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Combined Left and Right Temporal Robustness
for Control Under STL Specifications
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Abstract—Many modern autonomous systems, particu-
larly multi-agent systems, are time-critical and need to be
robust against timing uncertainties. Previous works have
studied left and right time robustness of signal tempo-
ral logic specifications by considering time shifts in the
predicates that are either only to the left or only to the
right. We propose a combined notion of temporal robust-
ness which simultaneously considers left and right time
shifts. For instance, in a scenario where a robot plans a
trajectory around a pedestrian, this combined notion can
now capture uncertainty of the pedestrian arriving earlier
or later than anticipated. We first derive desirable proper-
ties of this new notion with respect to left and right time
shifts and then design control laws for linear systems that
maximize temporal robustness using mixed-integer linear
programming. Finally, we present two case studies to illus-
trate how the proposed temporal robustness accounts for
timing uncertainties.

Index Terms—Time-critical systems, signal tempo-
ral logic, temporal robustness, control design, formal
synthesis.

[. INTRODUCTION

HIS letter studies temporal robustness of time-critical

systems, i.e., systems in which meeting real-time safety
constraints is of great importance. Examples of time-critical
systems include multi-robot systems and self-driving cars.
While time-critical systems may satisfy their safety constraints
under nominal operating conditions, already slight temporal
perturbations such as time delays may jeopardize its safety if
the system is not robust against such perturbations.

A common way to express real-time constraints is to
use signal temporal logic (STL) [1]. Spatial robustness
of STL specifications, quantifying permissible spatial per-
turbations, has been widely studied in the literature,
see e.g., [2], [3], [4]. For control under spatial robustness
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objectives, there exist mixed-integer linear programming
(MILP) approaches [5], [6], [7], gradient-descent searches
[8], [9], control barrier functions for STL [10], [11], and
learning-based frameworks [12]. However, these notions do
not directly capture any robustness against temporal uncer-
tainties. A first attempt to define time robustness for STL
specifications was made in [13]. The authors define the left
(right) time robustness by quantifying the maximal permissible
left (right) time shifts in the predicates of the STL specifica-
tion that do not result in a violation of the specification. In
our previous works [14], [15], we analyze various properties
of left (right) time robustness and propose an MILP encod-
ing to control linear systems such that the left (right) time
robustness is maximized. We continue along these lines and
propose a novel notion of temporal robustness to account for
both forward and backward temporal perturbations.

Besides the aforementioned notion of left (right) time
robustness, there exist various other time robustness notions.
Averaged STL was presented in [16] and captures temporal
robustness by averaging spatial robustness over time intervals.
Hybrid system conformance, see e.g., [17], [18], quantifies the
closeness of hybrid systems trajectories and measures a com-
bination of spatial and time robustness, but does not allow for
asynchronous time shift in the predicates. The authors in [19]
introduce a metric that can quantify the temporal relaxation
of STL specifications. Tailored to multi-agent systems, the
authors in [20], [21] propose counting linear temporal logic
which requires a minimum number of agents for the satisfac-
tion of a specification. The authors design control laws for such
specifications where agents can implement their plans asyn-
chronously, which can even account for time scaling effects,
e.g., an agent pauses or speeds up, and not only time shifts
in the predicate signal as we consider in this letter. Temporal
robustness of stochastic signals has been considered in [22]
by using risk measures, but the authors there consider time
shifts in the system signal, opposed to time shifts in predicates.
In [23], monitoring of STL specifications under timing uncer-
tainty in the underlying signal is considered by using over-
and under-approximation of the satisfaction times of predi-
cates. While [24] considers the time sensitive control for a
subset of STL specifications, the authors in [25] present the
time window temporal logic that is used in [26], [27] to obtain
control laws for finding temporal relaxations when the speci-
fication is not satisfiable. In [28], the STL-based resiliency for
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cyber-physical system is presented that can capture temporal
violations by recoverability and durability.

We make the following contributions. First, we propose a
novel notion of temporal robustness for STL specifications
to account for forward and backward temporal perturbations.
We quantify the amount of permissible time shifts in the STL
predicates to the left and right. We then show a set of desir-
able properties of our definition. Furthermore, we propose
an MILP encoding for control of linear systems under the
temporal robustness objective.

Il. SIGNAL TEMPORAL Loaic (STL)

Let x : T — X be a discrete-time signal with T € N
(we assume that N includes 0) being the time domain and
Xx; € X being the state at time ¢, where X C R” is a metric
space. We call the set of all signals x : T — X the signal
space XT. A predicate p is defined as p := u(x) > 0, where
w(x) : X — R is a real-valued function of the state x. Let
I € T be a time interval. For any time point ¢ € T, we define
the set 41 := {t+ 1 | v € I}. The syntax of Signal Temporal
Logic (STL) is defined recursively as follows [1]:

pu=p|l—o |1t ANp2 | (1% (D

where p € AP is a predicate from a set of predicates AP, — and
A are the Boolean negation and conjunction, respectively, and
% is the Until temporal operator over a time interval /. One
can further define additional STL operators such as ¢ V @2 =
= (=@ A —@y) (disjunction), $re == T %@ (eventually) and
U = =Or—@ (always).

The semantics of an STL formula ¢ define when a signal
x satisfies ¢ at time f. Commonly, it is given via the STL
characteristic function x,(x, 1) : XT x T — {£1}, see [13]
for details. Intuitively, when x,(X,?) = 1, it holds that the
signal x satisfies the formula ¢ at time ¢, while x, (X, 1) = —1
indicates that x does not satisfy ¢ at time ¢.

While the semantics of STL indicate if the signal satisfies a
given specification at time ¢, the left and right time robustness
measures how robustly a signal satisfies a given specification
at time ¢ with respect to perturbations in time [13]. The left
and right time robustness Q(f (x, 1) of a formula ¢ relative to
a signal x at time 7 is defined recursively. For instance, the
left and right time robustness of a predicate p are defined as
follows:

9;(X7 t) = Xp(X’ t)

csup{t > 0: V7 € [r,t+ 1], xp(x, 1) = xp(x, 1)}
GE(X, I) = XP(X7 t)

csup{t = 0: VY €[t —1,1], xp(x, 1) = xp(x, 1)}

and then, to obtain the ij (x, 1), one needs to apply the stan-
dard recursive inf/sup rules to each Qpi (x, 1), similarly to the
characteristic function x,(x, #), see [15] for details.

The sign of the left (right) time robustness reflects the sat-
isfaction of the specification. Formally, if 93: (x,1) > 0 then
XX, 1) =1 and if Gj(x, 1) < 0 then x,(x,1) = —1. In [15],
we also showed that the absolute value of the left (right) time
robustness measures how robustly a signal x satisfies a for-
mula ¢ at time # with respect to time shifts in the predicates of

—
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Fig. 1. Predicates p, g and STL formula ¢ = p Vv g satisfaction over
(a) signal x; (b) -late signal x>, where T = (2,1); (c) shifted signal xz,
where T = (1, — 2). One can see that for signal x and time t, the left and
right time robustness are G(Z'(X, t = 0(/,‘(x, Hh=2.

formula ¢. In fact, one can asynchronously shift predicates in
time to the left by up to |0(;)Ir (x, 1)| and the specification will not
change its satisfaction. Formally, for 7, ..., 7x € N, where
K is the number of predicates, if maxy t; < |9$‘ (x, )| then
X(p(x‘_f, 1) = xo(x,1), where T = (11, ..., 7x) and x“Tisa
T-early signal'. Analogously, if one shifts predicates in time
to the right by up to 6, (x, 1) then ¢ will not change its satis-
faction. Formally, for 71, ..., 7x € N, if max; 7p < |0</)_ x, )|
then X(p(xﬁf, 1) = xo(X, 1), where x~7 is a T-late signal.

Example 1: In Fig. 1(a), we plotted a characteristic function
of two predicates p and g and the formula ¢ = p Vv g. The
right time robustness is Glqu(x, t) = 2 (since 9[7_ x,1) =2
and 6,°(x, 1) = 1). Hence, the predicates can be shifted by up
to 2 time steps to the right and the formula at time ¢ must
still be satisfied, see Fig. 1(b). The left time robustness is
O g(X, 1) =2 (since 6, (x,1) =0 and 6 (x,1) = 2). The
predicates can thus be shifted by up to 2 time steps to the left
and the formula must still be satisfied.

I1l. TEMPORAL ROBUSTNESS

Note that the left (right) time robustness is directional: its
value provides a bound on how much predicates can be shifted
to the left (right). Importantly, one cannot consider time shifts
of some predicates to the left, while some other predicates
are shifted to the right. For instance, note that if we shift a
predicate p in Fig.1(a) by 1 time step to the left, but a predicate
q by 2 time steps to the right, see Fig. 1(c), then for the shifted
signal x;, where T = (1, —2), the formula satisfaction at time
t changes, i.e., it holds that x,(x7,7) = —1 # xe(x,1). To
overcome this limitation, we propose a temporal robustness
which quantifies the amount of permissible time perturbation
in both directions.

Definition 1: The temporal robustness 6,(x,t) of an STL
formula ¢ relative to a signal x : T — X at time r € T is
defined recursively as follows:

Op(x, 1) = xp(x,1) -sup{t > 0: Vi s.t. |/ —1] <,

Xp(X, 1) = xp(x, 1)}
Oy (X, 1) = —0,(X, 1)

IThe _signal x<T is called a T-early signal if Vpy € AP, Vt € T,
Ko X5 0 = xp (X, 1+ 7). The signal x 7T is called a 7-late signal if
Vpr € AP, V1 €T, xp, (X7, 1) = xp, (X, 1 — 1), see [15].
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Op) ngs (X, 1) = Inf(0, (X, 1), Oy, (X, 1))

Op, iy (X, 1) 1= t/sel;ilinf<0¢2 x, 1), t//ér[ltlft/) O, (X, t”))
When robustness is evaluated at ¢ = 0, we denote it as 6, (X)
as a shorthand notation for ,(x, 0).

We next show soundness of our definition, and remark that
the proofs of our results are provided in the Appendix.

Theorem 1 (Soundness): For an STL formula ¢, signal
X : T — X and some time ¢ € T, it holds that

1) If 6,(x, 1) > 0, then x,(x,1) = +1.

2) If 6,(x,1) <0, then xu(x,1) = —1.

Let us next analyze what information 0, (X, ) gives us about
robustness. First going back to Example 1 and Fig. 1(a), the
temporal robustness is Opvq(X, ) = 1 (since Gp(x,7) = 0
and 6,4(x,7) = 1) which gives us the desired result that the
left (right) time robustness could not give us. Recall that we
consider temporal robustness by time shifts in the charac-
teristic functions xp, (x,?) in an asynchronous manner, i.e.,
for each predicate py individually. Formally, for time shifts
71, ..., Tk € Z, we say that a signal x; is an asynchronously
shifted signal if X (X7,1) = xp (X, t+7¢) for all t € T and for
all pr € AP = {p1, ..., pk}. We next show how the temporal
robustness 0, (X, ) relates to permissible time shifts t; via xz.

Theorem 2: Let ¢ be an STL formula built upon a predicate
set AP ={p1,...,px}. Letx : T — X be a signal and t € T
be a time point. For V1q, ..., tx € T, it holds that:

max (|7, ..., [tk]) = 10,(X, )] = xp(Xz,1) = xp(X, ).

For predicates, we show an interesting connection between
the temporal robustness and the left (right) time robustness
which follows directly from the definition.

Corollary 1: Given a predicate p € AP and a signal
x : T — X, for any ¢ € T, the following equality holds:

Oy (X, 1) = xp(X. 1) -min<|9;(x, Dl 16, (x, z)|) )

For a formula ¢, it however does not hold that 6, (x, 1) =
XX, 1) - min(lég‘(x, D, |9¢_(x, 1l), e.g., as in Example 1.
However, we can prove the following relation between
them.

Theorem 3: Given an STL formula ¢ and a signal
x: T — X, forany 1 € T, |6,(x, )| < |05 (x, 7).

IV. TEMPORALLY-ROBUST STL CONTROL SYNTHESIS

Let us next address the question of how to control a
system to be temporally robust. We particularly consider linear
systems and assume that the formula ¢ is build upon linear
predicates. Our goal is to find an optimal control sequence
u* such that the corresponding trajectory x respects input and
state constraints and satisfies the specification ¢ robustly while
maximizing a desired cost function J.

Problem 1 (STL Control Synthesis): Given an STL specifi-
cation ¢, time horizon? H, discrete-time linear control system
with initial condition xg € X, solve

2We assume that ¢ are bounded-time STL formulas with formula length
len(¢) < H. For the formula length definition, we refer the reader to [5].

u* = argmax J(xg, u, X, @)
u

S.t. xH_l:Fx,—}-Gu,, u,GU, t:O,,H_l

xo€Xo, x€X,t=1,...,H

Xo(x) =1

where J(xp, u, X, ¢) is the desired cost function. In robust
STL control synthesis the cost function depends on a specific
robustness of interest, e.g., spatial robustness [2], left (right)
time robustness [14], and in our particular case, temporal
robustness.

To solve Problem 1 with J = 6,(x), we present a mixed-
integer linear (MILP) encoding of the temporal robustness
0, (x). Recall that by Def. 1, 0,(x, 1) is defined recursively on
the structure of ¢. Below, we describe the main milestone of
the overall MILP encoding, that is the encoding of predicates
0p(x, 7). From Cor. 1 and Thm. 1, we get that

min(e);(x, 0, 6y (x, z)) if xp(x, 1) = 1

3
max(@,j‘(x, n, 6, (x, t)) if x,(x, 1) =—1 ©

6,(x, 1) =

The complete MILP encoding of 9; (x, 1), 6, (x,1) and x,(x, ?)
is presented in [14]. The encoding in [14] introduces binary
variables z; € {0, 1} to represent the Boolean satisfaction of
the given predicate p at every time point ¢ within the horizon
and also introduces the integer counter variables ¢, and ¢V to
enumerate sequential time points in the future and in the past
for which x,(x, #) does not change its value.

Next, having encoded the left 0; (x,?) and right Gp_ x, 1)
temporal robustness of a predicate p, the min and max oper-
ators used in (3) can be encoded utilizing the rules from [5].
For instance, if 9; (x,t) = r; and Qp_ (x,t) = rp, then
min(6,’ (x, 1), 6, (x,7) = r if and only if:

ri—M(—b)<r<r, Vie{l, 2}
bi+b=1 “4)

where b; = {0, 1} are introduced binary variables and M is a
big-M parameter. The max operator can be encoded similarly.

Thus, we obtain the MILP encoding of the two vari-
ables from (3), v; = min(6,f (x,7), 6, (x,7) and @ =
Inax(eljL (x, 1), 6, (x,1)). Using (3) and the binary variables

Xp(x,0+1
2

Zr = , the temporal robustness 0,(x, t) is defined as’

Op(X, 1) = zvr + (1 — ) wy. 5

We can now use the MILP encoding for the remaining
Boolean and temporal operators as originally presented in [5].
In Section V and Table I we present a comparison analysis of
the performance and computation times of solving Problem 1
for various temporal robustness functions, such as J = 6,(x)
and J = Gwi (x).

V. EXPERIMENTAL RESULTS

In this section, we present two case studies in which
we solve the control-synthesis problem 1 for various cost

3Note that (5) can be expressed as a set of MILP constraints according
to [14, Lemma 4.1].
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(@) J = Bp(x): Temporal robustness maxi-
mization. Found maximum is 8y (x*) = 4.
Evaluated left and right time robustness
values are 64 (x) =6 and 6, (x*) =4
respectively.

(b) J = 9$ (x): Left time robustness max-
imization. Found maximum is 6, (x*) =
10. Evaluated temporal robustness and
right time robustness values are 6y (x*) =
0, (x*) =0.

(c) J = 6, (x): Right time robustness max-
imization. Found maximum is 6, (x*) = 6.
Evaluated temporal robustness and left time
robustness values are 8 (x*) = O(P+ (x*)=3.

Fig. 2. Timed Navigation. Maximization of various temporal robustness objectives J.

TABLE |
SUMMARY OF EXPERIMENTAL RESULTS

’ Mission ‘ Objective J ‘ Comp. Time (s) | Simulations ‘

Op(x*) =4 12.36 https://tinyurl.com/temp-rob

Scen. 1|67 (x*) =10 2.95 https://tinyurl.com/temp-left
0, (x*) =6 4.78 https://tinyurl.com/temp-right
’ Scen. 2 ‘ Oy (x*) =3 ‘ 35.74 https://tinyurl.com/uav-surv ‘

functions. All simulations were performed on an Intel Core
17-9750H 6-core processor with 16GB RAM. The code was
implemented in MATLAB using YALMIP [29] with Gurobi
9.1 [30] as the solver. The computation times and links to
animations are reported in Table I.

Scenario 1 - Timed Navigation: Consider an autonomous
agent with 2D position and velocity x := (pos, vel) € R*
where (pos, velp) := (0, 6, 0, 0). We consider the dynamics

Xepl = Fxp + Guy,  uelloo < 20 (6)
where F =L ® (1) Oil and G = 060?5]. The agent should

first reach zone A, see Fig. 2 for an illustration, any time
within the time interval [10, 14] and then reach zone B any
time within [19, 23] as captured by the STL specification:

¢ = <r0,141(pos € A) A Op19,231(pos € B) (7

where A .= (x> 4) Ax <8 A =4HAH <8) and
B=x>6) A@<10)A(y=12) A (y < 16).

We first solve Problem 1 for J = 6,(x) and plot the resulting
trajectory x* in Fig. 2(a), and obtain 6,(x*) = 4. From the
characteristic function plotted in Fig. 2(a), one can see that
if the agent starts the execution of the trajectory by up to 4
time steps earlier or later, the mission specification ¢ will still
be satisfied, since for such a shifted trajectory there will be
at least one point in time, where the agent is within zone A

and B within the specified time intervals (depicted in grey
color). This result supports Thm. 2 derived previously. For
comparison, the calculated left and right time robustness are
GJ (x*) = 6 and 6, (x*) = 4, respectively. One can see, that
indeed, 6, (x*) < Q;t (x*) which is expected by Thm. 3.

To compare the system’s behavior under different cost func-
tions in Problem 1, we use the left time robustness J = QJ x)
and the right time robustness J = 6, (x) as control objectives.
We next show that the temporal robustness is preferred over
the left and right time robustness when dealing with systems
where the direction of perturbations in time is unknown.

The results of maximizing the left time robustness are
presented in Fig. 2(b) where J* = QJ(X*) = 10. It is
expected that the maximization of the left time robustness
leads to a trajectory for which the agent reaches the desired
goal within the required time bounds and then it stays
there for as long as possible. In Fig. 2(b) this is repre-
sented as YposeA(X*,9) = ... = Xposea(X*,20) = 1 and
XposeB(X™,23) = ... = Xposep(X*,34) = 1. This means that
if the agent starts the execution earlier by up to 10 time units
(the trajectory is shifted to the left), the mission will still be
satisfied. However, any perturbation that leads to a trajectory
shifted to the right results in a violation of the specification,
0,(x*) = 67 (x*) = 0. Indeed, in this case, the agent will
not be able to visit the zone B within [19, 23] time units, see
Fig. 2(b).

The results of maximizing the right time robustness are
presented in Fig. 2(c) where J* = 6, (x*) = 6. Note that
in this case, the agent reaches both zones as soon as possi-
ble, see Fig. 2(c). We obtain the temporal robustness and left
time robustness of 6, (x*) = 9;‘ (x*) = 3. We can again see
that 6, (x*) < Qj(x*) which is consistent with Thm. 3. Also
note that since the evaluated left time robustness 9;' (x*) =3,
only the predicate shifts up to 3 time steps to the left still
guarantee the satisfaction of the specification. From Fig. 2(c)
one can see that the shift by 4 time steps to the left leads
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Fig. 3.

Timed Multi-UAV Surveillance. 2D and 3D representation of the map from different angles. Optimal trajectory x* is obtained by the

maximization of temporal robustness using Problem 1. Found maximum temporal robustness is 6, (x*) = 3.
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-1 A — Xpos<C

0 8 1 14 19 30 34

Time
Fig. 4. Timed Multi-UAV Surveillance. Various sub-formulas satisfac-

tion over an optimal signal x*. Found maximum temporal robustness is
0, (x*) = 3.
(7

to an agent leaving both regions of interest sooner than the
predefined intervals, therefore, the mission is violated.

Scenario 2 - Timed Multi-UAV Surveillance: We now con-
sider two unmanned aerial vehicles (UAVs) in a surveillance
mission. Particularly, consider the dth agent with state x@ =
(pos@, vel)) e RS where pos and vel are the 3D posi-
tion and velocity, see Fig. 3. The initial states are set to
be (pos’, vel() = (1,14,0,0,0,0) and (posy’, vel§?) =
9, 1,0,0,0, 0). Let the dynamics of both UAVs be of the form

fi)l = Fxgd) + Gut(d) where F and G are obtained through the
linearization of the UAV dynamics, see [31] for more details.
The inputs ugd) € R3 are the thrust, roll, and pitch of the UAV.

The UAVs are tasked with a persistent surveillance mis-
sion of the region C, see Fig. 3, while each of them must
visit their individually assigned regions A and B. The overall
specification is of the form ¢ = /\?:l ©; where:

1) UAV 1 should reach and stay in zone A all the time from

29 to 31 time units, ¢ = (o 31)(pos') € A).

2) UAV 2 should eventually reach zone B any time between
0 and 20 time units, ¢, = 0[0‘20](p0s(2> € B).

3) Region C should be surveilled, i.e., either one or both
UAVs must be within C all the time from 11 to 30 time
units, @3 = D[11,30](pos(1) eC v pos(z) e ).

Similarly to the 2D case, the regions A, B and C are defined
via a set of conjunctions over linear predicates.

We solve Problem 1 for the temporal robustness objective
which leads to the optimal solution J* = 6,(x*) = 3. Such
optimal solution due to Thm. 2 guarantees that for any shifted
signal x; with max(|t1], |[t2]) < 3, the mission specification

will be satisfied. Take a look at Fig. 4. For the corner case, if
one shifts the orange line to the left by 3 time units and the vio-
let one to the right by 3 time units, i.e., T = (3, —3), then one
can see that X omec(X7,5) = ... = Xposthec(Xz, 16) =1
and Xpos(z)EC(Xf’ 17) = ... = Xposa)EC(Xf, 34) = 1, there-
fore, x¢;(x7) = 1. Analogously, ¢; and ¢ are satisfied by xz,
therefore, the overall satisfaction of ¢ is indeed preserved by
the shift T = (3, —3).

V1. CONCLUSION

We proposed a temporal robustness for STL specifications
to account for forward and backward temporal perturbations.
We showed the desirable properties of this new robustness
notion, including soundness and the meaning of the tempo-
ral robustness in terms of permissible forward and backward
time shifts. We then designed control laws for linear systems
that maximize the temporal robustness objective using mixed-
integer linear programming (MILP). Finally, we presented two
case studies to illustrate how the proposed temporal robustness
accounts for timing uncertainties.

APPENDIX

Proof of Theorem 1: The proof is by induction on the struc-
ture of ¢. We are going to prove the item 1. Item 2 can
be proven analogously. We will also only show the predicate
case, i.e., the case when ¢ = p. The other operators, i.e.,
when ¢ = =@ | 91 A @2 | 1% @2, can be done analogously to
[14, Thm. 2.1].

Item 1: We must show 6,(x,1) > 0 = x,(x,1) = 1.
Since we are given that 6,(x, t) > 0 and in Def. 1 7 > 0, then
xp(X, 1) > 0 and thus, since x € {£1}, xp(x,1) = L.

Proof of Theorem 2: Let ¢ be an STL formula built upon
a predicate set AP = {p1,...,pk}, xXT — X be a sig-
nal and ¢+ € T be a time point. We want to show that for
V11,..., 1k € T, such that max(|z1|, ..., [tk|) < |0,(X, D], it
holds that x,(xz, 1) = x,(x, ). The proof is by induction on
the structure of ¢.

Case ¢ = pi. Denote |6, (X, 1)| = r. Then by Def. 1, Vk €
[=r, 7], xpe (X, t+ k) = xp, (X, 1). We get that y,, (X7,1) =
Xt + 1) = xp(X,0), if T € [, 7], de, if 7| < 7.
Since we assume that max(|zq|, ..., |tx]|) < r, then |t&| < r
and thus xp, (X7, 1) = xp (X, 1).

Case ¢ = —¢@j. By definition, [0y, (x, )| = |6,(X, 1)|. We
are given that max(|til, ..., [tx]) < [0,(X, D] = |0y, (X, DI.
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The induction hypothesis leads to x,, (Xz, 1) = X, (X, ). Thus,
X(p(xfa nH= —Xoi (xz,0) = —Xo1 (x,0) = ti(xv D).

Case ¢ = @1 A 2. We will only show the proof for the
case when x,(x, 1) = 1, since the case when x,(x, 1) = —1
can be shown analogously. Since x,(x, ) = 1, we know that
Xo:(X,1) = 1 for both i € {1,2} and also due to Thm. 1,
0o(x,1) > 0 and 0, (x,7) > 0. Denote 0, (x, 1) = r. Therefore,
by Def. 1, 6,,(x,7) > r for both i € {1,2}. We are given
71, ..., Tg such that max(|tq|, ..., |tx]|) < r. Therefore since
|64; (X, 1)| > r then by the induction hypothesis for both i €
{1, 2}, for given Ty, ..., tg it holds that y,(xz,?) = 1. Thus,
Ko (e, 1) = (1, (Xe. 1), Xy (X2, 1) = 1 = X (X, 7).

Case ¢ = 1% ¢2. We will again only show the proof for
the case when x,(x,#) = 1. Due to Thm. 1, 6,(x,#) > 0.
Denote 6, (x,7) = r. Then by Def. 1, 3¢ € ¢t + I, such that
Oy, (x,¢) > r and V1" € [t,1), O, (x,1") > r. Therefore,
using the induction hypothesis and Thm. 1, we get that
I e t+ 1, xp(xz,7) = xp,(x,') = 1 and V¢’ €
[t.1), xp,(Xz,1") = x¢,(x,1") = 1. But then x,(xz,1) =
SUPyery 1 iINF(Xgy (X7, 1), infyreps iy Xy (X, 1) = 1 = xp(X, 1).

Proof of Theorem 3: Let ¢ be an STL formula, x : T — X
be a signal, and ¢+ € T be a time point. We want to prove
that [0, (x, )| < |9(;IE (x, #)|. The proof is by induction on the
structure of ¢.

Case ¢ = p. From Cor. 1 we know that 6,(x,1) =
xXp(X, 1) - min(|9;(x, Nl 16, x, . Therefore, |0,(x,1)| =
min(|6,f (x, D1, 16, (x, D)) < |6 (x, D).

Case ¢ = —¢@1. Due to Def. 1 and the induction hypothesis
for g1, (6, (X, )] = 164, (%, D] < 63 (x,1)| = |9f¢1(X, 1.

Case ¢ = @1 A ¢2. We will again only show the proof for
the case when x,(x, 1) = 1. Since x,(x, ) = 1 then we know
that x,,(x, ) =1 for both i € {1, 2} and also due to Thm. 1,
0o(x,1) > 0 and 6,,(x,7) > 0. By induction hypothesis, for
both i € {1,2}, 6,(x,1) < ngf(x, ). By Def. 1, 0,(x,1) =
inf(0y, (X, 1), 0y, (X, 1)) < Oy(X, 1), for both i € {1, 2}. Thus,
B, (X, 1) < 6, (%, 1) < inf(0 (X, 1), 0 (X, 1) = 05 (x, 1).

Case ¢ = 1% ¢p>. We will again only show the proof for
the case when x,(x,#) = 1. Due to Thm. 1, 6,(x,#) > 0.
Denote 6,(x, 1) = r. Then by Def. 1, 3t € 1+ I, such that
Op, (X, ') = r and V1" € [1,1), O, (x,1") > r. By using the
induction hypothesis together with the above, we get that, 3t €
t+1, 0(;'3 (x,¢) >rand V¢’ € [t,1), G;'EI (x, ") > r. Therefore,

+ > ; + AN + /1
Oy (X, 1) = supy g inf(Oy, (X, 1), infrrepy ) O, (X, 17)) = 1.
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