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Abstract—In this article, we address the problem of stochastic
motion planning under partial observability, more specifically,
how to navigate a mobile robot equipped with continuous range
sensors, such as LIDAR. In contrast to many existing robotic
motion planning methods, we explicitly consider the uncertainty
of the robot state by modeling the system as a partially observable
Markov decision process (POMDP). Recent work on general pur-
pose POMDP solvers is typically limited to discrete observation
spaces, and does not readily apply to the proposed problem due
to the continuous measurements from LIDAR. In this article, we
build upon an existing Monte Carlo tree search method, par-
tially observable Monte Carlo planning (POMCP), and propose a
new algorithm POMCP++. Our algorithm can handle continuous
observation spaces with a novel measurement selection strategy.
The POMCP++ algorithm overcomes overoptimism in the value
estimation of a rollout policy by removing the implicit perfect state
assumption at the rollout phase. We validate POMCP++ in theory
by proving it is a Monte Carlo tree search algorithm. Through
comparisons with other methods that can also be applied to the
proposed problem, we show that POMCP++ yields significantly
higher success rate and total reward.

Index Terms—Monte Carlo tree search (MCTS), motion and
path planning, partially observable Markov decision process
(POMDP).

I. INTRODUCTION

THE problem of motion planning shows up in almost all
robotic applications, including navigating mobile vehicles
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in complex environments, manipulating robotic arms to grasp
objects, controlling microrobots for cellular and chemical de-
livery, and others. Depending on the modeling assumptions,
motion planning problems can, in general, be categorized into
the following three broad classes.

1) Deterministic motion planning: Problems in this category
assume a deterministic motion model, a known initial
state, and a known environment, for which an open-loop
control policy suffices. Such problems are well addressed
by search-based algorithms, such as A* [1], or sampling-
based algorithms, such as RRT, RRT*, and Probabilistic
RoadMap (PRM)* [2].

2) Stochastic model with perfect state information: In this
class, uncertainty of the motion is taken into account
while perfect state information is assumed to be accessi-
ble. Receding horizon control (RHC) [3], combined with
deterministic motion planning algorithms, directly lends
itself to the generation of a feedback control policy for
such problems, which implements the idea of certainty
equivalent control [4, Ch. 6.2]. However, it requires one to
include motion uncertainty explicitly in cost computation
of paths in order to obtain an optimal feedback policy [5]–
[7].

3) Stochastic model with imperfect state information: Com-
pared with the last two classes, problems in this category
provide the most general modeling of a robotic system,
which include stochastic motion and measurement models
and a prior probability distribution over the state. Practi-
tioners typically extend the idea of the separation princi-
ple, and rely on a state observer to provide an accurate
estimate of the state. Then, methods from the second
category may be applied.

In this article, we consider problems in the third category,
and specifically refer to such problems as stochastic motion
planning. Existing practical approaches to solving this problem
come with limitations. Failure to provide accurate state estimate
can lead to catastrophic consequences, such as collisions.
Furthermore, for estimation methods, such as visual inertial
odometry [8], maintaining observability of the states requires
active uncertainty reduction as a part of the planning. These
limitations motivate the exploration of formal approaches to
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explicitly address the stochastic motion planning problem
without resorting to certainty equivalence [9]–[12].

In the context of stochastic motion planning, partially ob-
servable Markov decision processes (POMDPs) [13] arise natu-
rally since they provide a mathematical framework that couples
stochastic motion and measurement models found in stochastic
motion planning problems. Notwithstanding, the prohibitive
computation cost in solving POMDP problems optimally pre-
vents their widespread application. The technical challenge is
twofold. First, a policy for POMDP problems is known to be a
function of belief state instead of simply the state estimate. Even
for a system with finite state space of size n, the belief space is
continuous and resides in Rn−1. Second, in order to find an
optimal policy, one also has to consider all future outcomes,
the number of which grows exponentially with the search depth.
Pineau et al. [14] summarize the two challenges vividly as curse
of dimensionality and curse of history.

Many efforts from robotics community have attempted to
approximate the stochastic motion planning problem by mod-
eling the systems as Linear systems with Quadratic cost and
Gaussian noise (LQG) [9], [15]. Efficient algorithms exist for
finding a control policy for such models. Two major limitations
of LQG prevent its wide application to stochastic motion plan-
ning problems. First, LQG methods require a Gaussian state
distribution. In many problems, the belief state of the robot
may not be a unimodal Gaussian distribution, especially in
ambiguous environments. Application of LQG methods also
requires differentiable objective, dynamical, and measurement
functions. It may not be natural to formulate the task as a
differentiable objective function. More fundamentally, some
widely used sensors on robotic platforms, such as LIDAR, lack
an explicit and differentiable measurement model.

In the AI community, there is also a strong body of litera-
ture on POMDP solvers for general systems [16], [17], where
only a simulator of the system, instead of explicit models, is
required. Recent developments on tree search based general
POMDP solvers, partially observable Monte Carlo planning
(POMCP) [11] and determinized sparse partially observable
tree (DESPOT) [18], have demonstrated effective solutions to
large-scale problems (PocMan with 1056 states).

Two difficulties follow immediately in applying the general
tree-based POMDP solvers, such as POMCP and DESPOT, to
solve stochastic motion planning problems. First, the general
POMDP solvers usually assume a (finite) discrete system, but
robotic systems are continuous. The continuity of the state
space should not pose a problem. Instead of being represented
explicitly as a finite-dimensional vector, the belief of the state
can be approximated with samples. The continuity of the ac-
tion space can also be removed by considering only a finite
set of motion primitives. However, it remains unclear how to
handle the continuous observation space. A naive application
of the existing tree search methods will result in an overly
shallow tree, which is unlikely to produce informed actions
that account for a longer horizon, as is necessary in planning
problems.

The second difficulty, which is less obvious, comes from
estimating the value of the rollout policy. Consider using

deterministic motion planning methods as the rollout policy.
During the rollout phase of tree search based POMDP solvers,
one has to find an action sequence based on a sample at a leaf
node; apply the actions to the same sample; use the simulated
results to estimate the value of the rollout policy. This is equiv-
alent to the assumption of a known state at the start of rollout
phase, resulting in an overly optimistic estimated value, which
can lead to incorrect action selection in the tree policy.

A. Contributions

In this article, we address the general robotics problem of
stochastic motion planning problem with continuous measure-
ments. We formulate the problem for ground vehicle equipped
with a range sensor (LIDAR), whose task is to navigate to a
goal on a known occupancy grid map. We note that the methods
proposed here may apply more generally to other robot models
and sensor types, but we focus on one problem instance for
concreteness. We solve the navigation problem by building upon
POMCP [11], a tree search method for the solution of general
POMDPs, and proposing a new algorithm, POMCP++. Our
major contributions are summarized as follows.

1) Our POMCP++ algorithm addresses the aforementioned
difficulties by introducing two major improvements to
POMCP. First, measurement likelihood of the original
system is distorted so that existing measurement branches
in the tree can be revisited with nontrivial probability.
Second, a group of samples, instead of one, is enforced
to traverse downstream the same set of nodes in the tree
simultaneously. The belief at a leaf node can be well
represented, resulting in more accurate value estimate of
the rollout policy. The correct update of the values at the
traversed nodes is still guaranteed through the application
of importance sampling.

2) Because of the distorted measurement likelihood, the es-
timated value from the simulation episodes is biased for
the current policy. Notwithstanding, we prove that such
an estimate is unbiased as the number of simulations and
the size of sample group tend to infinity. Therefore, the
proposed POMCP++ algorithm is shown to be a valid
Monte Carlo tree search (MCTS) algorithm.

3) We present simulation results that compare POMCP++
with existing approaches that can also be applied to the
stochastic navigation problem. The results indicate that
the POMCP++ algorithm yields a higher summation of
discounted reward, the objective to be maximized. Fur-
thermore, POMCP++ achieves a higher success rate while
reducing the rate of collisions and premature stops outside
the goal region. In addition to simulations, we demonstrate
the performance of POMCP++ on a real robotic platform
in an ambiguous hallway environment.

II. RELATED WORK

When addressing stochastic motion problems, most of the
works from robotics community assume the robotic system
is LQG. The assumption of the separation principle in LQG
allows control and estimation to be performed independently,
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simplifying the problem. There is also an independent body of
literature from the AI community trying to solve POMDP in
its most general form. In this section, we review literature from
these two communities separately.

Earlier works on LQG systems, such as Prentice and Roy [9]
and Platt et al. [19], assume maximum likelihood measurements,
which help in identifying a unique posterior distribution, but
introduce additional information. Du Toit and Burdick [20]
prove that maximum likelihood measurement introduces the
least amount of information comparing with other future mea-
surement sequences. Van den Berg et al. [15] first figure out the
actual dynamics of the belief state of an LQG system. He shows
that the covariance of the posterior Gaussian distribution is fixed
for arbitrary future measurements, whereas the mean follows a
Gaussian distribution. Van den Berg et al.’s finding in [15] helps
remove the maximum likelihood assumption in later works, such
as [10], [21]–[25].

The LQG approaches can also be categorized based on its
origin of the deterministic counterpart. Censi et al. [26] solve the
problem with graph search. Bry and Roy [27] propose RRBT by
extending RRT*. More works are based on PRM since the belief
roadmap proposed by Prentice and Roy [9]. A known problem of
belief roadmap is the violation of the principle of optimality, due
to the lack of strict ordering of covariance matrices. Censi et al.
[26] and Bry and Roy [27] address this problem by imposing
partial ordering for beliefs. Agha-Mohammadi et al. [22], [28]
introduce “belief stabilizers,” which assume the existence of a
local controller at each node in PRM that can bring the belief at
a node to its neighbor nodes representing other belief. Shan and
Englot [29] avoid the necessity of partial ordering by considering
the largest eigenvalue of a covariance matrix. In addition to
the aforementioned graph search methods, there are algorithms
trying to find a control policy through optimization. van den
Berg et al. [10] and Sun et al. [24] directly solve for the feedback
control policy through dynamic programming. Vitus and Tomlin
[21], Indelman et al. [23], and Rafieisakhaei et al. [25] find the
next best action and form a feedback policy through RHC.

Efforts from the AI community try to solve POMDP problems
in their most general form without the LQG system assumption.
For finite discrete systems, Pineau et al. [14] first propose
offline point-based method, which forms the basis for many later
extensions [16]. There are two main ideas embedded in the point-
based methods that break the curse of dimensionality and the
curse of history, respectively. In the case that an initial belief is
known, it is believed that only a small subset of the belief space is
reachable. Therefore, one can only consider the reachable belief
space, which can be approximated by a set of belief samples. The
second idea is to exploit the fact that the optimal value function
for a finite discrete system is a convex piecewise linear function
of the belief, first proved by Sondik [30]. Although the number
of piecewise linear regions grows with search depth, one can
only keep a fixed number of “α-vectors” in order to bound the
computation complexity. Extensions of point-based methods,
such as [31], [32], are usually different in how to choose the
belief samples and update the “α-vectors.”

Offline POMDP solvers estimate the value function over the
entire belief space. In contrast, online POMDP solvers focus

on estimating the value for the current belief and generating
the next best action. Most of the online POMDP solvers are
based on tree search [17], alternating three steps: find the most
promising leaf node, expand the node, and update the parents
of the leaf node through dynamic programming. Variations of
online POMDP solvers [33], [34] are usually different in what
heuristics is applied in finding the next best leaf node to expand.
Developments in sampling-based online POMDP solvers, such
as POMCP [11] and DESPOT [12], have demonstrated their
effectiveness in solving large-scale problems. It is worth noting
the subtle difference between POMCP and tree search methods.
POMCP is based on MCTS, where the tree and the prede-
fined rollout policy, together, construct a single policy. As the
number of simulations increases, the policy represented by the
tree may hopefully converge to the optimal policy. In contrast,
tree search methods, such as DESPOT, embed all policies in
the tree. The job of the algorithm is to identify the optimal
policy by accurately estimating the values at the nodes in the
tree.

Most of the general POMDP solvers, either offline or on-
line, are limited to finite discrete measurement space. A few
works attempt to relax this limitation. Hoey and Poupart [35]
propose the insight that observations should only be differ-
entiated when they result in different posterior distributions,
which provides a metric to partition large, or even continuous,
observation space. Works in [36]–[38] try to solve the continuous
POMDPs in general. Van den Berg et al. [36] generalize the work
in [10], focusing on continuous POMDPs with Gaussian noise.
Chaudhari et al. [37] propose a formal approach to discretize
a continuous POMDP through incremental sampling. Sunberg
and Kochenderfer [38] extend POMCP and utilize progressive
widening [39] to handle both continuous action and observation
spaces.

A few works try to apply general POMDP solvers for stochas-
tic motion planning problems. Kurniawati et al. [40] propose
milestone guided sampling, which is, at its root, a point-based
method and is still limited to discrete problems. The specialty of
milestone guided sampling is that it employs a PRM-like idea to
guide the sampling of belief space. Lauri and Ritala [41] address
the navigation of a ground vehicle with range sensors using
POMCP. In [41], the continuous observation space is discretized
by converting range sensor measurements to tuples consisting of
cell indices and corresponding occupancy status. However, the
number of possible discrete measurements is still huge, which,
again, results in an overly shallow tree.

III. PROBLEM FORMULATION

In this work, we address the problem of navigating a ground
vehicle to a target location. Instead of assuming direct access to
the perfect state information, the robot has to estimate the state
through measurements from onboard range sensors, in this case,
a 2-D LIDAR. We assume the robot is given a known 2-D occu-
pancy grid map, which is necessary for computing measurement
likelihood. Fig. 1 shows examples of such problem. Formally,
the problem is described as follows.
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Fig. 1. (a) and (b) Representative examples of stochastic motion planning
problems, where the task is to navigate a ground vehicle to the target location
(green patch) on an occupancy grid map. The state of the robot is unknown.
However, the robot is provided with the initial belief (red particles) and has to
update its belief through sparse range measurements (blue). (a) Configuration
with the initial belief consisting of a single mode. The scenario in (b) is more
challenging with two modes in the initial belief. The second scenario requires
the robot to move out of the corridors in order to collapse the belief into a single
mode distribution.

A. Motion Model

The discrete-time dynamics of the robot is modeled as in [42]⎛
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(1)
where x = (x, y, θ)� ∈ X represents the position and orien-
tation, i.e., state, of the robot, whereas a = (v, ω, τ)� ∈ A
represents the velocity command, action. Furthermore, we note
that the belief of the robot state is defined as, b ∈ B : X �→ R,
b(x) := p(x). To model the uncertainty of system dynamics, the
input command a is distinguished from the executed command
ã = ṽ, ω̃, τ̃

ṽ = v + nv, ω̃ = ω + nω + nγ , τ̃ = τ
nv ∼ N (0, αv(v)

2 + βv(ω)
2)

nω ∼ N (0, αω(v)
2 + βω(ω)

2)
nγ ∼ N (0, αγ(v)

2 + βγ(ω)
2)

where α{α,ω,γ} and β{α,ω,γ} are empirical parameters. In our
work, we restrict the allowable actions to a finite subset Am ⊆
A, i.e., motion primitives, of the action space in order to reduce
the complexity of the problem.

B. Measurement Model

Measurements, z ∈ Z , are ranges of the beams produced by a
2-D LIDAR. Assuming the range of each beam, zi i = 0, 1, . . .
is independent, the measurement likelihood of z is the product
of the probability density function (pdf) of zi’s, i.e.,

p(z|x,m) =
∏
i

p(zi|x,m) (2)

where m : X �→ {0, 1} is a known occupancy grid map. There-
fore, it is sufficient to model a single beam. In this work, we use
the beam model from [42]

p(z|x,m) =

⎛
⎜⎜⎜⎝
zh

zs

zm
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⎞
⎟⎟⎟⎠

�

·

⎛
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⎞
⎟⎟⎟⎠

where

ph(z|x,m) =

{
ηh · N (z∗, σ2

h), if 0 ≤ z ≤ zmax

0, otherwise

ps(z|x,m) =

{
ηs · λs exp(−λsz), if 0 ≤ z ≤ z∗

0, otherwise

pm(z|x,m) = δ(z − zmax)

pr(z|x,m) =

{
1

zmax
, if 0 ≤ z ≤ zmax

0, otherwise

(3)

are four different types of measurement errors due to Gaus-
sian noise, unexpected objects, sensor failure, and unexplain-
able noise. The probability of each noise type is captured by
(zh, zs, zm, zr) with zh + zs + zm + zr = 1. In (3), z∗ and
zmax are the nominal and maximum range measurement. For ph
and ps, σh is the standard deviation for the normal distribution,
λs is the rate of the exponential distribution, and η{h,s} are the
normalization factors. For pm, δ(·) is the Dirac delta function.

C. Reward Model

It is necessary to describe the desired behavior through reward
functions. To encode desired constraints on safety, energy, and
total number of actions in our stochastic navigation task, we
define a stage reward function as follows:

r(xt,at,xt+1) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
−5 if m(xt+1) = 1

−5 if at = 0 and d(xt+1,xg) > εg

0 if at = 0 and d(xt+1,xg) ≤ εg

−1 otherwise

d(xt+1,xg) =
√

‖xt+1 − xg‖2 + ‖yt+1 − yg‖2 (4)

where xg is the target state. Cost is induced if the robot keeps
moving, which encourages fewer actions. Colliding with ob-
stacles, or stopping outside the target location, will introduce
additional cost. The accumulation of cost only stops if the robot
determines to stop within the target region, which is defined by
εg . Note the orientation of xg is ignored in determining task
completion.

Problem (Stochastic Motion Planning): Given the initial be-
lief b0 ∈ B of a robot, find a control policyπ∗ : B �→ Am, which
maximizes the discounted infinite horizon summation of the
stage reward

Vπ∗(b0) = max
π∈Π

E
xt,ztt=0,1,...

[ ∞∑
t=0

γtr(xt,at,xt+1)

]

subject to the motion and measurement models given in (1) and
(2), where γ ∈ (0, 1) is the discount factor.

We assume the availability of an estimator able to track the
belief of the robot at each time step. In the following of this
work, a particle filer [43] is used to represent the belief using
samples of different weights.
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IV. BACKGROUND

In this section, we briefly overview POMDP [4, Ch.4] and
POMCP [11]. The stochastic motion planning problem, consid-
ered in this work, is concerned with seeking a control policy for a
partially observable system, which can be modeled by POMDPs.
POMCP is an extension of MCTS [44] to solve POMDPs. The
proposed algorithm in this work modifies POMCP addressing
stochastic motion planning with continuous measurements.

A. Partially Observable Markov Decision Process

In POMDP, a system is modeled with an eight-element tuple,
X ,A,Z, t, o, r, b0, and γ. X , A, and Z are the state, action,
and observation spaces. t : X ×A×X �→ R, t(x,a,x′) :=
p(x′|x,a), is the transition probability. o : X × Z �→ R,
o(x, z) := p(z|x), is the measurement likelihood. r : X ×
A×X �→ R is a reward function.1 In this work, we assume
r(x,a,x′) is bounded, i.e., |r(x,a,x′)| < ∞. bt ∈ B : X �→
R, bt(x) := p(xt), represents the distribution of the state at
time t, whereas B is the belief space. Specially, b0 ∈ B0 is the
initial state distribution. γ ∈ (0, 1) is a discount factor.

The goal in POMDP is to find a control policy π :=
{μ0, μ1, . . . , μN−1} ∈ Π, where μt : B �→ A, such that the dis-
counted summation of reward is maximized,2 i.e.,

Vπ(b0) = E
xt,zt

t=0,1,...,N−1

{
N−1∑
t=0

γtr(xt, μt(bt),xt+1)

}

π∗ = argmax
π∈Π

Vπ(b0), V ∗(b0) = Vπ∗(b0).

In the case that the discounted summation of reward is over
infinite horizon, there exists an optimal stationary policy, π∗ =
{μ, μ, . . .}, which maximizes limN→∞ Vπ(b0) [45, Ch.1].

B. Partially Observable Monte Carlo Planning

Algorithm 1 shows the framework of POMCP. Some notations
in Algorithm 1 are defined as follows. h := (a0, z0, . . . ) rep-
resents historical information containing a sequence of actions
and measurements. Together with b0, h uniquely determines the
belief of the state, i.e., a node in the tree. Appending actions
and measurements to h, such as ha or haz, represents a node
in the subtree of h. Specially, h = ∅ is the root node. h’s in the
form of (a0, z0, . . . ,zt) ended with a measurement represent
the belief nodes, whereas those ended with an action represent
the belief-action nodes. Functions V (·) and N(·) keep track of
the estimated value and the number of visits of a node.

For each iteration of the algorithm, a state sample x0 is
drawn from the initial belief b0 (Algorithm 1 Line 5). The state
sample is first simulated recursively following the tree policy
(Algorithm 1, Lines 7 and 31). Once a leaf node in the tree is met,
it is expanded (Algorithm 1, Line 20). The sample is forward
simulated following the predefined rollout policy (Algorithm 1,

1The reward function can be also defined as a function of state and action
only, i.e., r : X ×A �→ R.

2The posterior distribution of the state is one possible sufficient statistic for
the feedback control policy [4, Ch. 4].

Line 23) as a continuation. The traversed nodes are updated
based on the simulation results (Algorithm 1, Line 34–36). The
tree policy is, therefore, implicitly updated due to the addition
of the new leaf nodes and the update of the corresponding parent
nodes.

V. POMCP++

Algorithm 2 shows the proposed algorithm POMCP++, with
a graphical illustration in Fig. 2. The overall procedure in
POMCP++ follows POMCP in Algorithm 1. One obvious mod-
ification is the change from UCB1 [46] (Algorithm 1, Line 12)
to ε-greedy [47, Ch. 5] (Algorithm 2, Line 29) in action selec-
tion, both of which trades off exploitation versus exploration.
Kuleshov and Precup [48] show experimentally that the relative
performance of the two methods vary with problem setups. In
this work, ε-greedy policy is applied in order to ease theoret-
ical analysis. Other major changes of POMCP++ include the
following.

1) Replacing forward sampling measurements with measure-
ment selection (Algorithm 2, Line 38).
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2) Using a group of samples (Algorithm 2, Line 5), instead of
a single one, to approximate belief while ensuring correct
update of nodes through importance sampling.

3) Estimating the value of the rollout policy (Algorithm 2,
Line 11) using the sample group in order to overcome
overoptimism.

Details of the three major changes in POMCP++ are discussed
in the following sections.

In addition to the notations defined for Algorithm 1, a few
more are introduced in Algorithm 2. S := {(x, w)} is a set
consisting of pairs of states and corresponding weights, approx-
imating the belief. Function C(·) returns the child nodes of the
input node, whereas |C(·)| represent the number of child nodes.

A. Measurement Selection

In POMCP, measurements are forward sampled (Algorithm 1,
Line 29) to determine whether to traverse along the tree or
expand a new node. It is valid for cases of small-size finite

discrete measurement space or large ones with concentrated
distributions. In such cases, repeated measurements can be
forward sampled with high probability, leading to the growth
of the tree in depth. However, it is no longer true for continuous
measurement space. The probability of generating a repeated
measurement is 0 for a general continuous measurement pdf.

To overcome the issue, our proposed algorithm POMCP++
uses a new measurement selection strategy, which distorts the
measurement likelihood and enforce the selection of existing
measurements. In the function of measurement selection (Algo-
rithm 2, Line 38), a new measurement branch is only created
with probability (|C(ha)|+ 1)εz . Recall that |C(ha)| is the
number of child nodes, i.e., existing measurement branches, for
the belief-action node ha. Otherwise, an existing measurement
is enforced. With εz < 0, a new measurement is less likely to be
generated as C(ha) grows.

A similar notion of measurement selection appears in POM-
CPOW [38]. As action selection, measurement selection in [38]
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Fig. 2. (a) Starting tree configuration with two possible actions, a0 and a1,
rooted at h. “©” and “•” denote the belief and belief action nodes, respectively.
(b) assumes K samples are drawn from the initial belief and a1 is selected. The
flow of the samples are marked by “\boldmath →.” After forward simulating
the motion model, different cases happen depending on whether (c) a new
measurement branch should be created or (d) an existing measurement branch
should be followed. In the case of creating a new measurement branch as in
(c), rollout policy is followed afterward, denoted as “· · · .” (e) Creation of the
new leaf nodes. The simulation results are back propagated to the belief action
node, shown as “\boldmath →.” The difference in (d) and (f) is that action and
measurement selection procedure are repeated until a leaf node is encountered.
The simulation results are, again, backpropagated to all traversed belief action
nodes.

favors measurement branches that are often visited. This may
result in a biased estimation of the policy value. In other words,
the estimated policy value obtained by following the tree may not
be a valid estimation of the actual value obtained by applying
the policy to the real system. The underlying reason is that,
unlike actions, the robot has no control over what measure-
ment should be acquired in the future. Future measurement
is completely determined by the measurement likelihood. In
principle, measurement should be forward sampled to ensure
that “measurement selection” exactly follows the measurement
likelihood. However, this leads to an overly shallow tree, the
problem to be addressed in the first place.

In POMCP++, an unbiased policy value estimation is guaran-
teed by two properties of the proposed measurement selection
strategy. First, for each belief action node, new measurement
branches are created infinitely often (i.o.) as the number of sim-
ulation episodes goes to infinity. Second, existing measurement
branches are uniformly selected in determining the branch to
follow further. These two properties ensure the statistics ob-
tained through existing measurement branches serve as unbiased
estimates for the ones obtained with the measurement likelihood.
Appendix A provides a proof for the first point, and Appendix B
provides a proof for the second.

B. Importance Sampling

Albeit the enforcement in selecting measurement branches,
the selected measurement sequence may not be representative
for a single sample from the initial belief. Instead, K samples
are drawn from the initial belief (Algorithm 2, Line 5). All of the
K samples are pushed downstream the tree, traversing the same
set of nodes. Simply averaging the simulation results leads to
inaccurate policy evaluation, since each initial state sample has
different likelihood of generating the measurement sequence in
the traversed path.

The theory of importance sampling comes to the rescue. As-
sume the selected action and measurement sequence following
the belief node ht is at, zt,at+1, zt+1, . . . . Then, the current
policy value at the belief action node htat is

EXt
{R(Xt, At, Zt)} =

∫
Xt

R(Xt, At, Zt)p(Xt|At, Zt)dXt

where Xt := xt:∞, At := at:∞, and Zt := zt:∞ for simplicity.
R(·) computes the discounted summation of reward of a simu-
lation episode. Applying Bayes rule

p(Xt|At, Zt) =
p(Zt|Xt, At)p(Xt|At)

p(Zt|At)
.

In the spirit of importance sampling, p(Xt|At) is the proposal
distribution, whereas p(Xt|At, Zt) is the target distribution.
p(Xt|At), the proposal distribution, is approximated by forward
sampling. The measurement likelihood p(Zt|Xt, At) serves as
the importance weight. p(Zt|At), as the normalization factor,
is constant for all state sequences. Therefore, the current policy
value at node htat can be approximated with

1

η

K−1∑
i=0

p(Zt|Xi
t , At) ·R(Xi

t , At, Zt) (5)

with η =
∑

i p(Zt|Xi
t , At) (Algorithm 2, Lines 67–72).

C. Rollout Policy

It is desirable to take advantage of the well-developed deter-
ministic motion planning methods to design the rollout policy.
However, since such deterministic motion planning methods
are usually state-dependent, direct application of them in the
framework of POMCP or POMCPOW leads to overoptimism.
More specifically, in POMCP and POMCPOW, a single state
sample,x0, is simulated from the root to a leaf node to obtainxt,
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which is then used to find a deterministic action sequence ar
t:T .

T is implicitly determined by the length of the deterministic
action sequence. In the case that a feasible rollout policy cannot
be found, T can be set large enough so that γT � 1 and the
reward-to-go beyond T can be ignored. The reward-to-go of
the rollout policy is estimated with R(xt:T ,a

r
t:T ), whose actual

value is

E
p(xt:T |ar

t:T )
{R(xt:T ,a

r
t:T )}

=

∫
xt:T

R(xt:T ,a
r
t:T )p(xt:T |ar

t:T )dxt:T .

Note that xt may be from belief with high uncertainty at
the leaf node. Since ar

t:T is found using xt in the first
place, the rollout action sequence is expected to obtain high
reward-to-go starting from xt. However, ar

t:T may not per-
form well with states that are significantly different from xt.
Therefore, Ep(xt:T |ar

t:T ){R(xt:T ,a
r
t:T )} may be much less than

R(xt:T ,a
r
t:T ). If R(xt:T ,a

r
t:T ) is then back propagated to the

parent nodes, the high reward-to-go may mislead action selec-
tion in later steps to favor this branch albeit the high uncer-
tainty at the leaf node. In other words, the implicit assumption
of perfect state information of xt should be accused for the
overoptimism.

Because of the measurement selection and importance sam-
pling introduced previously, one has K state samples when
reaching a leaf node. One of the K samples, xt, is chosen and
used to find the open-loop action sequence ar

t:T . The estimated
reward for the rollout policy is then

∑K−1
i=0 R(xi

t:T ,a
r
t:T ) (Algo-

rithm 2, Line 11). In this work, we use A∗, with inflation factor
of the heuristic set to infinity [49], to find the rollout policy.
Although the action sequence could be suboptimal, it ensures
maximum efficiency of the rollout policy construction.

Removal of the implicit perfect state information assumption
at the leaf nodes helps address the underlying active localization
problem. Active localization requires the robot to actively reduce
the state uncertainty in order to complete the task with high
confidence. Since the action sequence ar

t:T is constructed with
xt, in POMCP++, the rollout policy only attains high reward-
to-go when all samples are close to xt, which requires the belief
at leaf nodes to have low uncertainty.

VI. EXPERIMENTS

In the experiment section, we compare the performance of
POMCP++ with RHC, DESPOT [18], and POMCPOW [38]
through simulations. The idea of certainty equivalence control
and separation principle is often extended and applied in the
RHC framework to solve the stochastic motion planning prob-
lem in practice. In the following, methods of this kind is called
RHC for short. Particularly, to solve the proposed problem, one
state sample is drawn from the belief at each step, which is
regarded as the true state. A∗, with inflated heuristics [49], is
then used to find the next action assuming a deterministic motion
model. DESPOT [12] is the state-of-the-art online POMDP
solver designed for discrete systems. The simulation results of
DESPOT serve as the benchmark for naively applying discrete

TABLE I
HYPERPARAMETERS FOR DIFFERENT METHODS

The bold entities refer to the selected hyperparameters for different
methods.

POMDP solvers to continuous systems. POMCPOW [38], also
an extension of POMCP, is the most similar to our work.
Comparison with POMCPOW shows the importance of the
improvements in POMCP++.

There are minor modifications to POMCPOW and DESPOT
to adapt to the proposed problem. POMCPOW is designed to
handle continuous action space in addition to continuous state
and observation spaces. The action space in the problem setup of
this work is discrete and finite, consisting of motion primitives.
Therefore, we apply the same ε-greedy action selection strategy
(Algorithm 2, Line 29) in the POMCPOW framework. For
both DESPOT and POMCPOW, the same rollout policy as in
Algorithm 2 is used.

Section VI-A evaluates different methods in relatively simple
simulated environments, where the optimal policy can be antic-
ipated. The performances of the methods are compared in terms
of the summation of discounted reward. The discounted reward
is the objective to be maximized, and is widely used as a metric
to quantify the performance of general POMDP solvers in the
AI literature. In contrast, Section VI-B evaluates the methods
in a more realistic hallway environment. The performance of
the methods are compared in terms of metrics that are of more
interest to robotics researchers, such as the rate of collisions,
total number of actions, the entropy of the final distribution, etc.
In addition, we compare the performance of POMCPOW and
POMCP++ under different per-step planning time constraints.
Finally, we demonstrate the usage of POMCP++ by transi-
tioning the simulation in the hallway environment to hardware
experiments.

A. Tests in Simulated Environments

In the simulated environments, the cell size of the used
occupancy grid maps is set to 0.1 m. The action space con-
sists of six different motion primitives, Am = {0, 0.2}m/s ×
{−π

2 0, π
2 } rad/s × {0.5} s. The robot models a differential drive

ground vehicle with forward motion only. The range sensor
installed on the robot has seven beams covering 2π uniformly.
Each beam has a maximum range of zmax = 0.3 m. εg in (4),
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Fig. 3. (a) and (f) Initial configurations for the experiments in Section VI-A1. Occupied cells in the maps are marked with black squares. The green circular
region is the target location. The gray circle is the initial state of the robot. The orange circles with the arrows in (f) are the two modes in the initial belief. (b)–(e)
are the paths executed with RHC, DESPOT, POMCPOW, and POMCP++ in setup (a) over the 100 experiments. Blue lines are the paths for the successful trials,
whereas red lines are the failed ones. The paths executed by the methods in setup (f) are shown in (g)–(j). (k) and (l) are the success rate and average discounted
reward with standard deviation obtained through the 100 experiments for setup (a) and (f), respectively.

the radius of the goal region, is 0.05 m.3 γ, the discount factor,
is set to 0.99.

Table I lists the range and the selected values for parame-
ters of each method. See Somani et al. [12] and Sunberg and
Kochenderfer [38] for the functionality of the parameters. It
should be specially noted that, for DESPOT, tree depth is set to
be well beyond the maximum number of steps to reach the goal.
per-step planning time is also chosen to be large enough such
that time limitation is seldom used as a termination criterion for
each planning step.

3The setup is merely for the ease to convert quantities to metric length units.
All related quantities can be scaled proportionally.

1) Fixed Maps: In this section, we show both qualitative
and quantitative results of applying the methods on two fixed
representative maps. In the first setup [see Fig. 3(a)], we use a
20× 20 map with no obstacles. The initial state is known to the
robot. In order to reach the target location with high confidence,
it is expected that the robot will take advantage of the map
boundaries for localization. The second setup [see Fig. 3(f)] is a
10× 10 map, designed to be more challenging in that the initial
distribution is ambiguous, consisting of two modes located at
the bottom corners. The obstacles in this setup are also set in a
way such that the robot is not able to remove the state ambiguity
passively, but has to actively approach the obstacles. We run
each method 100 times on the two setups to obtain the average
performance.
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Fig. 4. For each method and map configuration, the performance of the method is measured with 100 experiments on randomly generated maps. (a) Success
rate of different methods. Recall (4), a trial is successful when the robot actively chooses to stop around the target location. (b) Average summation of discounted
reward with standard deviation. For failure trials, it is assumed that the robot will take feasible actions (with reward −1 per step) onward but never reach the target
location.

Fig. 3(k) and (l) shows the success rate and the average
discounted reward of different methods. More insightful obser-
vations can be obtained by plotting the paths (see Fig. 3). In the
first setup, the proposed POMCP++ is able to reliably utilize
the right upper corner to reduce the uncertainty accumulated
during the movement, and then come back to the target location.
This capability explains the high success rate of POMCP++. For
the second setup, an immediate observation is that all methods
try to go along the bottom and right side of the map. This
is due to the best-first-search nature of the algorithms. Going
along the bottom edge is the fastest way to move one of the
belief modes to the target location. Occasionally, the planning
algorithms may wrongly choose to stop at this moment. More
often, exploring the policies helps the algorithms realize that
moving along the right side can further reduce the uncertainty
and eventually leave a single belief mode stopping at the target.
A more interesting observation is that the proposed POMCP++
is able to find another cluster of paths by moving the robot
diagonally across the map. The paths in this cluster are able to
remove the ambiguity in the belief within the first few steps by
utilizing the obstacles on the left. Although such paths deviate
from the “promising” path (going right, then up) of the short
horizon, they obtain higher overall reward.

2) Random Maps: In order to evaluate the average perfor-
mance of different methods, they are also compared using
random maps with different configurations. Four map config-
urations are included by permuting different map size, {20×
20, 30× 30}, and obstacle density, {0.01, 0.05}. One hundred
experiments are performed for each method and map configura-
tion. In each experiment, a random map is generated as per the
map configuration. For all experiments, the robot starts with a
known initial state.

Fig. 4 shows the success rate and summation of discounted
reward for different methods. POMCP++ is able to achieve
much higher success rate and reward, constantly outperforming

the other three methods. It should be also noted that RHC
performs reasonably well in this experiment, better than the
POMDP-based methods, DESPOT, and POMCPOW, on some
map configurations.

B. Tests in Hallway Environments

In this section, we compare the performance of POMCP++
with RHC and POMCPOW in an application of navigating a
differential drive ground robot in a hallway environment. The
dimension of the map is 153× 277, with 0.1-m resolution. To
adapt to the enlarged map and narrow corridors, the motion prim-
itives are changed to Am = {0, 0.5}m/s × {−π

6 0, π
6 } rad/s ×

{1.0} s. The radius of the goal region εg is enlarged to 0.5 m.
Seven LIDAR beams are used as sensor measurements covering
3
2π, with zmax = 1.5m. As in Section VI-A, γ is 0.99. The
algorithms are compared in two scenarios with different initial
belief shown in Fig. 1. The hyperparameters for POMCPOW
and POMCP++ remain the same as in Table I.

The comparison with DESPOT is omitted, since the robot fails
to reach the goal for all trials with DESPOT. Considering the
enlarged environment compared to Section VI-A, experiments
for DESPOT are also performed by increasing tree depth to 100
and per-step planning time to 120 s. There is still no successful
trails for either of the initial belief setups. The failure of DESPOT
may be caused by using a single simulation episode to estimate
the value at a belief node. To elaborate, a naive application of
DESPOT to systems with continuous measurement causes the
degeneracy of the belief tree. All nodes in the tree, other than the
root, are only visited once, i.e., when the node is constructed.
Therefore, only one simulation episode is available in estimating
the value at the nodes, which may be far from adequate in
providing an accurate estimate. The inaccurate estimation at
the nodes, eventually, leads to the wrong selection of optimal
policy. In the experiments of Section VI-A, simulation episodes
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TABLE II
COMPARISON OF RHC, POMCPOW, AND POMCP++ IN A HALLWAY ENVIRONMENT

1In Table II and III, the bold entities refer to the best performance of all methods in comparison.
2There are three causes of a failure trial, collision, wrong stop (stops more than 0.5 m away from the target), or timeout (uses over 100 steps).
3These data are averaged over successful trials only.

Fig. 5. (a)–(c) Paths of RHC, POMCPOW, and POMCP++ with single mode initial belief, whereas (d)–(f) are for the two mode initial belief. The orange and
green patches are the start and target locations. Blue and red lines are paths of successful and failure trials. More details of the setup for the two different scenarios
can be found in Fig. 1.

are short. It takes around ten steps to drive the robot to the goal.
Simulation episodes obtained with the same action sequence
may not differ much. Therefore, using only one simulation
episode in estimating the value at the nodes may be sufficient
and leads to meaningful actions. However, the number of ac-
tions required to reach the goal in the hallway experiments is
over 60. The effect of degeneracy for DESPOT becomes more
apparent.

Table II summarizes the performance of RHC, POMCPOW,
and POMCP++. For each algorithm and initial belief setup,
we run the experiment 50 times. The paths of all trials are
shown in Fig. 5. It is expected that RHC takes fewer actions
on average for successful trials, whose planning is based on
A*. However, the total traveled distance is similar among the
algorithms. This implies that, under POMDP solutions, the robot
takes more rotation actions utilizing the local environment to
reduce state uncertainty. Fig. 5 also shows that POMDP solu-
tions are able to maintain the robot in the middle of a narrow
corridor, which reduces the chance of collision caused by state
uncertainty and motion stochasticity. Comparing POMCPOW

Fig. 6. (a) Differential drive ground robot used in the hardware experiment.
Seven beams, spanning 3

2π with zmax = 1.5m, are used as sensor measure-
ments. (b) Map of the hallway environment, built with gmapping[50]. The
dimension of the occupancy grid map, 280× 186 with 0.1- m resolution, is
slightly different from the one used in the simulation.
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TABLE III
COMPARISON OF POMCPOW AND POMCP++ WITH DIFFERENT PER-STEP PLANNING TIME CONSTRAINTS

1See Table II for the notes on the metrics.

Fig. 7. Change of belief (red particles) of the robot position in the hardware experiments using POMCP++. The first row is the belief snapshots for the single
mode initial belief setup, whereas the second row is the one for the two mode initial belief setup. The orange and green patches are the start and target locations.
Blue lines are paths estimated with an onboard LIDAR odometry.

and POMCP++, although the performance of the success trails
of the two algorithms is similar, POMCP++ is able to achieve
higher success rate, especially when the initial belief contains
ambiguity. The improvement of POMCP++ is due to the two
major modifications of POMCP, namely the new strategy of
measurement selection, and the removal of the implicit perfect
state assumption at the start of the rollout phase.

We also compare the anytime performance of POMCPOW
and POMCP++ in the hallway environment with single mode ini-
tial belief setup. Table III summarizes the performance of POM-
CPOW and POMCP++ under different per-step time constraints.
The simulations are conducted on a desktop computer using
Intel Core i9-9920X CPU with 12 cores running at 3.5 GHz.
The maximum per-step planning time is set to 15 s, where both
POMCPOW and POMCP++ are able to finish 3000 episodes
(the default N in Table I). It can be observed in Table III

that POMCP++ is able to constantly outperform POMCPOW
in terms of success rate. Table III also indicates that albeit the
anytime feature, sufficient per-step planning time is required for
both methods in order to achieve reasonable performance.

C. Hardware Demonstration

To further demonstrate the application of POMCP++, the
same experiments in the simulations are carried out with hard-
ware. Fig. 6 shows the setup of the ground robot and the map of
the hallway environment similar to the one used in the simula-
tions. Fig. 7 shows paths and the change of belief with the two
different initial belief configurations. It should be noted that the
hardware experiment serves as a demonstration that POMCP++
can be applied to actual hardware robots and realistic environ-
ments in addition to ideal models in the simulations. In terms
of efficiency, POMCP++ may not be sufficient for real-time
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planning purposes, especially with onboard computers. Most of
the planning time for each step is spent on constructing rollout
policies and forward simulating the system. Using the onboard
processor i7-6600U, 2 cores running at 2.6 GHz, the planning
time for an initial step can take as long as 2 min, when the robot
is far from the goal. Improving the efficiency of the algorithm is
a promising direction of future research.

VII. CONCLUSION

In this article, we formulated a stochastic goal naviga-
tion problem as a POMDP, and proposed a new algorithm,
POMCP++, an MCTS method based on POMCP for partially ob-
served problems. The algorithm featured two key improvements
over prior methods, including a novel measurement selection
strategy and the usage of importance sampling to avoid overop-
timism in the value estimation of the rollout policy. Compared
with the LQG approaches, the proposed algorithm inherited
the advantages from general POMDP solvers, such as dealing
with multimodel belief and requiring only generative models
for the system. Meanwhile, with the introduced improvements,
POMCP++ can be applied on systems with continuous mea-
surements, which was often a limitation of general POMDP
solvers. More importantly, the proposed POMCP++ was proved
to provide unbiased estimation of the policy value with infinite
number of samples and simulation episodes, thus was a valid
MCTS algorithm.

We demonstrated the effectiveness of the algorithm with
comparisons to both existing general purpose online POMDP
solvers, and a practical robotic approach based on RHC. The
results indicated that POMCP++ outperforms other methods on
various metrics. In terms of the metric generally used to quantify
POMDP solvers, POMCP++ achieved higher total reward. In
terms of reliability in completing the navigation task, POMCP++
achieved higher success rate.

Various future research directions are promising in extending
the current work. Problemwise, it should be of broader interest
to release the assumption of a known map and investigate the
problem of navigation in unknown or uncertain environments.
Solutionwise, improving the efficiency of POMCP++ is critical
for real-time applications on computationally constrained plat-
forms.

APPENDIX A

We attempt to answer two questions in this section. First, how
often a node in the tree is visited? Second, how many child nodes
a belief action node will spawn using the measurement selection
strategy in Algorithm 2?

Lemma 1: A belief action node ha will be visited i.o. given
that its parent belief node h is visited i.o. and 0 < εa < 1.

Proof: Define An as the event that ha is visited at the nth
visit of h. Ans are independent events following the definition
of the action selection function in Algorithm 2. Note P (An) is
lower bounded by 1/εa with 0 < εa < 1. Therefore

∞∑
n=1

P (An) ≥ lim
n→∞

n

εa
= ∞.

Define A as the event that infinitely many Ans occur, i.e.,
A = lim supn→∞ An. We have P (A) = 1 as a result of Borel–
Cantelli lemmas [51]. �

Lemma 2: A belief node hz will be visited i.o. given that its
parent belief action node h is visited i.o. and εz < 0.

Proof: Assumehz is themth spawned child node ofh. Define
Zn as the independent events thatha is visited at thenth visit ofh
afterhz is spawned.P (Zn)withn = 1, 2, . . . is a nonincreasing
sequence since the number of child nodes of h is nondecreasing.
Note P (Zn) is lower bounded by (1− (m+ n)εz )/(m+ n−
1), which assumes new child node is added at every visit of h.
Therefore

∞∑
n=1

P (Zn) ≥
∞∑

n=1

1− (m+ n)εz

m+ n− 1

=
∞∑

n=1

1

m+ n− 1
−

∞∑
n=1

1

(m+ n− 1)(m+ n)−εz

=

∞∑
k=m

1

k
−

∞∑
k=m

1

k(k + 1)−εz
≥

∞∑
k=m

1

k
−

∞∑
k=m

1

k1−εz
.

Given εz < 0,
∑∞

n=1 P (Zn) = ∞ following the property of p-
series. We have P (lim supn→∞ Zn) = 1 as a result of Borel–
Cantelli lemmas. �

Theorem 1: If the root node is visited i.o., i.e., N → ∞, 0 <
εa < 1, and εz < 0, all nodes will be visited i.o. �

Proof: Based on Lemmas 1 and 2, the i.o. visit of a node in
the tree depends on the i.o. visit of its parent nodes. Therefore,
all nodes are visited i.o. if the root node is visited i.o. �

Theorem 2: A belief action node h spawns child nodes i.o. if
−1 ≤ εz < 0.

Proof: Define Sn as the independent events that a new child
belief node is spawned byh at itsnth visit. The sequenceP (Sn),
n = 1, 2, . . . is nonincreasing, with each P (Sn) lower bounded
by (n+ 1)εz . Therefore

∞∑
n=1

P (Sn) ≥
∞∑

n=1

(n+ 1)εz .

A sufficient condition for
∑∞

n=1 P (Sn) = ∞ is −1 ≤ εz <
0 (εz < 0 is enforced to ensure 0 < (n+ 1)εz < 1), under
which P (lim supn→∞ Sn) = 1, i.e., h spawns new child nodes
i.o. �

Intuitively speaking, εz controls the tradeoff between explo-
ration and exploitation in measurements just as the role of εa
in action selection. Fig. 8 shows distribution of |C(ha)| and
the discounted reward with different εz . Although the results of
Theorem 2 may not apply, cases with εz < −1 are also included
for comparison.

APPENDIX B

In this section, we would like to show that POMCP++ is a valid
MCTS algorithm, which is, at its base, an asynchronous value
iteration algorithm interleaving policy evaluation and policy
improvement. Since POMCP++ already share the algorithm
structure with MCTS, the validity of POMCP++ depends on
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Fig. 8. Left shows the distribution of |C(ha)| under different εz , with
N(ha) = 50. Right shows average discounted reward for different εz on
random maps of size 20× 20 and obstacle density 0.1. For each εz , the data are
averaged over 100 independent trials.

whether the value computed from the simulation episodes serves
as unbiased estimates of value at the corresponding belief-action
nodes. It seems straightforward, at first glance, that estimation
from simulation episodes is unbiased. However, one should be
careful in drawing the conclusion since the measurements in
simulation episodes are not always obtained by forward simu-
lating the measurement model, but are enforced to be repeated
most of the time. To fill in this gap, we start by considering
the value at the belief nodes in the tree, which are not being
tracked explicitly in Algorithm 2. In the following, we assume
0 < εa < 1 and −1 ≤ εz < 0 to ensure all nodes are visited i.o.,
and new child nodes are spawned i.o. by belief action nodes as
proved in Theorems 1 and 2.

Lemma 3: The discounted summation of rewards of the simu-
lation episode is an unbiased estimate of the value at the traversed
belief nodes as N → ∞ and K → ∞.

Proof: Represent a simulation episode from belief node ht ∈
T as St := xt,at, zt,xt+1,at+1, zt+1, . . . , with xt sampled
from bt. For the sake of notation sanity, define Xt := xt:∞,
At := at:∞, Zt := zt:∞, i.e., St = Xt, At, Zt. Then, the value
of the node ht under the policy π is

Vπ(ht) =

∫
St

R(St)pπ(St)dSt.

Recall R(St) is the discounted summation of reward of a sim-
ulation episode, pπ(St) is the pdf of St. Here and also in the
following context, the subscript π in pπ(·) indicates the pdf is
related to the policy π. With some application of conditional
probability and Bayes’ rule, one has

Vπ(ht) =

∫
St

R(St)pπ(St)dSt

=

∫
St

R(St)p(Xt|At, Zt)pπ(At, Zt)dSt

=

∫
St

pπ(At, Zt)R(St)
p(Zt|Xt, At)p(Xt|At)

p(Zt|At)
dSt

=

∫
At,Zt

pπ(At, Zt)V (ht|At, Zt)dAtdZt (6)

where

V (ht|At, Zt) =

∫
Xt

R(St)
p(Zt|Xt, At)p(Xt|At)

p(Zt|At)
dXt.

V (ht|At, Zt) is the value of the node ht given the future mea-
surement and action sequence. In Algorithm 2, V (ht|At, Zt) is
estimated with

Ṽ (ht|At, Zt) =
1

η

K−1∑
i=0

R(Si
t)p(Zt|Xi

t , At) (7)

where Xi
t is forward sampled following the given action se-

quence At with the initial state xi
t sampled from bt. In [52],

Geweke proves the validity of estimation with importance sam-
pling under weak assumptions,4 i.e.,

Ṽ (ht|At, Zt)
a.s.−−−−−→

as K→∞
V (ht|At, Zt) (8)

where
a.s.−−→ means almost surely convergence. Therefore∫

At,Zt

pπ(At, Zt)Ṽ (ht|At, Zt)dAtdZt
a.s.−−−−−→

as K→∞
Vπ(ht). (9)

If one samples a measurement and action sequence from
pπ(At, Zt), (9) shows Ṽ (ht|At, Zt) is an unbiased estimate
of Vπ(ht). However, in following the tree policy, (At, Zt) is
sampled from the distribution pT (At, Zt) defined implicitly by
the tree T , instead of pπ(At, Zt). In the following, we show that
if new measurements are sampled i.o. from each belief-action
node in T , Ṽ (ht|At, Zt) still serves as an unbiased estimate of
Vπ(ht) even though (At, Zt) is sampled based on pT (At, Zt).

To start, consider the first action measurement pair (at, zt)
in (At, Zt). Define f(·) to be an integrable function w.r.t. the
corresponding probability measure (a bounded function defined
on the sample space should suffice). Then

E
pT (at,zt)

{f(at, zt)} =

∫
at

(
1

n

n−1∑
i=0

f(at, z
i
t)

)
pπ(at)dat

a.s.−−−−−→
as n→∞

∫
at

(∫
zt

f(at, zt)pπ(zt|at)dzt

)
pπ(at)dat

=

∫
at,zt

f(at, zt)pπ(at, zt)datdzt. (10)

The first equality in (10) is based on how actions and measure-
ments are selected at node ht ∈ T in Algorithm 2. Here and
in the following context, we assume that n measurements are
sampled for each belief-action node in the tree withn sufficiently
large. With large n, we can safely ignore the probability of
sampling new measurements at the belief-action nodes, i.e., one
of the n measurements will be selected. The a.s. convergence in
(10) follows the strong law of large numbers.

4Briefly speaking, the four assumptions in [52] require the proper definition
of prior density and the likelihood function, independent identically distributed
sample sequence, and an integrable r.v. w.r.t. posterior density. All of the
assumptions are satisfied in our problem setup.
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Mathematical induction lends itself to prove the rest of the
action, measurement sequence. Suppose

E
pT (at:T−1,zt:T−1)

{f(at:T−1, zt:T−1)}

a.s.−−→ E
pπ(at:T−1,zt:T−1)

{f(at:T−1, zt:T−1)}. (11)

Note

E
pT (at:T ,zt:T )

{f(at:T , zt:T )}

= E
pT (at:T−1,zt:T−1)

{
E

pT (aT ,zT )
{f(aT , zT ,at:T−1, zt:T−1)}

}
a.s.−−→ E

pπ(at:T−1,zt:T−1)

{
E

pT (aT ,zT )
{f(aT , zT ,at:T−1, zt:T−1)}

}
.

(12)
The a.s. convergence in (12) follows the assumption in (11).
It is worth mentioning that both EpT (at:T ,zt:T ){f(at:T , zt:T )}
and Epπ(at:T ,zt:T ){f(at:T , zt:T )} are also bounded functions
on (at:T−1, zt:T−1). Therefore, in order to show

E
pT (at:T ,zt:T )

{f(at:T , zt:T )}

a.s.−−→ E
pπ(at:T ,zt:T )

{f(at:T , zt:T )}.
(13)

Equation (12) suggests it is suffice to have

E
pT (aT ,zT )

{f(aT , zT ,at:T−1, zt:T−1)}

a.s.−−→ E
pπ(aT ,zT )

{f(aT , zT ,at:T−1, zt:T−1)}. (14)

The same argument as (10) can be applied again to show the
validity of (14). Recall that the belief action nodes in T are
visited i.o. and spawn new measurements i.o. asN → ∞, proved
in Theorem 2. Therefore, Ṽ (ht|At, Zt), a bounded function,
is an unbiased estimate of Vπ(ht) with (At, Zt) sampled from
pT (At, Zt), i.e.,

E
pT (At,Zt)

{
Ṽ (ht|At, Zt)

}
a.s.−−−−−→

as N→∞
E

pπ(At,Zt)

{
Ṽ (ht|At, Zt)

}
, Eq. (13)

a.s.−−−−−→
as K→∞

E
pπ(At,Zt)

{V (ht|At, Zt)}, Eq. (8)

= Vπ(ht), Eq. (6)

which completes the proof. �
Next, we extend the conclusion to the belief action nodes in

T as well.
Theorem 3: The discounted summation of rewards of the

simulation episode is an unbiased estimate of the value at all
traversed nodes as N → ∞ and K → ∞.

Proof: Given the results of Lemma 3, it is left to show that the
summation of discounted rewards is also an unbiased estimation
at the traversed belief action nodes. Recall (5)

Ṽ (htat|At+1, Zt) =
1

η

K−1∑
i=0

p
(
Zt|Xi

t , At

)
R(St). (15)

Applying the theory of importance sampling again

Ṽ (htat|At+1, Zt)
a.s.−−→

∫
Xt

p(Xt|At, Zt)R(St)dXt

=

∫
Xt

p(Xt|At, Zt)(r(xt,at,xt+1) + γR(St+1))dXt

shows the summation of stage reward and reward-to-go. The
stage reward can be simplified to∫

Xt

p(Xt|At, Zt)r(xt,at,xt+1)dXt

=

∫
xt,xt+1

r(xt,at,xt+1)p(xt,xt+1|At, Zt)dxtdxt+1

= r(bt,at, bt+1).

With some abuse of notation, r(·) denotes both the stage re-
ward for xt, xt+1, and its expectation w.r.t. p(xt,xt+1|At, Zt).
Meanwhile, the reward-to-go is∫
Xt

p(Xt|At, Zt) · γR(St+1)dXt = γṼ (htatzt|At+1, Zt+1).

Therefore, (15) can be rewritten as

Ṽ (htat|At+1, Zt)=r(bt,at, bt+1)+γṼ (htatzt|At+1, Zt+1).

One should be reminded that (At+1, Zt) is sampled based on
pT (At+1, Zt). Then, the expectation of Ṽ (htat|At+1, Zt) is

E
pT (At+1,Zt)

{
Ṽ (htat|At+1, Zt)

}

= r(bt,at, bt+1) + γ
n−1∑
i=0

E
pT (At+1,Zt+1)

×
{
Ṽ (htatz

i
t|At+1, Zt+1)

}
a.s.−−→ r(bt,at, bt+1) + γ

n−1∑
i=0

Vπ

(
htatz

i
t

) a.s.−−→

r(bt,at, bt+1) + γ

∫
zt

Vπ

(
htatz

i
t

)
p(zt|at)dzt = Vπ(htat).

The first a.s. convergence is based on Lemma 3, whereas the sec-
ond is, again, from the strong law of large numbers. Therefore,
Ṽ (htat|At+1, Zt) is an unbiased estimate of Vπ(htat). �

Comparing (7) and (15), one might find it striking that
Ṽ (htat|At+1, Zt) = Ṽ (ht|At, Zt). The results should not be
overinterpreted leading to the conclusion that Vπ(htat) =

Vπ(ht). The correct statement is 1
η

∑K−1
i P (Zt|Xi

t , At)R(Si
t)

serves as an unbiased estimate for both Vπ(htat) and Vπ(ht).
The discomfort should be resolved by considering that Vπ(ht)
is updated (implicitly) when any of its child belief-action nodes
is visited while updating Vπ(htat) requires htat, one child of
ht, to be visited.

The immediate consequence of Theorem 3 is that Algorithm 2
is a bona fide MCTS algorithm. To the best of our knowledge,
there is no formal proof yet that MCTS would converge to the
optimal action at the root when applied to stochastic systems.
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Kocsis and Szepesvári [53] present conclusions on the conver-
gence of UCT. Unfortunately, the details of the proof are not
available. On a related note, it is also commented in [47, Ch.
5] that proving the convergence of Monte Carlo control, a more
general algorithm that MCTS bases on, could be a fundamental
open question in reinforcement learning.
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