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Teaching recurrent neural networks to infer global
temporal structure from local examples
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Jason Z. Kim®1, Zhixin Lu®", Erfan Nozari?>3, George J. Pappas®?2 and Danielle S. Bassett

The ability to store and manipulate information is a hallmark of computational systems. Whereas computers are carefully
engineered to represent and perform mathematical operations on structured data, neurobiological systems adapt to perform
analogous functions without needing to be explicitly engineered. Recent efforts have made progress in modelling the repre-
sentation and recall of information in neural systems. However, precisely how neural systems learn to modify these repre-
sentations remains far from understood. Here, we demonstrate that a recurrent neural network (RNN) can learn to modify
its representation of complex information using only examples, and we explain the associated learning mechanism with new
theory. Specifically, we drive an RNN with examples of translated, linearly transformed or pre-bifurcated time series from a
chaotic Lorenz system, alongside an additional control signal that changes value for each example. By training the network to
replicate the Lorenz inputs, it learns to autonomously evolve about a Lorenz-shaped manifold. Additionally, it learns to continu-
ously interpolate and extrapolate the translation, transformation and bifurcation of this representation far beyond the training
data by changing the control signal. Furthermore, we demonstrate that RNNs can infer the bifurcation structure of normal forms
and period doubling routes to chaos, and extrapolate non-dynamical, kinematic trajectories. Finally, we provide a mechanism
for how these computations are learned, and replicate our main results using a Wilson-Cowan reservoir. Together, our results
provide a simple but powerful mechanism by which an RNN can learn to manipulate internal representations of complex infor-

mation, enabling the principled study and precise design of RNNs.

omputers analyse massive quantities of data with speed and

precision. At both the hardware and software levels, this

performance depends on fixed and precisely engineered
protocols for representing and executing basic operations on
binary data'’. By contrast, neurobiological systems are character-
ized by flexibility and adaptability. At the biophysical level, neurons
undergo dynamic changes in their composition and patterns of con-
nectivity’. At the cognitive level, they abstract spatiotemporally
complex sensory information to recognize objects, localize spatial
position and even control new virtual limbs through experience’.
Hence, neural systems appear to work on fundamentally different
computing principles that are learned, rather than engineered.

To uncover these principles, artificial neural networks have
been used to study the representation and manipulation of infor-
mation. Although feed-forward networks can classify input data'’,
biological organisms contain recurrent connections that are neces-
sary to continuously sustain short-term memory of internal repre-
sentations', allowing for more complex functions such as tracking
time, distance and emotional context'>~°. Furthermore, recurrent
neural systems actually manipulate internal representations, as
observed in meta-learning and adaptive networks'’~*’, to simulate
the outcome of dynamic processes such as kinematic motion and
navigation®'~*, and to decide between different actions®. So, how
do recurrent neural systems learn to represent and manipulate
complex information?

One promising line of work involves representing static memo-
ries as patterns of neural activity, or ‘attractors, to which a network
evolves over time”. These attractors can exist in isolation (for exam-
ple, an image of a face) or as a continuum (for example, smooth

translations of a face) using Hopfield or continuous attractor neural
networks (CANNS), respectively?>?. Other studies engineer neural
connectivity as in the Neural Engineering Framework or the dif-
ferentiable neural computer to encode, modify and decode internal
representations or to solve complex puzzles®~*. For understanding
neurobiological systems, these memory networks are limited by
requiring specifically engineered patterns of connectivity, or cannot
manipulate time-varying memories necessary to plan and produce
speech and music’~*. Hence, we seek a single neural system that
learns to both represent and manipulate temporally complex infor-
mation by perceiving and replicating examples.

In this Article, we use the ‘reservoir computing framework™ to
obtain such a system (the reservoir), where the complex informa-
tion is a chaotic attractor that is not static, but evolves in a deter-
ministic yet unpredictable manner through time®. Previous work
has demonstrated the ability of an RNN to represent and switch
between isolated attractors by imitating examples**”, and to inter-
polate and extrapolate underlying generative dynamical processes
in time-series prediction tasks using fixed-weight neural networks
(FWNN5s) 920383 Tn this Article, we demonstrate that reservoirs can
further learn to interpolate and extrapolate translations, linear trans-
formations and even bifurcations on their representations of chaotic
attractor manifolds, simply by imitating examples. Furthermore,
reservoirs can infer the bifurcation structure of dynamical normal
forms and period doubling routes to chaos, as well as accurately
extrapolate non-dynamical, kinematic trajectories. Finally, we put
forth a mechanism of how these computations are learned, provid-
ing insights into the set of possible computations and offering prin-
ciples by which to design networks.
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Fig. 1| Representing chaotic attractors with reservoirs. a,b, Time series of a chaotic Lorenz attractor (a) that drives the RNN reservoir (b). ¢, Weighted
sums of the reservoir states are trained to reproduce the original time series. d,e, By using these weighted sums of reservoir states to drive the reservoir
instead of the inputs (d), the reservoir autonomously evolves along a trajectory that projects to a Lorenz-shaped chaotic manifold (e). f,g, Time series of
shifted copies of the Lorenz input along x; (f) and control inputs that drive the reservoir (g). h, Weighted sums of the reservoir states are used to mimic the

shifted Lorenz inputs.

Mathematical framework

Neural systems represent and manipulate periodic stimuli through
example, such as baby songbirds modifying their song to imitate
adult songbirds™. However, they also perform more advanced and
original manipulations on aperiodic stimuli with higher-order
structure, such as musicians improvising on jazz melodies”. To
model such complex stimuli, we use chaotic attractors that evolve
deterministically yet unpredictably along a global structure: a
fractional-dimensional manifold. Specifically, we consider the
Lorenz attractor defined as

561 = O'(xz — X1)
X2 = x1(p — x3) — X2 (1)
X3 = x1%2 — ffx3
and use the parameters 0=10,$=8/3,p=28 from the original
study™.

Next, we model the neural system as an RNN driven by our
inputs:

%i‘:—r+g(Ar+Bx+d) @)

where r is a real-valued vector of N reservoir neuron states, A is an
Nx N matrix of connections between neurons, B is an N X M matrix
of connections from the M inputs to the neurons, d is an Nx1
bias vector, g=1[g;; £; ..- £&] is a vector function comprising scalar
activation functions g; that are applied entry-wise to its input argu-
ments (hence mapping vectors to vectors), and y is a time constant.
We use g1 = g» = --- = gy = tanh in the main text, and replicate
many results using Wilson-Cowan oscillators in the Supplementary
Information.

Several previous studies used echo state’® and first-order reduced
and controlled error (FORCE) learning®’, which allow reservoirs to
predict a chaotic time series by modifying the inter-neuron con-
nections. This modification can be accomplished by using the cha-
otic time series x(t) to drive the reservoir, thereby generating the
reservoir time series r(¢) (Fig. la,b). Here, we represent the time
series vectors x(t) and r(¢) (written using bold letters) as M X T and
Nx T matrices x(t) and r(f), respectively, from numerically evolving
the differential equations over T time steps. By solving for a simple

M X N readout matrix W that uses linear combinations of reservoir
states to approximate the input by minimizing the matrix 2-norm
(Supplementary Information)

W= argmvivn || Wr(t) — x(t)], (3)

the output X(t) = Wr(t) mimics the input x(t) (Fig. 1¢c). Finally, we
close the feedback loop by substituting the output as the input to
create the autonomous reservoir (Fig. 1d)

}l/f/ =—r' +g((A+BW)r +4d) (4)

whose evolution projects to a Lorenz-shaped attractor as
x'(t)=Wr'(t) (Fig. le). Hence, reservoirs sustain representations of
complex temporal information by learning to autonomously evolve
along a chaotic attractor from example inputs.

To study how reservoirs might perform computations by manip-
ulating these representations, we use a modified framework” to
include a vector, ¢, of control parameters that map to the reservoir
neurons through matrix C to yield

%i‘:—r—}-g(Ar—i—Bx—l—Cc—i—d) (5)

We drive the reservoir with the original x,(f) and modified x(t)
versions of the input at varying values of ¢ to generate the corre-
sponding reservoir time series r,(t), r.(t). Then, by concatenating
the time series along the time dimension for the inputs x(t) = [x,(%),
x,(t), ...] and the reservoir states r(t)=[r,(¢), r,(¢), ...], we train a
readout matrix according to equation (3) (Fig. 1f-h). In what fol-
lows, we demonstrate that the feedback reservoir not only autono-
mously evolves about the input trajectory as a stable memory, but
also learns to interpolate and extrapolate the modification of this
memory far outside of the training range.

Learning a translation operation by example

Reservoirs learn complex information through simple imita-
tion—approximating the driving inputs using the reservoir states
is enough to autonomously represent and evolve about a chaotic
manifold. Here, we show that this simple scheme is also enough to
learn to translate and transform the representation.
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Fig. 2 | Learning and extrapolating translations and transformations by example. a, Schematic of a feedback reservoir where the outputs Wr(t) replace
the inputs x(t) to create a closed feedback loop, where ¢ remains a changeable parameter. b, When the reservoir is trained on four Lorenz time series
translated in the x, dimension (purple), the feedback reservoir evolves autonomously about a Lorenz-shaped manifold, and translates this representation
along x; over the course of one simulation by smoothly and continuously changing c as a real number over a range much larger than the training range.
c-f, When the reservoir is trained on four linearly transformed (squeeze in the x, direction, purple) time series (c,e), the feedback reservoir similarly

interpolates and extrapolates the transformation of its representation (d,f).

We begin with a Lorenz time series x,(), and create shifted copies
xc(t) = xo(t) + Pc 6)

For the purposes of demonstration, we consider a translation
in the x, direction such that P=[1; 0; 0] is a column vector, and
c=0, 1, 2, 3 is a scalar. We use these four time series to drive our
reservoir according to equation (5), thereby generating four reser-
voir time series r,(t). We concatenate these series into r(t) and x(¢),
and compute output weights according to equation (3), such that
our output x(t) = Wr(t) approximates our input x(¢) (Fig. 1f-h).
Finally, we substitute the output as the input to yield the feedback
system (Fig. 2a)

/

%i‘ =—r +g(Rr' + Cc+d) (7)

where R=A+BW. As we evolve this autonomous reservoir while
varying ¢ to extreme values —40 < ¢ <40 both inside and outside of
the training values, it has learned to evolve about a Lorenz-shaped
manifold that is translated based on the value of ¢ (Fig. 2b;
Supplementary Information presents more examples and informa-
tion about the Wilson-Cowan implementation).

We use the same scheme to teach reservoirs linear transforma-
tions. We begin with the Lorenz time series x,(¢) and create linearly
transformed copies of the time series such that

xc(£) = (I+ cP)xo(t) (8)

for ¢=0, 1, 2, 3, where P is a matrix encoding a transformation
(Fig. 2c,e). Specifically, we perform a squeeze along x, by setting
[P],;=-0.012 and the remaining elements to 0. Exactly as before,
we drive the reservoir according to equation (5), concatenate
our input and reservoir time series into x(¢) and r(¢) to train the
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output weights W according to equation (3), and feed the outputs
back as inputs to yield the feedback system equation (7). This res-
ervoir autonomously evolves about a Lorenz-shaped manifold
that stretches based on the parameter —40<c<40 far outside of
the parameters used in the training regime ¢=0, 1, 2, 3 (Fig. 2d,f;
Supplementary Information provides examples and information
about the Wilson-Cowan implementation). Hence, by training the
network on translated and linearly transformed copies of the input,
the reservoir has learned translation and linear transformation
operations on the attractor.

Learning to infer bifurcation structure by example

Next, we demonstrate that a reservoir can infer, without actually
ever having observed, a much more dramatic change: a bifurcation.
The first bifurcation occurs in the typical parameter regime (equa-
tion (1) with p~28, 6=10, f=8/3). Here, the Lorenz system con-
tains two fixed points, x,* and x;b, that undergo a subcritical Hopf
bifurcation when p=p*~24.7 (ref. *°). When p < p*, these two fixed
points are stable. When p > p*, the fixed points become unstable,
yielding the characteristic wing-shaped flow.

To infer the bifurcation, we drive the reservoir with four training
trajectories: x%;(t) and x55(t) that evolve stably towards the fixed
points for p=23 while c=0, and x},(¢) and x5,(¢) that evolve stably
towards the fixed points for p =24 while c=1 (Fig. 3a). Importantly,
we stress that the inputs include the transient spiral trajectory
towards the fixed point. By training the output weights and evolving
the feedback reservoir while changing ¢ from 0 to 5, the trajectory
bifurcates into a Lorenz-shaped attractor (Fig. 3b). By subsequently
changing c back to 0, the reservoir displays transient chaos, whereby
it temporarily evolves about a Lorenz-shaped attractor, but eventu-
ally falls into a stable fixed point (Fig. 3c). Finally, by changing ¢
back to 5, the fixed points again become unstable (Fig. 3d).

In addition to inferring the Lorenz system’s bifurcation and cha-
otic manifold geometry, reservoirs can accurately infer more detailed
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Fig. 3 | Inferring and extrapolating the bifurcation of the Lorenz. a, Two training trajectories for each of the stable Lorenz fixed points at the wings, for
p=23 with c=0 (blue) and for p =24 with c=1 (light blue). b, The predicted trajectory of the feedback reservoir moves towards a stable fixed point for
¢=0, and bifurcates into a Lorenz-shaped manifold as c is increased to 5. ¢, As c is decreased back to O, the predicted trajectory eventually falls into a stable
fixed point. d, As c is increased back to 5, the fixed point loses stability. e, Four training 1-cycle trajectories for each wing (left wing, dark; right wing, light)

of the Lorenz at p=100.3,100.2, 100.1 and 100. f, Example of a Lorenz bifurcation into a 2-cycle at p=99.8 that is not used in training. g, True (black) and
predicted (blue to green) Poincaré sections of the true Lorenz and predicted reservoir time series along the plane x=0 for x > 0°*,

features of the Lorenz system’s period doubling route to chaos in the
parameter regime p= 100, 6 =10, #=8/3. For p % 99.98, the Lorenz
evolves about a stable 1-cycle (Fig. 3e). Between 99.95% p % 99.63,
the Lorenz bifurcates into a stable 2-cycle (Fig. 3f). As we continue
to decrease p, the number of cycles doubles until the flow becomes
chaotic. We capture the period doubling phenomenon using a
Poincarré section along the plane x =0 for x > 0 (see Supplementary
Information for details).

In this demonstration, we drive the reservoir with eight 1-cycle
trajectories comprising four values of p at both wings (Fig. 3e), and
perform feedback. As we increase ¢, the reservoir undergoes a series
of period doubling bifurcations that almost exactly trace the true
Lorenz system as measured by their Poincaré sections (Fig. 3g).
Hence, we teach reservoirs to quantitatively infer highly nonlinear,
latent and unobserved bifurcations.

Mechanism of how operations are learned

Now that we have taught reservoirs to manipulate chaotic mani-
folds, we seek to understand the mechanism by explicitly relating
the change in the control input, dc, to the change in reservoir tra-
jectory, dr'(t). We consider the time series r'(f) =1'._,(t) generated
by evolving the autonomous reservoir according to equation (7) at
c¢=0. Next, we take the total derivative of equation (7) evaluated at
r'(t) and ¢=0 to yield

(I— KA)dF + %d'r’ — K(BWdF + Cdo) ©)

where K = diag(dg, =, (), c=0)> and aim to write dr'(¢) as a function
of dc.

When learning translations, the output weights are trained
such that Wr(t) = x(t) =x(t) + Pc. For sufficiently nearby training
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examples (small P, ¢), we also implicitly approximate the differential
relation Wdr(t) ~ Pdc. Additionally, if the feedback reservoir stabi-
lizes these examples, then Wdr'(f) ~ Pdc. Substituting this relation
into equation (9) yields

(I - KA)dr + }/d'r' ~ K(BP + C)dc (10)
If we fix dc, we have 2N variables, dr’ and d#/, but only N equations.
By taking the time derivative of the differential relation, we generate
other N variables and N equations. Continuing to take time deriva-
tives yields the following system of equations

HoH_; 0 dr’ K
HiHy H.y---| |d¥ K
H, 2H, Hp a | = |k (BP+ C)de  (11)

where H_, = 11, H)=I—KA, and H,=—K?A is the ith time deriv-
ative of KA. This matrix is a block-Hessenberg matrix, with an
analytic solution® for the first term dr’. We truncate this solution
(Supplementary Information) to explicitly relate dr’ to dc as follows:

K

dr' ~ —[yHg — Hl]_l [~yHo 1] K] (BP+C)de  (12)

As a demonstration, we pick a finite Ac=20, and plot the origi-
nal and predicted change in the reservoir states, and their outputs
in spatial coordinates (Fig. 4b). Hence, using only the feedback
dynamics equation (7) and sufficiently nearby training examples,
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Fig. 4 | Changing the control parameter changes the reservoir dynamics to manipulate representations. a, Schematic of a reservoir with feedback
connections after the output weights W have been trained. b, Reservoir time series generated by evolving the autonomous reservoir with the original
Lorenz input with c=0 (dark gold). We also show the predicted time series from solving equation (12) after training on translated examples and
computing Acfj—’cl, where Ac=20 (light gold). The output projections of the two time series are shown in blue and green, respectively. ¢, The original and
predicted reservoir states and their output projections for Ac=—40 after training on transformed Lorenz inputs by solving equation (13). d, Plot of the
real and imaginary components of the two most unstable eigenvalues of the autonomous reservoir trained on two stable Lorenz trajectories (Fig. 3a). The

reservoir is linearized about its equilibrium point r¥ as we change c*.

changing c causes changes in the reservoir states from equation (12)
that map to a translation.

The same approach can be used for linear transformations, where
the output weights are trained such that Wr (f) = x () = (I+ cP)x(t).
For sufficiently nearby training examples, we implicitly approxi-
mate the differential relation Wdr(t) =~ Px(t)dc~ PWr(t)dc, which,
if properly stabilized, yields Wdr'(t) ~ PWr'(t)dc. Performing the
same time derivatives and solution truncation as in the translation,
we get the following relation between dc and dr”:

K(BPWY + C)
. dc
K(BPW? + C) + KBPW#

(13)

df ~ —[yH — Hi] " [~yHo 1

As another demonstration, we set Ac=—40, and plot the original
and predicted change in the reservoir states, and their outputs (Fig.
4c).

Finally, to understand how the reservoir is able to infer a bifurca-
tion, we demonstrate that it learns a smooth translation of eigenval-
ues. Specifically, at p*, the fixed points at the wings of the Lorenz
system undergo a Hopf bifurcation, whereby the real component
of complex conjugate eigenvalues goes from negative to positive.
To track the eigenvalues of the autonomous reservoir, we linear-
ize equation (7) about the equilibrium point r}, ¢* (Supplementary
Information). Then, using the output weights trained only on sta-
ble Lorenz trajectories (at c=0, p=23 and c=1, p=24; Fig. 3a,b),
we track the autonomous reservoir’s two most unstable eigenval-
ues (largest real component) at the fixed point as we vary the con-
trol parameter from c¢=0 to ¢=3. We find that these eigenvalues
are complex conjugates whose real components go from negative
to positive (Fig. 4d). Hence, we demonstrate that not only can
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reservoirs learn smooth translations and transformations by map-
ping dc to dr’, but they can also perform bifurcations by learning
smooth changes in their eigenvalues.

Bifurcation normal forms and non-dynamical time series
To demonstrate the generalizability of these principles, we teach res-
ervoirs to infer the bifurcation diagrams of other dynamical normal
forms, and to extrapolate non-dynamical time-series data. We begin
with a saddle-node bifurcation with dynamical normal form

(14)
where a is the bifurcation parameter. When a <0, the system has
a stable fixed point at —y/—a and an unstable fixed point at v/—a.
When a> 0, the system has no fixed points. We first generate two
time series at each of four values of a < 0: one above the stable fixed
point and one below (Fig. 5a). We then drive the reservoir with these
inputs while varying c, train the output weights, and track the feed-
back reservoir’s fixed points and largest real eigenvalue component
as we change the control parameter ¢ (Supplementary Information).
We observe that the feedback reservoir’s fixed points almost exactly
trace both the position and stability of the real saddle-node normal
form as we vary a far outside of the training regime (Fig. 5b).

Next, we consider the supercritical pitchfork bifurcation with
normal form

i=a+x

k=ax—x (15)

When a <0, equation (15) has one stable fixed point at x=0. When
a>0, equation (15) has two stable fixed points at ++/a, and one
unstable fixed point at x=0. We again generate two time series at
each of four values of a <0: one where x(t) >0, and another where
x(t) <0 (Fig. 5¢). We then drive the reservoir while varying c, train
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Fig. 5 | Inferring bifurcation normal forms and extrapolating kinematic trajectories. a, Training time series of the saddle-node normal form, where c=0
for a=—-0.01, c=1for a=-0.007, c=2 for a=—-0.004, and c=3 for a=—0.001. b, Bifurcation diagram of both the saddle-node normal form as we vary
a, and the projection of reservoir fixed points Wr coloured by the largest real eigenvalue of the reservoir Jacobian at r} as we vary c. ¢,d, Training time
series of the supercritical pitchfork normal form, where c=0 for a=-0.1, c=1for a=-0.07, c=2 for a=-0.04, and c=3 for a=—0.01 (¢), along with the
corresponding real and predicted bifurcation diagram (d). e, Jansen linkage, which is pinned at the black nodes, leaving one degree of freedom whereby
the bottom joint traces a cyclic trajectory. f, Training (light blue to purple) and testing (dotted lines) trajectories of the true Jansen linkage by varying the

dashed link, and the predicted reservoir trajectories (blue, green).

the output weights, and again observe that the feedback reservoir’s
fixed points almost exactly trace both the position and stability of
the pitchfork normal form’s fixed points (equation (15) and Fig. 5d).
We emphasize that in both normal forms, the reservoir was able to
infer the location and stability of all fixed points after only observ-
ing a few trajectories to one of the stable fixed points.

Finally, we test whether the reservoir’s ability to extrapolate gen-
eralizes to non-dynamical time series. Specifically, we consider the
kinematic trajectory of a modified version of the Jansen linkage',
whose bottom joint traces out a cyclical walking path with one
degree of freedom (Fig. 5¢). As the lengths of the links change, the
geometry of the traced trajectory also changes in a complex manner.
Additionally, the evolution of the original and changed trajectories
cannot be written as a dynamical system of the form x = f(x). We
first generate four training trajectories by changing the length of
the dashed link by Al=0.05 while varying ¢ by Ac=1 (Fig. 5¢,f),
and perform training and feedback. Then, we use the feedback res-
ervoir to generate predicted trajectories at c=—25 and ¢=25, and
observe that they very closely follow the true trajectories when the
link length changes by —25A!l and 25A1 (Fig. 5f).

Simultaneous learning of multiple operations

To close, we demonstrate that reservoirs can easily learn multiple
computations by changing multiple control inputs. We train a trans-
lation in the x, direction with control parameter ¢, and a translation
in the x; direction with control parameter c,. As before, we begin
with a Lorenz time series x,,(f) generated from equation (1), and
created shifted copies

(16)

where a,=[1; 0; 0] corresponds to an x; shift, and a,=[0; 0; 1]
corresponds to an x; shift. We generate 10 shifted inputs, with one

Xepe, (1) = x0,0(t) + cra1 + c2az

unshifted attractor (c,=0, ¢,=0), three shifts in the x, direction
(¢,=1, 2, 3, ¢,=0), three shifts in the x; direction (¢,=0, ¢,=1, 2,
3) and three shifts in both directions (¢,=1, 2, 3, ¢,=1, 2, 3). We
use these shifted copies along with their corresponding control
inputs to drive our reservoir and produce 10 reservoir time series
Tepe, (£). Then, we concatenate these 10 time series into x(¢) and
r(t) to train output weights W according to equation (3) and per-
form the feedback according to equation (7), where c={[c;; ¢,] is a
vector. By changing parameters ¢, and c,, the reservoir evolves
about a Lorenz-shaped manifold that is shifted in the x, and x,
directions (Fig. 6).

Discussion

In this Article, we teach an RNN to interpolate, extrapolate and
infer global bifurcation structures and manipulations after observ-
ing only a few local exemplars. Our approach contributes to earlier
work on artificial neural networks in three important ways”’»*%*342,
First, we provide a means by which a neural system performs accu-
rate and extreme interpolations and extrapolations of modifications
to its own representation far outside of its training regime. Second,
we provide an analytic mechanism by which this meta-learning
occurs, thereby providing design principles for effective teaching
(for example, small ¢, closely spaced exemplars). Finally, we dem-
onstrate that neural systems can infer global and highly nonlinear
bifurcation structure using only local, pre-bifurcated example tra-
jectories in many systems. Importantly, we use a randomly gen-
erated network that does not need to be artificially engineered to
preserve invariance or manipulate information®’.

One of the main limitations of this work is the lack of a clear
mechanism of how the network connectivity ultimately stabilizes
the chaotic manifold. Much progress has been made in tackling this
limitation, both by exercising theoretical concepts of generalized
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Fig. 6 | Flight of the Lorenz. A reservoir trained on translated inputs along the x; and x; directions evolves autonomously along a Lorenz-shaped chaotic
manifold. We can change the x; and x; position of its representation by changing control parameters ¢, and c,, respectively.

synchronization* and by developing tools for controlling chaos*.
However, there is insufficient knowledge to guarantee that a set of
training and reservoir parameters will always successfully teach the
desired computation. Similarly, we are unable to specify exactly how
far to space the training examples for the feedback reservoir to suc-
cessfully learn the linear relationships between the differential of the
reservoir states and the control parameter.

A particularly promising area for future work is related to the
generalizability of the learning mechanism across activation func-
tions, as demonstrated by the replication of our results in the more
nonlinear Wilson-Cowan network model”. Understanding the
role of various types and degrees of nonlinearity in learning com-
putations may provide insights for the intervention and design of
biological and artificial neural systems, respectively. Additionally,
these results provide a basis for exploring more complex computa-
tions, such as inferring bifurcations in experimental data, and test-
ing the reservoir’s ‘imagination’ in reconstructing more complex
chaotic manifolds using incomplete data. Finally, and perhaps most
astonishing, is the reservoir’s ability to accurately reconstruct the
global nonlinear geometry of both the bifurcated Lorenz manifold
and various bifurcation diagrams, as well as the complex changes
in kinematic trajectories after only observing a narrow range of
pre-bifurcated or kinematic examples. The accurate reconstruction
implies that the reservoir is actually inferring higher-order non-
linear structure. This work therefore provides a starting point for
exploring exactly how higher-order structure is learned by neural
systems.

We would like to add a citation diversity statement following a
recent proposal*®. Recent work in several fields of science has iden-
tified a bias in citation practices such that papers from women and
other minority scholars are under-cited relative to the number of
such papers in the field”-*'. Here we sought to proactively consider
choosing references that reflect the diversity of the field in thought,
form of contribution, gender, race, ethnicity and other factors. First,
we obtained the predicted gender of the first and last author of each
reference by using databases that store the probability of a first
name being carried by a woman®*?. By this measure (and excluding
self-citations to the first and last authors of our current paper), our
references contain 9.48% woman(first)/woman(last), 18.78% man/
woman, 11.66% woman/man and 60.08% man/man. This method is
limited in that (1) names, pronouns and social media profiles used
to construct the databases may not, in every case, be indicative of
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gender identity and (2) it cannot account for intersex, non-binary
or transgender people. We look forward to future work that could
help us to better understand how to support equitable practices in
science.

Data availability
All data generated or analysed during this study can be found in the
associated code.

Code availability

The code used to generate and analyse the data, and to produce the
figures in the main text and the Supplementary Information, is avail-
able on CodeOcean at https://codeocean.com/capsule/2107188/
tree/v1 (ref. ).
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