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Abstract 

The problem of trajectory tracking in the presence of 
input constraints is considered. The desired trajectory 
is reparameterized on a slower time scale in order to 
avoid input saturation. Necessary conditions that the 
reparameterizing function must satisfy are derived.The 
deviation from the nominal trajectory is minimized by 
formulating the problem as an optimal control prob- 
lem. 

1 Introduction 

In this paper, the problem of trajectory tracking in the 
presence of input constraints is considered. The main 
idea of this paper is to reparameterize infeasible trajec- 
tories on a different time scale in order to satisfy the 
input constraints. The system will traverse the same 
trajectory in output space but on a slower time scale. 
This idea will be illustrated on feedback linearizable 
systems although its applicability could be much wider. 
Such a trajectory replanning scheme is an essential ele- 
ment of an automated Azr Traf ic  Management System 
111. 

The problem of stabilization in the presence of in- 
put constraints has been considered among others in 
[ 2 ,  3, 41. Stabilization results for a certain class of non- 
linear systems can be found in [4], while in [5] stabiliza- 
tion is considered for input-output linearizable systems. 
In [6],  model predictive methods are used to perform 
trajectory tracking of nonlinear systems under input 
constraints. An interesting idea which converts trajec- 
tory tracking to maneuver regulation was presented in 
[7]. In [8 ] ,  reparameterization is used in order to remain 
within torque limitations of robotic systems. 

This paper is organized as follows: In Section 2, a nec- 
essary differential equation that the reparameterizing 
function must satisfy for SISO systems is obtained. 
Minimization between the actual and the reparameter- 
ized trajectories is posed as an optimal control prob- 
lem. Section 3, generalizes the concept to MIMO sys- 
tems where a set of conditions that the reparameteriz- 
ing function must satisfy are derived. Conclusions and 
issues for further research are discussed in Section 4. 

'Research supported by the Army Research Office under 
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2 SISO Systems 

The reader is assumed to be familiar with linearization 
results at the level of [9]. Consider the single-input, 
single-output nonlinear system, 

with state z E R", input U E [-M,M] c R, output 
y E R, vector fields f , g  on R" and output function h.l 
Without loss of generality, we assume that the origin 
is an equilibrium point of the autonomous system and 
that h(0) = 0. Let X be an open set containing the 
origin. 

Under the condition that the nonlinear system (1) has 
a well defined relative degree y 5 n at 0 E X there 
exists a local diffeomorphism, ip : X --t R", with 
ip(0) = 0, such that system (1) in the new coordinates 
is expressed as , 

21 = z2 

zy = b(z,  r l )  + 4 2 1  rl). 
4 = dz , r l )  

( 2 )  

Y = z1 

where z = [zl, . . . , zylT, q E Rn-y are the zero dy- 
namics variables, a ( z , q )  = L,L?-'h(z) and b(z ,q )  = 
L;h(x) The feedback linearizing control law is 

1 

(3) 

The new external input v is then designed to  achieve 
reference trajectory tracking. 

2.1 Exact Trajectory Tracking 
From now on, we will consider the cme where the rel- 
ative degree of system (1) is n and therefore the sys- 
tem is full state, feedback linearizable. The case where 
y < n is conceptually similar and is omitted due to 
space restrictions. If y = n, the state feedback law (3) 
becomes, 

1 
U = -(-b(z) + w) 4.1 (4) 

'Vector fields f,g and function h are assumed to  be a s  
smooth as needed. 
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Let Z = @ ( X ) .  Then Z C Rn is an open set and it 
contains the origin. In exact output tracking we wish 
that the output y( t )  is exactly equal to some desired 
trajectory r ( t )  E Cn([O, t f ] )  where one may also choose 
t f  = +oo. Let zd(t) = [r(t) $ ( t )  . . . @(t)lT. From 
now on, we will assume that the desired trajectory does 
not exit the neighborhood X where the assumptions 
of relative degree hold, that is for all time t E [ O , t f ]  
we have Z d ( t )  E = @ ( X ) .  Exact output tracking 
requires that the initial conditions satisfy z (0 )  = zd(0) 
and that the control input (3) is 

However, since -M 5 U 5 M we must have 

Without loss of generality we may assume that a(zd) > 
0. Then equation (6) implies that, 

dnr 
dtn - E [ -U .  4%) + b ( Z d )  , M .  4 Z d )  + b(Zd)] (7) 

In order for a desired trajectory to be feasible it must 
satisfy necessary condition (7). A more geometric de- 
scription of condition (7) may be found in [lo]. Since 
many reference trajectories may not satisfy this neces- 
sary condition, we ask whether we can satisfy (7) by 
reparameterizing the desired trajectory r ( t )  to r(s( t ) ) .  
Note that the system still traverses the same trajectory 
in output space but on a different time scale. 

The reparameterizing function s( t )  will be meaningful 
only if we place certain constraints on s( t ) .  First, since 
the desired trajectories r ( t )  are functions belonging in 
C n ( t , t f ] )  it is clear that we must have 0 5 s( t )  5 
t f .  econd, in order to  avoid going backwards in time, 
s( t )  must satisfy Q 0 for all t. Therefore, valid 
reparameterizing functions will be assumed to satisfy 
the following conditions: 

0 I s( t )  I t f  (8) 
d " > O  d t  - (9) 

Note, that s ( t )  is allowed to be greater than t .  This 
may result in acausal control laws where the system 
looks ahead at the trajectory and tries to exploit situa- 
tions where input saturation does not occur. If acausal 
control laws are not desired, then s( t )  must satisfy 
0 5 s( t )  5 t .  

We now derive necessary conditions that the repa- 
rameterizing function s ( t )  must satisfy. Consider the 
reparameterized trajectory r(s( t ) ) .  Simple calcu~ations 
show that, 

ds dn-ls dns dnr 
dtn dtn-l dtn - -  - T ( S ,  dt,. . . , -) + 4)- (IO) 

where the nature of the nonlinear function T depends 
on the relative degree of the system as well as the de- 
sired trajectory. Plugging equation (10) into equation 
(7) we obtain, 

where SI = -2M . a(zd)  + b(zd) - T and S2 = M a  
a(zd) + b(zd )  - T .  Recall that . z d ( t )  = [r(t) $(t) . . . 
s ( t ) l T .  From equation (10) it is clear that Z d ( S ( t ) )  

is a function of s, Q,. . . , w. Defining n-1 

dn-ls 
dtn-l Sl(S,. . . , - ) = - M * A + B - T  

dn-l s 
dtn-l Sz(s,. . . , - ) = M * A + B - T  

results in the following necessary condition, 

Therefore given a feedback linearizable system, in- 
put bounds and a desired output trajectory r ( t ) ,  one 
chooses the reparameterizing function s ( t )  so that nec- 
essary condition (12) is satisfied. We now consider two 
cases: 

Case I : T ( ~ )  # 0 Without loss of generality we can as- 
sume that d1)  > 0. In this case, condition (12) can be 
written as 

n - I  
If we define s1 = s, . . . , s, = M, then necessary con- 
dition (13) requires that the reparameterizing function 
s( t )  satisfies the following controlled differential equa- 
tion 

s 1  = s2 

(14) 
Sn-1 = S n  

8, = W 

where the control w must take values in the interval W 
defined as 

1 1 
W = [ -SI (SI , .  T U )  . . , sn)  9 m S Z ( S 1 , .  . . ,sn)] (15) 

In order to ensure that reparameterization does not 
affect the differentiability of the trajectory, the initial 
conditions are chosen so that zd(0) = zd(s(0)). From 
equation (10) we obtain 

Sl(0) = s(0) = o  
ds 
dt 

dt2 

sz(0) = -(O) = 1 

SS(0) = - ( O )  d2s = 0 

dnP1s 
dtn-l Sn(0) = - (0) = 0 
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which satisfy conditions (8,9). If zd(0)  = ~d(s(0)) is not 
required, then one could choose any initial conditions 
which satisfy (8,9). 

Note that s ( t )  satisfies a controlled differential equa- 
tion which implies that there may be many solutions 
for s ( t )  which avoid input saturation. However, the 
question now becomes whether the system will reach 
its final goal, namely whether we can steer s1 to the 
desired value t f .  Furthermore, any valid solution to  the 
above problem must also satisfy conditions (8,9). But 
condition (9) along with sl (0)  = 0 imply that condition 
(8) will be satisfied since once s1 = t f ,  the problem is 
solved. Hence, existence of a valid reparameterization 
function can be shown by solving the following prob- 
lem. 

Problem 1 Given the controlled differential equation 
( l d ) ,  initial conditions (16) and the control interval W 
defined in (15), choose the control w E W so as to steer 
SI to t f  while satisfying the constraint s2 2 0. 

In case there are many solutions which satisfy the above 
constraints, we choose the reparameterizing function 
s ( t )  which steers SI to  t f  in minimum time. 

Problem 2 Given the controlled differential equation 
( l d ) ,  initial conditions (16) and the control interval W 
defined in (15), choose the control w E W so as to  
steer SI to  t f  in minimum time while satisfying the 
constraint s2 2 0 .  

Note that in the above optimal control problem, the 
system is linear, the cost is convex and the search space 
is convex. The final time is free, but the final state is 
constrained. The above control problem is difficult be- 
cause of the state dependent control interval W as well 
as the state constraint. The nonlinearities of the sys- 
tem (1) and the desired trajectory r ( t )  are all hidden 
in the control interval W .  Because of the choice of 
optimization cost and since W is a bounded and state 
dependent interval, solutions to  the above optimal con- 
trol problem will be of bang-bang nature. 

Case 11: r( ' )  = 0 In the degenerate case where the first 
derivative of the reference trajectory vanishes, neces- 
sary condition (12) becomes 

0 E [ S I ( S I , . . . , ~ , )  5 '2 (~1 , . . . 7~n) ]  (17) 

which implies that is unconstrained as long as con- 
dition (17) is satisfied. If condition (17) is not satisfied 
when dl) = 0 then saturation cannot be avoided by 
reparameterization. Note that in this case the idea 
of reparameterization is meaningless since the desired 
trajectory freezes and thus reparameterization serves 
no purpose. Two cases must be considered. The first 
one occurs when d l ) ( s )  = 0 at some particular point 
s, and the second when r ( ' ) ( s )  0 for all s in some 
interval S which has nonzero measure. 

In the first case where T ( ' ) ( s )  = 0 at  some particu- 
lar point s it is assumed that condition (17) is satis- 
fied for s1 = s. But then, by smoothness of solutions, 
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we obtain that (17) is satisfied for s1 = s- as well as 
for s1 = s+. Furthermore r ( l ) ( s+)  # 0 and we can 
therefore proceed by solving again the optimal control 
problem 2 after s+. We can therefore jump over points 
where the reference trajectory freezes momentarily as 
long as condition (17) is satisfied. If condition (17) 
is satisfied then the control input w in the differential 
equation (14) is essentially unconstrained and we could 
choose w = w- in order to  preserve continuity of the 
control input w. 

We now consider the case where r ( l ) ( s )  f 0 for all 
s ( t )  E [ O I , O Z ]  or equivalently for all t E [tl,t2]. If 
r ( ' ) ( s )  = 0 for all s ( t )  E [01, Q], then by equations 
(10) it is clear that 

r (s ( t ) )  = r ( t )  for t E [ t l , t z ]  
ds dr 

d t  d t  
- - r(1)- = 0 - 

and therefore the state will be at  [ ~ ( s ) ,  0 , .  . . , OIT until 
s = u2 or equivalently t = t2. The nominal trajectory 
r ( t )  may be also stationary (if t < tz )  or may be non- 
stationary (if t > t 2 ) .  We can take advantage of the 
fact that the trajectory is frozen for some time by reset- 
ing the reparameterizing function s ( t )  in the following 
way 

t if t < t2 
t2 if t 2 t2 s ( t )  = 

Therefore if t < t z ,  then the nominal and the reparame- 
terized trajectories are both frozen at  the same location 
in state space. Then we can simply set s ( t )  equal to  t 
in order to  catch up to the nominal time parameteri- 
zation. If, however, t 2 tz then the nominal trajectory 
r ( t )  is no longer stationary and therefore the best the 
reparameterized trajectory can do is catch up to the 
last point where r ( t )  was stationary. Therefore, in this 
case we set s ( t )  = tz. When t > tz, then r ( l )  # 0 and 
we can proceed by solving again the optimal control 
Problem 2. 

2.2 Asymptotic Tracking 
We consider using reparameterization to avoid satura- 
tion in asymptotically tracking a reference trajectory. 
In case the tracking error is large, reparameterization 
will slow down the desired trajectory and distribute 
more control authority to  stabilizing the tracking er- 
ror. Note, however, that since the feedback law for tra- 
jectory tracking using feedback linearization contains a 
linear function of the error, sufficiently large tracking 
errors will saturate the control and, in that case, the 
trajectory needs to be replaned. 

In asymptotic tracking we have z ( 0 )  # zd(0). The fol- 
lowing change of coordinates 

el = z1 - r 

dnr 
dt" 

2,  - __ e,  = 
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or more compactly e = z - Zd results in 

e1 = e2 

3 Extension to MIMO Systems 

dnr 
dtn en = ~ ( z ) + u ( z ) u -  - 

If sn+cn-lsn-' +. . .+cls+co is a Hurwitz polynomial 
then the following control law 

1 dnr = -(-b(z) - cTe + -) 4.) dt* 

will ensure that  the error e converges to  zero expo- 
nentially. However, since -M I: U < M we must 
ensure that  the input bounds are not violated. Since 
z = zd + e, we must have 

dnr 
dtn ( - b ( Z d  + e )  - cTe + -) 5 M 

1 -M < - 
a(zd + e )  

Notice that  we must ensure that  z E @ ( X ) .  Th' I S  may 
potentially place restrictions on how large the initial 
error e can be. For sufficient conditions on the initial 
error which guarantee that  z E @ ( X )  see [lo]. 

We will again use a reperameterization algorithm in 
order to  avoid saturation. The only difference in this 
case is the addition of the tracking error. Using equa- 
tion (lo), define 

dn-1 S 

dt*-l 
, e )  = U ( Z d  + e )  A ( s , .  . . , 

, e )  = - M . A + B + c T e - T  
dn-'s 
dtn-l S l (S , .  . . , - 

,e) = M . A + B + c T e - T  dn-'s 
dtn- 

SZ(S,. . . , - 

and assuming without loss of generality that  u(zd+e) > 
0, results in the following necessary condition, 

As in the exact tracking case, we can consider cases 
where the trajectory becomes stationary or not. Prob- 
lems similar t o  Problems 1 and 2 can be formulated by 
simply appending the error dynamics to the formula- 
tion. Although the problems are more difficult in this 
case, they are conceptually the same. The main differ- 
ence is the dependence of the reparameterization func- 
tion on the tracking error. This allows the system to  
reparameterize the trajectory depending on how large 
the tracking error is. Therefore, if the tracking error is 
large then the system distributes more control author- 
ity towards trajectory tracking by slowing down the 
trajectory. Once the tracking error converges to zero, 
the above results reduce to  the exact tracking results. 
The system will then be able to  distribute more control 
authority towards speeding up the trajectory in order 
to  catch up with the nominal one. 

We would like t o  extend the reparameterization story 
obtained in the last section to  MIMO nonlinear sys- 
tems. Consider the square MIMO nonlinear control 
system described by 

m 

i = f(x) +&i(Z)Ui 
i=l 

yj = hj(S) j = l , * * * , m  (22) 

where x E Rn, Ui E [-Mi,Mi] C R, f(z), gi(x),**-, 
gm(x) are smooth vector fields on Rn and hl(z), ..., 
hm(x)  smooth functions on R". Let 20 be an equilib- 
rium point of the autonomous system, that  is f ( ~ )  = 
0, and let hj(x0) = 0 for all j = 1 , .  . . ,m. 

We assume in what follows that  each output y '  has 
a well defined relative degree rj, in an open neigkbor- 
hood X of 20,  and the decoupling matrix D ( x )  (where 
Dij (x) = L,, L; -1 hj(z)) is nonsingular in X .  Un- 
der these assumptions, there exists a diffeomorphism 
( z , ~ )  = @(z) such that  the state feedback given by 

U = ( D ( x ) ) - ~  [ -d(z) + v ] (23) 

where di(x)  = LThi(z), will result in a closed loop 
system which is decoupled from the new input v to  
output y. For simplicity, we consider from now on the 
case where the MIMO system is full state feedback lin- 
earizable. The presence of internal dynamics does not 
add any conceptual complications in the following for- 
mulation and is omitted due to  space limitations. 

3.1 MIMO Exact Tracking 
In order for the outputs yi to  exactly track the reference 
trajectories ri(t) ,  the external inputs vi are chosen as [:I=[ "Jm (24) 

If we define A(z) = 6ij(z) = (D(x))- l  as the  inverse 
of the decoupling matrix and the vector p(z) as 

[ d i ( s )  1 (25) 

then the feedback linearizing control law (23) has to  
satisfy 

P1(.> d l  (XI [ bm(z) ] = A(%) . 4 x 1  = A(z) . 

I&(.) + A(x)viI i Mi (26) 

for 1 5 i 5 m. Note that  we have transformed the 
MIMO problem into m decoupled SISO problems. This 
was done by implicitly assuming that A(x) is known ei- 
ther analytically or numerically. Combining equations 
(24,26) results in the following set of necessary condi- 
tions for the reference trajectories, 
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or otherwise, If we define the function I'i as 

Condition (28) is a necessary condition that must be 
satisfied by all output reference trajectories r,. If it is 
not satisfied for any i, we again ask ourselves whether 
we could satisfy the above condition by reparameter- 
izing time to  s ( t ) .  Note that  in order to  traverse the 
same trajectory in output space, the reparameterizing 
function s ( t )  must be the same for all outputs r,. 

Recall that  by reparameterizing r,(t) to r i ( s ( t ) ) ,  the 
time derivatives of the outputs are of the form, 

Since z = @-'(z)  and state z is a function of the ref- 
erence trajectories and their derivatives, by equation 
(29) it is clear that the state z depends on s,g,. . .,e 
for 1 5 i <_ m. Thus, necessary conditions (28) become 

where now every term in condition (30) is a function 
of s ,  $, . . ., e for 1 5 i 5 m. In the SISO case, the 
equivalent condition is condition (7). Note that in the 
SISO case, the highest derivative of the reference tra- 
jectory must satisfy condition (7). For MIMO systems, 
because of the decoupling matrix, it  is no longer clear 
how to  extract the highest derivative from conditions 
(30) since many of the S,, may be zero and further- 
more many of the outputs may have the same relative 
degree. 

Consider condition (30) for a fixed i E { 1, . . . , m}.  Let 
r,* be the largest derivative degree appearing in (30). 
Define the set index K, as 

(31) K, = {I 5 j 5 m I rj = 7: and S,, # 0) 

We can then break up the following sum 

Using equation (29) we can furthermore obtain 

m 

,=1 

then necessary condition (30) can be written as . 

Note that the above necessary condition must be sat- 
isfied for each 1 < a < m. If CIEK, &,r:') = 0, then 
it is clear from the above condition that  the trajectory 
must satisfy the condition 

( 1 
0 E [-M - P, - rz, M, - pZ - r,] (34) 

Therefore, if condition (34) is satisfied then $ is un- 

constrained and thus d':s E E3 If condition (34) is 
not satisfied then the necessary condition is not sat- 
isfied and thus & E 0. If (E,,,, 6,,rj1)) # 0 
then we can assume without loss of generality that  
(E,,,, St,r.(ll)) > 0 and therefore the above condition 
can be equivalently expressed as 

dtYz 

dtY: 

(35) 

where the interval Si is defined as 

Grouping the above we can see that  for each 1 5 i 5 m 
we have that 

si if c,~~<; bijr;.') # o 

and (34) holds 
___ wi = R if c . ~ ~ ~  Sijrj') = o (37) { 8 otherwise 

dY-* s 
dt7: 

It might be the case, however, that  for il # iz we have 
= $z. In that  case condition (37) results in two 

constraints on ~ ; ~ - t h  derivative of s ( t ) .  In that  case we 
must have 

Motivated by the above we define the index sets 

Nk = (1 < j <_ m I -yj* = 5 )  (38) 

The index sets Nk are essentially a partition of the 
index set { 1, . . . , m} under the following equivalence 
relation: indices il and iz are equivalent if = f 2 .  
We can then group conditions (37) and thus the k- 
th  derivative of s ( t )  must satisfy the following set of 
constraints 

80 

Authorized licensed use limited to: University of Pennsylvania. Downloaded on October 29,2026 at 15:32:27 UTC from IEEE Xplore.  Restrictions apply. 



Conditions (39) are the conditions that the reparame- 
terizing function must satisfy. Note that the problem 
has no solution if the set V k  for any k is the empty set. 
This may happen in two ways. First, any of the Wi may 
be empty. This means that reparameterization cannot 
avoid saturation in the input-output channel i. Sec- 
ond, the intersection of the Wi may be empty which 
means that it is impossible to avoid saturation in all 
input channels simultaneously by reparameterization. 

Let k* be the highest number k for which Nk is 
nonempty. In other words, k* is the degree of the high- 
est derivative of s ( t )  that is constrained in conditions 
(39). If we define SI = s,. . . , sg. = d t E + - f ,  then the 
reparameterizing function s ( t )  must satisfy the follow- 
ing controlled differential equation 

j., = s2 

&* = W 

d k ' - l  

(40) 

as well as the state constraints 

s 2  E v, 

Sk* E vj-1 
(41) 

in addition to  the previous state constraint (9) 

sa 2 0 (42) 

and the control must be in w E V k .  Existence of a 
reparameterizing solution can thus be shown by solving 
the following problem. 

Problem 3 Given the controlled differential equation 
(do), choose the control w E V k  in order to steer s1 to 
t f  while satisfying state constraints (41'42'). 

In case of nonunique solution, redundancy is resolved 
by solving the following optimal control problem. 

Problem 4 Given the controlled differential equation 
(do), choose the control w E V k  in order to steer s1 to 
t f  in minimum time while satisfying state constraints 
(4 174 2) 

Note that the initial conditions must also satisfy state 
constraints (41,42). This may result in initial condi- 
tions different from (16), which could result in loss of 
smoothness. In that case, however, the initial condi- 
tions can be treated as parameters in which case the 
optimization can be performed over the initial condi- 
tions as well. The above optimal control problem may 
be very difficult to  solve, even numerically, since we are 
trying to satisfy many constraints by varying only one 
parameter. The complexity of the above formulation 
should be expected since we want to avoid saturation 
in many input output channels by altering one param- 
eter. 

4 Conclusions 

The problem of reparameterizing desired output tra- 
jectories in order to  avoid input saturation was consid- 
ered. Necessary conditions that the reparameterizing 
function must satisfy were derived for SISO and MIMO 
feedback linearizable systems. The deviation from the 
nominal trajectory was minimized by formulating an 
optimal control problem. The formulation of the op- 
timal control problem raises several issues such as ex- 
istence of solutions, structure of optimal control laws 
etc. Necessary conditions for other classes of systems 
and feedback control laws will be investigated in order 
to show the generality of the main idea. 
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