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Abstract 
Next Generation Air Traffic Management will allow 
for the possibility of free flight, in which each aircraft 
chooses its own optimal route, altitude and speed. In a 
free flight environment, the trajectories of several air- 
craft may be conflicting, in which case aircraft may 
or may not cooperate in resolving the conflict. This 
paper presents a method for noncooperative conflict 
resolution in which each aircraft develops a resolution 
strategy for the worst possible actions (within known 
bounds) of the other aircraft. The resolution strategy 
is based on noncooperative game theory: the solution 
to the game partitions the state space of each aircraft 
into safe and unsafe sets which represent level sets of 
the Hamilton-Jacobi equation, and the control strate- 
gies are abstracted into discrete protocols within each 
partition. Two examples of conflict resolution using 
speed and heading changes are worked out in detail. 

1 Introduction 
An area of great interest in the aviation community is 
that of free flight for future air traffic systems [l]. In a 
free flight environment, pilots would have the freedom 
to select their path and speed in real time, using, for 
example, Global Positioning Systems (GPS) as naviga- 
tional tools instead of following indirect routes over the 
current Very High Frequency Omnidirectional Range 
(VOR) transmitters. Communication between aircraft 
would exist in the near future with the proposed Auto- 
matic Dependence Surveillance-Broadcast (ADS-B) [2], 
in which each aircraft broadcasts to all other aircraft in 
its vicinity its current state as well as intent in the form 
of its next two proposed way points. State information 
about surrounding aircraft could also be provided by 
on-board radar. In order to maintain the required stan- 
dards of safety in free flight airspace, automatic conflict 
detection and resolution algorithms are vital. Sophis- 
ticated algorithms which predict and automatically re- 
solve conflicts would be used either on the ground or 
on-board, either as advisories or as part of the flight 
management system of each aircraft. Current research 
endeavors along this direction include [3, 4, 5 ,  6, 71. 

lResearch supported by NASA under grant NAG 2-1039, 
the Army Research Office under grants DAAH 04-95-1-0588 
and DAAH 04-96-1-0341, and by NSERC and ZONTA gradu- 
ate fellowships. 

In our work, we strive for an approach and a model- 
ing scheme for which we can verify the safety of the 
conflict resolution method. We present in [8] a decen- 
tralized architecture for Air Traffic Management to  use 
as a framework for our conflict resolution algorithms. 
In this framework, aircraft in en-route airspace are al- 
lowed to  self-optimize in the spirit of free flight and 
coordinate with neighboring aircraft in order to  resolve 
potential conflicts. 

In the current paper we develop a solution for nonco- 
operative conflicts, meaning that aircraft do not collab- 
orate in resolving the conflict. We assume that each 
aircraft knows the current state of every other aircraft 
involved in a potential conflict, but that the intent of 
every other aircraft is unknown. This situation occurs 
when one of the aircraft, a general aviation aircraft for 
example, is not equipped with sophisticated avionics, 
or when there is a communication malfunction between 
aircraft. In this case, sensing using on-board radar is 
still able to  provide estimates of the state variables of 
the surrounding aircraft, as well as the aircraft-types, 
which in turn would provide bounds on their aerody- 
namic capabilities. A natural framework for this type 
of problem in which many aircraft have conflicting ob- 
jectives is zero-sum noncooperative dynamic game the- 
ory. The history of dynamic games is rich: the study 
of differential equations in game theory was first moti- 
vated by military problems in the U.S. Air Force (air- 
craft dogfights, target missiles) and was initially devel- 
oped by Rand Corp. researcher Isaacs in the 1940’s and 
50’s [9]. An excellent modern reference is [lo], and our 
motivation for this work is that of [ll], in which game 
theoretic methods were used to  prove safety of a set of 
maneuvers in Intelligent Vehicle Highway Systems. 

In this paper, we use the development of Isaacs to  cal- 
culate the safe regions of operation, in state and control 
space, for each aircraft involved in the conflict. We use 
the saddle solution to  the game to  delineate the state 
space into safe and unsafe regions, but we require th i t  
each aircraft operate according to  the saddle solution 
only on  the boundary of i ts  safe region. As such, our 
control scheme is called least restrictive, because within 
its safe region of operation, the aircraft may design its 
trajectory to optimize over other criteria, such as fuel 
efficiency or minimal deviation from route. The im- 
plicit switching control law derived from the saddle so- 
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Figure 2: The evader and pursuer, with Target set and 
its outward pointing normal v 

Figure 1: Alert zone and protected zone. 

lution to the game may be modeled by finite automata 
with differential equations associated with each state, 
and the resultant hybrid system is safe by design. Our 
safe set computatiol~ gives the same geometric solution 
to that of 1121, yet we work in the context of steady 
state solutions to the Hamilton-Jacobi equation. 

The algorithms of this paper do not require any addi- 
tional structure to  the airspace than what currently ex- 
ists. Each aircraft is surrounded by two virtual hockey 
pucks, the protected zone  and the alert zone [2], shown 
in Figure 1. A conflict between two aircraft occurs if 
the protected zones of the aircraft overlap. The radius 
and the height of the en-route protected zone is cur- 
rently 5 nautical miles and 2,000 ft respectively. The 
size of the alert zone depends on various factors includ- 
ing airspeed, altitude, accuracy of sensing equipment, 
traffic situation, aircraft performance and average hu- 
man and system response times. The alert zone should 
be large enough to  allow a comfortable system response 
but also small enough in order to avoid unnecessary 
conflicts. For the algorithms in this paper, we assume a 
two-dimensional alert zone although three dimensional 
extensions of the algorithms are conceptually similar. 
The safe operating region for each aircraft is thus the 
largest controlled invariant subset of the complement 
of the protected zones of the other aircraft involved in 
the conflict. 

In this paper, we present our solution for two aircraft: 
section 2 develops the game theoretic method, and sec- 
tion 3 presents two examples of conflict resolution in 
the horizontal plane. The model used is a relative kine- 
matic model for two aircraft, aircraft 1 and aircraft 2, 
which describes the motion of aircraft 2 with respect 
to aircraft 1: 

in which (xT, y T ,  q5T:~ is the relative position and orienta- 
tion of aircraft 2 with respect to aircraft l, and vi and 
wi are the linear and angular velocities of each aircraft. 
The reader is referred to [13] for a complete derivation 

of this model, as well as for the proof of Proposition 1 
in Section 3.2. Our cooperative solutions for more than 
two aircraft, when communication is assumed between 
the aircraft, are presented in [14]. 

2 Game Theoretic Approach 
First, we describe our noncooperative conflict resolu- 
tion design philosophy on a general relative configura- 
tion model in R". Consider the system 

i = f (z ,u ,d)  z ( t )  = z (2) 

where z E R" describes the relative configuration of 
one of the aircraft with respect to the other, U E U is 
the control input of one agent, and d E D is the control 
of the other agent. We assume that the system starts 
at state x at initial time t .  Both U and D are known 
sets, but whereas the control input U may be chosen by 
the designer, the disturbance d is unknown. The goal is 
to maintain safe operation of the system (2), meaning 
that the system trajectories do not enter a prespecified 
unsafe region of the state space, called the Target set 
and denoted T with boundary dT. We assume that 
there exists a differentiable function Z(x) so that T = 
{z E Rn I l ( z )  1.0) and dT = {z E Rn I l(z) = 0) .  In 
this paper, T represents the protected zone around the 
aircraft at the origin of the relative axis frame (Figure 

Suppose that the two aircraft are conflict-prone and 
that they cannot cooperate to resolve conflict. Then 
the safest possible strategy of each aircraft is to fly a 
trajectory which guarantees that the minimum allow- 
able separation with the other aircraft is maintained, 
regardless of the actions of the other aircraft. We for- 
mulate this problem as a two-person, zero-sum dynami- 
cal game of the pursuer-evader variety. Call the aircraft 
at  the origin of the relative frame the evader with con- 
trol input U ,  and the other aircraft the pursuer with 
control input d; the goal of the evader is to drive the 
system outside T whereas the worst possible action of 
the pursuer is to try to drive the system into T. We 
solve the dynamical game for system (2) over the time 
interval [t, t f ] ,  where t f  is defined as 

2)- 

t f  = inf{.r E R+ I X(T) E T) (3) 
with initial state x at time t .  If t f  = 00, then for all 
possible control actions and disturbances the trajectory 
never enters T .  
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The game is a variational problem without a running 
cost, or Lagrangian: we are interested o 
or not the state e s T .  The cost J1 (z, t ,  U,  d )  is there- 

tion (only) of the terminal state: 

Given JI (x, t ,  U ,  d) ,  we first characterize the unsafe por- 
tion of dT, defined as those states x E dT for which 
there exists some disturbance d E D such that for all 
inputs U E U the vector field points into T ;  the safe 
portion of dT consists of the states x E dT for which 
there is some input U E U such that for all disturbances 
d E D, the vector field points outward from T .  More 
formally, we denote the outward pointing normal to T 
as 

(5) 
dl 
dX v = --b(tf)) 

as in Figure 2 which allows us to define 

Safe part of d T  {z E d T  : 3uVd vT f ( z ,u ,d )  2 0} 
Unsafe part of d T  {x E d T  : Vu3d v’f(x, U ,  d )  < 0} 

Given the above anatomy of d T ,  the game is won by 
the pursuer if the terminal state x( t f )  belongs in the 
unsafe portion of the boundary, and is won by the 
evader otherwise. It is clear that the optimal control 
U* E U is the one which maximizes J1(x, t ,u ,d) ,  and 
the worst disturbance d* E D is the one which mini- 
mizes J l (x , t , u ,d ) :  

( 6 )  

U* = argmax&(z, t ,u ,d)  (7) 

d* = argminJI(x, t ,u ,d)  (8 )  
UEU 

d E V  

The game is said to  have a saddle solution if the cost 
J,*(x, t )  does not depend on the order in which the max- 
imization and minimization is performed: 

J:(z,t) = maxminJl(x, t ,u ,d)  = minmaxJ j ( z , t , u ,d )  

(9) 
The concept of a saddle solution is key to our computa- 
tion of the safe regions of operation of the aircraft, since 
a solution of (2) with U = U* and d = d* represents an 
optimal trajectory for each player under the assump- 
tion that the other player plays its optimal strategy. 

u€U d € D  d € V  u€U 

Safety is maintained by operating within the safe set 
of states VI, which is the largest subset of Rn\T which 
can be rendered invariant using inputs U E U regardless 
of the disturbance d E D. We define VI as 

Vl ={x€E~\T~3uEU,Jl(x,t,u,d*)~O} (10) 

Let aV1 denote the boundary of VI .  At any instant t,  
the set {x E Rn\T I J,*(z, t) 2 0) defines the set of safe 
states starting from time t .  We would like to calculate 
the “steady state” safe set, or the safe set of states for 
all t E (-w,tf]. For this purpose we construct the 
Hamilton-Jacobi equation for this system and attempt 
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4 L \evolution of state 

\ 

V E  Rn 

Figure 3: The unsafe set of states (shaded) and its com- 
plement (the safe set V I )  

to calculate its steady state solution. Define the Hamil- 
tonian H ( z , p ,  U ,  d)  = pf(z, U ,  d )  where p E T*Rn is the 
costate. The optimal Hamiltonian is given by: 

H*(x ,p )  = maxminH(z,p,u,d)  = H(z ,p ,u* ,d* )  

and satisfies Hamilton’s equations (provided H* (x, p )  
is smooth in x and p ) :  

uEU d € D  

(11) 

with the boundary conditions p ( t f )  = dl(z(tp))/dz and 
x( t f )  E d T .  If JT(x,t) is a smooth function of x and t ,  
then J: (x, t) satisfies the Hamilton-Jacobi equation: 

with boundary condition J,*(x, t f )  = Z(z(tf)) .  Our 
goal is to compute the safe set VI = {x E 
Rn\T I J:(x, -CO) 1 0 )  where .I;(%, -00) is the steady 
state solution of (13). However, it is difficult to  guar- 
antee that the PDE (13) has solutions for all t < 0, 
due to the occurrence of “shocks”, ie. discontinuities 
in J as a function of z. If there are no shocks in the 
solution of (13), we may compute J;(z,-oo) by set- 
ting the left hand side of the Hamilton-Jacobi equation 
to zero, thus H * ( z ,  aJ;(i;-co)) = 0 which implies that 
aJ;(Z,-m) 

aZ is normal to the vector field f(z, U * ,  d*). 

To compute the safe set, we can propagate the bound- 
aries of the safe set (those points for which Z(x) = 0 and 
H * ( z , p )  = 0) backwards in time, using the Hamilton- 
Jacobi equation (13) to determine the safe and unsafe 
sets over the state space Rn (see Figure 3). 

The set VI defines the least restrictive control scheme 
for safety. If the pursuer is inside V I ,  any control input 
may be safely applied by the evader, whereas on the 
boundary, the only input which may be safely applied 
to ensure safety is U * .  If the pursuer is inside the unsafe 
set, it can eventually end up in the target set regardless 
of the actions of the evader. The safe set of control 
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inputs associated with each state x E Vl is 

UI(Z) = { ~ E U ~ J l ( ~ , t , ~ , d ) > O , \ J d € 2 ) } ( 1 4 )  

Since all U E U1 guarantee safety from state x, it is ad- 
vantageous to find the best control policy within this 
set, such as the one .:hat minimizes deviation from the 
nominal trajectory which is encoded by a second cost 
function J 2 ,  usually a, quadratic function of the tracking 
error. To do this, we solve the optimal control prob- 
lem which is nested h i d e  the differential game calcula- 
tion: (minuGul J 2 )  subject to the differential equations 
which describe the aircraft motion in absolute coordi- 
nates. Additional system requirements, such as passen- 
ger comfort, can now be incorporated by extending the 
above nested chain of games and optimal control prob- 
lems following the niultiobjective design methodology 
of [15]. 

3 Constant Altitude Conflict Resolution 
In this section, we apply this general framework to con- 
flicts which occur among aircraft at the same altitude. 
These conflicts are resolved either by path deviations 
or speed variations. 

3.1 Resolution by Angular Velocity 
Let us first consider the case in which the linear ve- 
locities of both aircraft are fixed, u1,u2 E R, and the 
aircraft avoid conflict solely by using their angular ve- 
locities, thus U = w1 and d = w2, and model (1) be- 
comes: 

x, 

4, = r l -  U 

= --VI + 212 COS 4, + UYT 

y, = 112 sin 4, - ux, (15) 

with state variables .c,,y, E R, 4, E [ -T,T),  and con- 
trol and disturbance inputs U E U = [ g l , W 1 ]  C R, 
d E D = [g,,W2] c IW. Without loss of generality (we 
scale the coefficients of U and d if this is not met), as- 
sume that @, = -1 and a, = 1, for i = 1,2. 

The target set T is the protected zone of the evader: 

T = { ( x , , ~ T ) E ~ ~ , + r E [ - 7 1 , 7 1 ) 1 x ~ + ~ ~ I 5 ~ }  (16) 

which is a 5-mile-radius cylindrical block in the 
(Zrp)yr,$p) space. Thus the function Z(z) may be de- 
fined as l ( ~ )  = xp + yp - 52. 

The optimal Hamiltonian is 

H*(x,p) = maxmin[-plvl + plu2 cos 4, + p2v2 sin 4, 
uEU d E D  

Defining the switching functions sl(t) and s2(t), as 

= Pl(t)$rT(t) - p2( t )zT( t )  - p3(t) (18) s2(t) = Pa($) 

the saddle solution U ’ ,  d* exists when s1 # 0 and s 2  # 0 
and are calculated as 

(19) 
U *  = sgn(s1) 
d e  = -sgn(s2) 

~ 
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Figure 4: The Target set T = {(xP,y,),q5, E ( 0 , ~ )  I x: + 
y: I 5’) (cylinder) and the boundary of the 
safe set Vi for t 5 t f  until the first switch in 
either sl(t) or s z ( t ) .  The unsafe set is enclosed 
by the boundary. 

The equations for l j  are obtained through (12) and are 

P 1  = U*P2 
lj, = -u*p1 (20) 
P3 = ~ 1 ~ 2  sin 4r - ~ 2 ~ 2  COS 4r 

with p( t f )  = ( Z ~ , ~ , , O ) ~  = Y, the outward pointing 
normal to d T  at any point (z,, y,, 4,) on d T .  The safe 
and unsafe portions of d T  are calculated using equa- 
tions (6) with v = (z,, yr, O ) T .  Thus, those (xy, yr, 4,) 
on dT for which 

- vi& + u ~ ( x ,  cos+, + yT sin+,) < O (21) 

constitute the unsafe portion, and those (x,, y,, 4,) on 
d T  for which 

- U1xT + u2(z, cos 4, + y, sin4,) = 0 (22) 

are the final state conditions for the boundary of the 
safe set VI. To solve for p(t) and x ( t )  along this bound- 
ary for t < t f ,  we must first determine u*( t f )  and 
d * ( t f ) .  Equations (19) are not defined at t = t f ,  since 
s1 = s 2  = 0 on d T ,  giving rise to “abnormal extremals” 
(meaning that the optimal Hamiltonian loses depen- 
dence on U and d at  these points). Analogously to [lo] 
(Chapter 8), we use an indirect method to  calculate 
u * ( t f )  and d * ( t f ) :  at any point (x,,y,,+,) on dT, the 
derivatives of the switching functions s1 and s 2  are 

s1 = YTUl  (23) 
Bz = x,u2 sin 4, - yrv2 cos +, (24) 

For points ( z r 7 v T , & )  E dT such that #+ E ( 0 , ~ )  it is 
straightforward to show that SI > 0 and S2 > 0, mean- 
ing that for values of t slightly less than t f ,  s1 < 0 
and s 2  < 0. Thus for this range of points along d T ,  
u * ( t f )  = -1 and d * ( t f )  = 1. These values for U* and 
d* remain valid for t < t f  as long as sl(t) < 0 and 
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s z ( t )  < 0. When s l ( t )  = 0 and s z ( t )  = 0, the saddle 
solution switches and the computation of the boundary 
continues with the new values of U* and d*, thus intro- 
ducing “kinks” into the safe set boundary. These points 
correspond to  the shocks in the Hamilton-Jacobi equa- 
tion discussed above. Figures 4 and 5 display the re- 
sulting boundary of the safe set VI ,  for t < t j  until the 
first time that either s l ( t )  or s 2 ( t )  switches. The au- 
tomaton illustrating the least restrictive control scheme 
for safety is shown in Figure 6. The law is least restric- 
tive in that the control U is not restricted when the 
state is inside VI. This automaton may be thought of 
as the composition of two switching automata, one each 
for the pursuer and evader. The individual switching 
automaton for U is easily derived by neglecting tran- 
sitions for d, and conversely. The computation of the 
boundary of VI is in general difficult and is a topic of 
our current research. For certain ranges of U and V, 
the surfaces shown in Figure 4 intersect, and at the 
intersection it is not clear that U* is the unique safe 
input. 

3.2 Resolution by Linear Velocity 
We now consider the case in which the angular veloci- 
ties of the two aircraft are zero, and collision is avoided 
by altering the velocity profile of the trajectories. Thus, 
U = w1, d = w2, and model (1) reduces to: 

k ,  = -u+dcos4 ,  

$v = dsind, (25) 
4 T  = 

The input and disturbance lie in closed subsets of the 
positive real line U E U = [ Z I ~ , V ~ ]  c R+, d E D = 
[ZI2,F21 c R+. 
The Target set T and function Z(x) are defined as in the 
previous example. In this example, it is straightforward 
to calculate the saddle solution ( U * ,  d*)  directly, by in- 
tegrating equations (25) for piecewise constant U and 
d ,  and substituting the solutions into the cost function 
(4). To do this we first define the switching functions 

1 

Outside VI 
U in 

Figure 6: Switching law governing the two aircraft system 
with angular velocity control inputs. 

SI and sa as 

Proposition 1 [Saddle Solution for Linear Velocity 
Controls] T h e  global saddle solution (u*,d*) to  the 
game described by system (25) f o r  the cost J1(x, t ,  U ,  d) 
given by equation (4) is  

VI if sgn(s1) < 0 (27) 

Proof: In [13]. 

As can be seen from equation (27), the optimal speed 
of the evader depends on the position of the pursuer 
relative to the evader. If the pursuer is ahead of the 
evader in the relative axis frame, then U* is at its lower 
limit, if the pursuer is behind the evader in the relative 
axis frame then U* is at its upper limit. If the pursuer 
is heading towards the evader, then d* is at its upper 
limit, if the pursuer is heading away from the evader, 
d* is at  its lower limit. The unsafe sets of states are 
illustrated in Figure 7 for various values of q5T, and 
speed ranges as illustrated. 

4 Conclusions 
In this paper, a conflict resolution strategy for free 
flight based Air Traffic Management is presented. A 
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Figure 7: Unsafe sets (x,, y r )  for [gl, GI] = [2,4], [z2, 5 2 1  = 
[I, 51 ani3 & = ~ / 2 ,  0, - ~ / 4 ,  and - ~ / 2 .  

noncooperative method based on game theory is de- 
scribed, and two chxamples are presented to illustrate 
the In Our current research, we are ex- 
tending the verification methodology of this paper to 
dynamic rather then kinematic models of the aircraft, 
with different flight modes. In a hierarchical flight ve- 

in [8], we have explained the role of dynamic models. 
Some preliminary results in this context have been pre- 
sented in [15], [16] 

hicle management system, such 8s the One proposed [13] C. Tomlin, G. Pappas, and S. Sastry. Con- 

References 

5'5th Meeting of the  American Institute of Aeronautics p. Antsaklis, w, Kahn, A. Nerode, and s. SastrY, ed- 

1821 

Authorized licensed use limited to: University of Pennsylvania. Downloaded on October 29,2026 at 15:31:55 UTC from IEEE Xplore.  Restrictions apply. 


