we obtain

log det(VarA™") = poly(Cair) O(log® T).

H. Proof of Theorem 1

Recall that the regret can be decomposed into two terms

N
Ry =Ln+2 > e (Gr— k)
k=T
where Ly is the square loss and the other term is a martingale.
Square loss bound: Without loss of generality assume that
N = 2T, — 1 = T,,; 2" is the end of an epoch, where ¢ is the total

number of epochs. The cumulative square loss can be rewritten

il p2T5-1
as Ly =) Ly,

B =>4

. Next, we select
K
log1/p(A - KC)

which under Assumption 4 makes the bias term in Theorem 1.2

logarithmic. By Theorem 1.2 and a union bound over all epochs,
. oqe 2

with probability at least 1 — 770

(47)

L = poly(Cair)O(log® N).

Martingale term  bound: Denote uy £ R’l/Qek and
2k = RY2(g — i) Then, 3,0, €f (5 — ) = X0 uiz =
SN S wrizei. To apply Theorem 3, we need to
slightly modify the definition of the filtration. Let F;; =
O'(]:t U {ut+1)1, AN ’/U/t+1)i}), with .FtJrl = ]:t,m and define

Fo=Fo (48)

Fo=Fiotm, iftm+1<s<(t+1)m (49)
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By applying Theorem 3 with F,, we can bound the sum in Rolling out the state equations in (25), we obtain
terms of the square loss £ . With probability at least 1 — § Z, = Oy AT, .+ [ 0,6 T, ] ford (54)
N 172 N a i ) ) )
(Z Lo+ 1) Z iz < 8log (5 <Z 2o+ 1)) Define the isotropic variables
=t =t =1 Ut £ ]'—‘ 1/2 [ OpeTmix 7;7 ]EZ—

or using the fact that z} 2, < || R|2/|9x — F |3

5
Zutzt (IR, £ + 1) 81og (5 (IR, £x + 1)) |

By a union bound, with probability at least 1 — (7%2 +1)8
RN = pOly(Cdjff‘)O(IOgG N)

To complete Ehe proozf, we rescale 6 and we rewrite the bounds
with respect § = (7%= + 1) 14. O

APPENDIX I
STABLE CASE

In the case of stable systems, stationarity allows us to prove
stronger PE results.

Lemma 1.1 (Stable: Output PE): Consider system (3) with
observations yo, ..., Yr. Let T = Tmix + p, wWhere Tix is the
mixing time defined in (14). Recall the universal constant C
in Lemma L.5 and the notation of Table 1. Define

ki(p,d) & Crmlog(tm/6)
512pn 5p 1 [ O |3 | Th—- |
ks(k,p,8) & —————1 — 2 241,
5( )y Ps ) min{4703} 0g ( 5 5 +
(50
With probability at least 1 — 34, if
k Z kG(k7pa6) émax{k4(p56)7k5(k7pa6)} (51)
then the following output PE condition holds:
= = k k
AV A ZFZ,T = gFZ,oo (52)
Proof: Define the controllability matrix
€ & [ATIK AK K|, t>1.

The state covariance at any time can be conveniently expressed

in terms of the controllability matrix
Ft = Gt dlag(R, ey R)@:

Combining the above equality with (28), we obtain that

Tz, =[0,C.. T,]diag(R,...,R)[0,Cr.. Tp] .
Hence, by the definition of mixing time
I'z:=Tz5/2. (53)

What remains is to show the first inequality in (52).

The proof is similar to the one of Lemma I.8. We only need
an additional step, to further unroll £,,_, for T, time steps into
the past in (25). Extend the definition of the past noises

El 2] ¢

t—T €1 ]* .

which are well defined since I'; - = ¥ g = orl. This enables
us to rewrite (54) as

= 0, A™"3,_, + /20, (55)
Expanding the correlations gives
Z,7; = Op A" iy &) (OpA™) + T 20U T2
—|—O ATz, UF 1'\1/2 +F1/2 (O ATmix)*,

The remaining proof is now identical to Lemma 1.8 and is,
thus, omitted. To simplify the notation for the expression of ks,
we used ||O, A ||y < ||Or]|2 (OpA™ix is a submatrix of O.).
We also used 0pmin(I'z,00) > omin(XE) > og in the step where
we apply the technical Lemma 1.9.

A. Proof of Lemma 3

We prove a more general version.

Lemma I1.2 (Stable case: Uniform PAC bounds): Consider
the conditions of Theorem 1 with p(A) < 1. Select a failure
probability § > 0. Let T = 2'~'T},;; for some fixed epoch i
with p = BlogT the corresponding past horizon. Consider
also the definition of e(k,p, d) in (37). There exists an N§ =
poly(n, ﬁ,log 1/(5 Tmix, 1 /0 r) such that with probability at least
1-5 Z Pl T = L § the following events hold:

} (56)

ZkZ =< k? ;npl—ka

271
Eunit = U { HS V. 1/2H <e(k,p,0/k?)

27-1

= - k
&t U {ZkZ 3 z,m} : (57)
k::max{NS,T}
Proof: Recall kg (k, p, d) defined in (51) and let
Ny £ min{t: k> ke(k,p,6/k%), forallk > t}. (58)

Now, fix a k such that T' < k < 2T — 1 apply Theorem 1.1
and Lemma II.1 for & replaced with §/k?. Taking the union
bound over all T' < k < 2T — 1, from (52), (35), and (36), we
obtain that

2T-1

1—52

What remains to show is that Nj depends polynomially on
B,n,log1/8,1/0R, Tmix- By Lemma L.1, the covariance matrix
I';, increases at most as fast as M? k2%~1 (a similar result holds
for the observability matrix). Hence, the dominant term in ks is
of the order of

ks(k, Blog k, 3/k?) < Bn L log(1/6)

P(gumf N gunlf

O(log? k).
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The dominant term in k4 is
k
ky(Blogk,d/k?) < (Tmix + Blog k)mlog 5
To simplify the final expression, define

L log(1/9).
By Lemmas III.1 and III.2, it follows that Nj; is of the order of

N = Tmix3 Tm

N§ < 4Clog? 4 C N log? N

where C' is the universal constant defined in Lemma 1.5. O

B. Proof of Theorem 2

Similar to the nonexplosive case, we analyze the square loss
for a single epoch. We additionally exploit the sharper PE
condition.

Theorem 11.1 (Square loss within epoch): Consider the con-
ditions of Theorem 2 and the definition of Cjy therein. Fix a
failure probabilities 6 > 0 and consider Nj defined as in (58).
Let T = 21T}, for some fixed epoch i > 1 with p = Blog T
the corresponding past horizon. Let 3 satisfy (12). Then, with
probability at least 1 — 7 ZiT Tl 26

ﬁ%T71 S poly(Cdiff)O(lOg5 T)
If moreover T' > N, then
L3771 < poly(Chi)O(log® T).

Proof: ForT < Nj, the result follows from Theorem 1.2. Let
T > N* and consider the uniform events &;r and LY, defined
in (56) and (I1.8). Define also

_ 4T
sz{ sup ||Fk1/2§:k||2§\/ﬁ+1/210g}
k<2T-1 o1
_ 2T
& = { sup ||FZ,1k/ZZkH2 < pm+ \/210!%5}
k<2T-1 1

where §; = ZQT ' §/k2. Based on Lemmas I1.2 and 1.6, and
a union bound, all events &y N Ef;;Ef’s NE, NE, occur with
probability at least 1 — 7ZiTT1 k12 0. Now, we proceed as in
the proof of Theorem I.2. Instead of separately bounding the
quantities in steps 3) and 4) in the proof of Theorem 1.2, here
we provide a combmed bound on the sum of ||V, / Y2z 3.

The sum ||V, k71 ®Z||2 is upper bounded by

(Z HVk 11/2 1/2” )
However, since 7' > N§, based on the event E5ry
271 . /
—1/211/2
Y v, <
k=T

Finally, based on &, we have ||[I', [~ Z;||3 = O(log T).
The remaining steps are the same as in the proof of Theorem 1.

sup

ez,
k<2T-1

1/2

APPENDIX Il
TECHNICAL LEMMAS

Lemma I11.1: Let ¢ > 0. The inequality
k> clogk

is true if & > max{2clog 2¢, 1}.

Proof: If ¢ < e, then the inequality is satisfied for all k >
0. To see why this holds, consider f(k) =k —elogk. The
minimum is attained at f(e) = e —eloge = 0. Hence, k >
elogk > clogk. If ¢ > e, then the function k — clogk is in-
creasing for k > c. Moreover, 2clog2c > c¢. As a result, if
k > 2clog 2c, then also

k — clogk > 2clog 2¢ — clog(2clog 2¢)
> (c— E) log2c >0
e

where we used Lemma I11.3.
Lemma I11.2: Let ¢ > 0. The inequality

k> clog®k

is true if & > max{4clog? 4c, 4clog 4c, 1}.

Proof: 1If ¢ <1, then the inequality is satisfied for k£ > 1.
To see why this holds, define f(k) = k — log® k. Its derivative
flk)y=1- 2% is always positive for & > 1 since from the
proof of Lemma III.1 & > 2log k. Hence, f(k) > f(1) =

Consider now the case ¢ > 1 and define g(k) = k — clog? k.
Its derivativeis ¢’ (k) = 1 — QClogk From Lemmalll.1, ¢'(k) >
0, for k > max{4clog4c,1}. Now, pick k; = 4clog? 4¢ and
observe that k1 > 4clog4c since 4¢ > e and log 4c > 1. Since
g isincreasing for k > ky, itis sufficient to prove that g(k;) > 0.
Invoking Lemma II1.3, we obtain the inequality

1 2
clog?(k1) < c (log 4c + ~log 4c> < 4clog?de = ky
e

where (i) follows from Lemma I11.3.
Lemma I11.3: Let ¢ > e, then the following inequality holds:
1
loglog e < —loge.
e
Proof: Consider function f(c) = 1logc—logloge and
compute the derivative

fle)=—-=

ec cloge’

The minimum is attained at e€. Hence,
fle) > [f(
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