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Abstract— Layered control architectures have been a stan-
dard paradigm for efficiently managing complex constrained
systems. A typical architecture consists of: i) a higher layer,
where a low-frequency planner controls a simple model of the
system, and ii) a lower layer, where a high-frequency tracking
controller guides a detailed model of the system toward the
output of the higher-layer model. A fundamental problem in
this layered architecture is the design of planners and tracking
controllers that guarantee both higher- and lower-layer system
constraints are satisfied. Toward addressing this problem, we
introduce a principled approach for layered multirate control of
linear systems subject to output and input constraints. Inspired
by discrete-time simulation functions, we propose an efficient
control design that guarantees the lower-layer system tracks the
output of the higher-layer system with computable precision.
Using this design, we derive conditions and present a method
for propagating the constraints of the lower-layer system to the
higher-layer system. The propagated constraints are integrated
into the design of an arbitrary planner that can handle higher-
layer system constraints. Our framework ensures that the
output constraints of the lower-layer system are satisfied at all
high-level time steps, while respecting its input constraints at
all low-level time steps. We apply our approach in a scenario
of motion planning, highlighting its critical role in ensuring
collision avoidance.

I. INTRODUCTION

Layered control architectures have been a standard
paradigm for tractable control of complex constrained sys-
tems [1]. A typical architecture consists of two layers. The
lower layer uses a detailed model of the system, while the
higher layer uses a simpler model of the system. The control
inputs of the higher-layer system are provided by a low-
frequency planner that accounts for complex higher-layer
constraints. A high-frequency tracking controller refines the
inputs from the planner to steer the lower-layer system to-
ward the trajectory of the higher-layer system. A fundamental
problem in this layered architecture is the design of planners
and tracking controllers that ensure the satisfaction of both
higher- and lower-layer system constraints. More specifically,
the presence of actuation limits and additional dynamics in
the lower-layer system can cause its trajectories to deviate
from those of the higher-layer system. These deviations can
potentially lead the lower-layer system to unsafe regions (see
Fig. 1) and thus cannot be neglected.
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Fig. 1. We observe that although the higher-layer system maintains a
safe trajectory, the trajectory of the lower-layer system deviates from it
sometimes, entering the unsafe area. These deviations arise due to input
constraints and additional dynamics in the lower-layer system.

In this paper, we propose a principled layered control
approach for linear systems subject to output and input
constraints (see Fig. 2). We assume we are given a planner
that can handle higher-layer system constraints and integrate
the model mismatch and the lower-layer system constraints
into the architectural design. Our approach provides a joint
design of tracking controllers and planning constraints that
account for both higher- and lower-level system constraints,
drawing inspiration from simulation functions [2], [3]. Sim-
ulation functions are control Lyapunov-like functions that
describe how a state trajectory of the higher-layer system
can be mapped to a state trajectory of the lower-layer
system such that the distance between the corresponding
output trajectories remains within computable bounds. Our
contributions are the following:

• We provide a systematic approach for designing track-
ing controllers that ensure output tracking with com-
putable precision at all low-level time steps.

• Employing our tracking control design, we derive con-
ditions and present a method for propagating the lower-
layer system constraints to the higher-layer system.

• We prove that the output constraints of the lower-layer
system are satisfied at every high-level time step, while
its input constraints are satisfied at every low-level time
step. Our framework provides a principled and efficient
approach to layered multirate control of linear systems
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subject to output and input constraints.

Low frequency 1/TH

Σ̄ :

{
˙̄x(t) = Āx̄(t) + B̄ū(t)
ȳ(t) = C̄x̄(t)

x̄(t) ∈ X̄ , ū(t) ∈ Ū , t = 0, TH , 2TH , . . .

High frequency 1/TL

Σ :

{
ẋ(t) = Ax(t) +Bu(t)
y(t) = Cx(t)

y(t) ∈ Y, u(t) ∈ U , t = 0, TL, 2TL . . .

x̄(t), ū(t)

Fig. 2. Two-layer multirate control architecture for linear systems with
output and input constraints. Σ is the system that we want to control, while
Σ̄ provides a simplified description of Σ’s dynamics.

We apply our framework to navigate a robot in a maze-like
environment and observe that higher sampling frequencies
for the tracking control implementation result in improved
tracking precision. Furthermore, our approach ensures the
avoidance of the unsafe scenario depicted in Fig. 1, while the
tracking precision of our controller is observed to provide a
quite tight upper bound for the output distance of the systems
during the mission.

All proofs can be found in [4, Appendix A].

Related Work. The problem of layered control design has
been extensively studied in recent years, with a plethora
of architectures proposed in the literature. Implementations
have been presented in multirate [5]–[7], single-rate [8], [9],
and continuous-time [10]–[14] settings.

The above works primarily address nonlinear lower-
layer systems with state constraints, and propose differ-
ent controllers for state tracking. For example, controllers
are designed based on quadratic programming in [6], [7],
Hamilton-Jacobi reachability analysis in [11], and SOS pro-
gramming in [12]–[14]. In contrast, we focus on obtaining an
efficient method for output tracking tailored to linear lower-
layer systems with output constraints. Our setting provides
increased flexibility by evaluating the distance between the
lower- and higher-layer systems based on their outputs,
which constitute a transformed lower-dimensional represen-
tation of their states. We also note that input constraints are
considered in some of the aforementioned works, specifically
in [6], [7], [9], [13], [14].

An alternative layering approach for linear systems with
state and input constraints is that of hierarchical model pre-
dictive control (MPC) [15]–[17]. In hierarchical MPC, each
layer runs an MPC at a different sampling frequency, with
lower layers refining the control actions generated in higher
layers. In contrast, our approach relies on an arbitrary planner
for constraint satisfaction and a linear tracking controller at
the lower layer of the architecture.

A layered architecture similar to ours is studied in [18].
Therein, the reference signals to the lower layer do not
necessarily follow higher-layer dynamics, and constraint
propagation relies on a predefined stabilizing controller for
the lower-layer system. Reference governors [19] follow sim-
ilar principles. Differently, in our work, simulation functions
allow us to integrate higher-layer dynamics into both the
constraint propagation and the design of tracking controllers.

Control designs based on simulation functions have been
presented in both continuous-time [2], [3], [20], [21] and
discrete-time [22], [23] settings. The approaches in [2],
[22], [23] focus on unconstrained linear systems, whereas
the framework in [20], [21] ensures robust satisfaction of
temporal logic specifications for robots with second-order
dynamics. In contrast, we focus on linear systems with
output and input constraints and provide an efficient layered
multirate control design with guarantees of output and input
constraint satisfaction. We note that simulation functions for
linear systems with input constraints are provided in [24],
but corresponding controllers are not derived by the authors.

Although our work focuses on layered approaches, there
are multiple alternatives that do not necessarily follow such
an explicit separation—see the recent survey [25].

Notation. The norm ∥ · ∥ is the Euclidean norm whenever
it is applied to vectors and the spectral norm whenever it is
applied to matrices. Moreover, Id is the d×d identity matrix
and Sd is the unit sphere in Rd. Given two sets A,B ⊆ Rd,
we use A + B to denote their Minkowski sum and A − B
to denote their Minkowski difference. If A is a subset of Rd

and D is a matrix in Rd′×d, the set DA := {Da : a ∈ A}
is the image of A under D.

II. PROBLEM FORMULATION

Consider the layered control architecture depicted in
Fig. 2. The higher layer involves a linear system Σ̄ with state
x̄(t) ∈ Rn̄, input ū(t) ∈ Rm̄, and output ȳ(t) ∈ Rp, which is
controlled at a given sampling frequency 1/TH . We assume
that Σ̄ is subject to state constraints x̄(t) ∈ X̄ and input
constraints ū(t) ∈ Ū , where X̄ ⊆ Rn̄ is closed and Ū ⊆ Rm̄

is compact, for all t = hTH , h ∈ N. In the lower layer, a
linear system Σ with state x(t) ∈ Rn, input u(t) ∈ Rm, and
output y(t) ∈ Rp, where p ≤ n, is controlled at a higher
sampling frequency 1/TL.1 We assume that Σ is subject to
output constraints y(t) ∈ Y and input constraints u(t) ∈ U ,
where Y ⊆ Rp is closed and U ⊆ Rm is compact, for all
t = ℓTL, ℓ ∈ N.

Suppose that the states of Σ̄ and Σ can be measured
directly and satisfy (x̄(0), x(0)) ∈ I at time 0, where:

I ⊆ {(x̄, x) ∈ Rn̄ × Rn : C̄x̄ = Cx, x̄ ∈ X̄ , Cx ∈ Y}

is compact. We highlight that Σ and Σ̄ have the same output
dimension, but their state and input dimensions may differ.
In practice, Σ̄ typically provides a simplified representation
of Σ’s dynamics, and hence, we assume that n̄ ≤ n. As an
example, Σ may capture the dynamics of a mobile robot,

1We assume that TH and TL are such that TH/TL ∈ N+.
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while Σ̄ represents its kinematics. A more concrete example
for this architecture is given in Section VI.

Assume we are given a planner that maps the state x̄(t)
of Σ̄ to a control input ū(t) and can integrate state and input
constraints for Σ̄. For example, consider a model predictive
controller or a Rapidly-exploring Random Tree Star variant
[26]. The input ū(t) is typically determined by optimizing
a performance criterion, such as a tracking objective. The
state x̄(t) and input ū(t) of system Σ̄ are passed to the
lower layer of Fig. 2, where a tracking controller aims to
steer the outputs y(t) of Σ toward the outputs ȳ(t) of Σ̄.
A main challenge in this layered architecture is the design
of planners and tracking controllers such that all constraints
are guaranteed to be satisfied. Consider, for example, the
scenario depicted in Fig. 1, where deviations of the outputs
y(t) from the outputs ȳ(t) due to model mismatch and input
constraints of Σ lead the output y(t) of Σ to unsafe regions.

To ensure the satisfaction of both higher- and lower-layer
system constraints, we consider imposing potentially tighter
constraints for Σ̄ in the planner. Specifically, let X̄p ⊆ X̄
and Ūp ⊆ Ū be the planning constraint sets for the state
and input of Σ̄, respectively. By design, such constraint sets
guarantee the satisfaction of the given constraints for Σ̄. Our
goal is to jointly design tracking controllers with guaranteed
precision and suitable planning constraint sets X̄p and Ūp
such that the lower-layer system constraints are also ensured
to be satisfied. Our problem is formalized in the following
statement.

Problem 1 (Layered Multirate Control of Constrained Linear
Systems). Consider the layered multirate control architec-
ture depicted in Fig. 2. Consider a mission of total time T
and suppose that T/TH ∈ N+.1 Assume we are given an
arbitrary planner that can integrate constraint sets X̄p ⊆ X̄
and Ūp ⊆ Ū for the state and input of Σ̄, respectively.
Design a tracking controller for Σ and planning constraint
sets X̄p and Ūp such that, for any pair of initial states
(x̄(0), x(0)) ∈ I with x̄(0) ∈ X̄p:

i) The outputs of the closed-loop systems Σ̄ and Σ satisfy;

∥ȳ(t)− y(t)∥ ≤ ε,∀t = 0, TL, . . . , T, (1)

where ε > 0 is a computable bound;
ii) The closed-loop system Σ satisfies the lower-layer out-

put and input constraints.

In the next section, we derive a tracking controller that
allows system Σ to track any output trajectory of Σ̄ with
computable precision as in (1). In Section IV, the resulting
controller and its precision are leveraged in the design of
constraint sets X̄p and Ūp that provide guarantees of output
and input constraint satisfaction for system Σ.

III. OUTPUT TRACKING WITH GUARANTEED PRECISION

In this section, we present a control framework that
enables the lower-layer system to track any output trajectory
of the higher-layer system with computable precision. Our
control design leverages simulation functions for discrete-
time systems [22], [27] to establish a guaranteed precision

for all t = ℓTL, ℓ ∈ N (see Subsection III-A). A systematic
method of computing discrete-time simulation functions and
corresponding tracking controllers is provided in Subsec-
tion III-B.

A. Guaranteed Tracking Precision via Discrete-Time Simu-
lation Functions

In this subsection, we introduce a notion of discrete-time
simulation functions and corresponding tracking controllers
with guaranteed precision. Our definitions result from adapt-
ing those in [3] to discrete-time systems.

Consider the exact discretization [28] of Σ and Σ̄ at the
lower-layer sampling frequency 1/TL, given by:

ΣL :

{
xℓ+1 = ALxℓ +BLuℓ

yℓ = Cxℓ

and:
Σ̄L :

{
x̄ℓ+1 = ĀLx̄ℓ + B̄Lūℓ

ȳℓ = C̄x̄ℓ
,

respectively. Intuitively, a simulation function of Σ̄L by ΣL

is a function over their state spaces describing how a state
trajectory of Σ̄L can be transformed into a state trajectory
of ΣL such that the distance between the respective output
trajectories remains within computable bounds. Simulation
functions of Σ̄L by ΣL and corresponding tracking con-
trollers are formally defined next.

Definition 1 (Discrete-Time Simulation Functions and Cor-
responding Tracking Controllers). A continuous function V :
Rn̄ × Rn → R+ is a simulation function of Σ̄L by ΣL and
a function uL : Rm̄ × Rn̄ × Rn → Rm is a corresponding
tracking controller if there exists γ > 0 such that for all
(x̄ℓ, xℓ) ∈ Rn̄ × Rn:

V (x̄ℓ, xℓ) ≥ ∥C̄x̄ℓ − Cxℓ∥2 (2)

and for all ūℓ ∈ Rm̄ satisfying γ2∥ūℓ∥2 < V (x̄ℓ, xℓ):

V (x̄ℓ+1, xℓ+1)− V (x̄ℓ, xℓ) < 0, (3)

where x̄ℓ+1 = ĀLx̄ℓ + B̄Lūℓ and xℓ+1 = ALxℓ +
BLuL(ūℓ, x̄ℓ, xℓ).

Condition (2) implies that a simulation function V (·, ·)
provides an upper bound for the squared output distance
of systems ΣL and Σ̄L, given any pair of their states.
Moreover, a corresponding controller uL(·, ·, ·) guarantees
the decrease of V (·, ·) along the systems’ evolution whenever
V (x̄ℓ, xℓ) > γ2∥ūℓ∥2 (see (3)). By applying the controller
uL(·, ·, ·), we can ensure that system ΣL is able to track any
output trajectory of system Σ̄L with computable precision.

Lemma 1 (Tracking Precision Guarantee). Let V : Rn̄ ×
Rn → R+ be a simulation function of Σ̄L by ΣL and uL :
Rm̄×Rn̄×Rn → Rm be a corresponding tracking controller.
Fix a pair of initial states (x̄0, x0) ∈ I and consider inputs
ūℓ ∈ Ūp for Σ̄L, where Ūp is a compact set. Let ūmax > 0
be such that maxū∈Ūp

∥ū∥ ≤ ūmax. Consider the states xℓ

of ΣL resulting from the dynamics equation:

xℓ+1 = ALxℓ +BLuL(ūℓ, x̄ℓ, xℓ),
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and let yℓ denote the associated outputs. Then, for all ℓ ∈ N,
we have:

∥ȳℓ − yℓ∥ ≤ max
{√

V (x̄0, x0), γūmax

}
. (4)

The bound on the right-hand side of (4) depends on the
initial states of the systems and an upper bound ūmax for the
maximum norm of inputs allowed in Ūp. The set Ūp can be
thought of as the planning constraint set for the input of the
higher-layer system (see Problem 1). We define the uniform
tracking error bound over all initial states as:

ε = max

{
max

(x̄0,x0)∈I

√
V (x̄0, x0), γūmax

}
. (5)

Then, inequality (4) implies that for any pair of initial states
(x̄0, x0) ∈ I and any input trajectory of Σ̄L allowed by Ūp,
the controller uL(·, ·, ·) ensures the output of ΣL remains
within ε of the output of Σ̄L. Throughout the paper, we refer
to ε as the tracking precision of Σ̄L by ΣL corresponding to
the controller uL(·, ·, ·). In applications of interest, the first
term in the maximum of (5) is usually negligible, leading to
ε = γūmax (see example in Section VI).

B. Computation of Tracking Controllers based on Discrete-
Time Simulation Functions

In this subsection, we present a systematic method of
designing discrete-time simulation functions of Σ̄L by ΣL

and corresponding controllers uL(·, ·, ·). Our approach is
inspired by [3], where simulation functions and respective
controllers are derived for continuous-time linear systems.

Before presenting our main result, we introduce an as-
sumption about systems ΣL and Σ̄L, along with a lemma
that is employed in its derivation.

Assumption 1. System ΣL is stabilizable. Moreover, there
exist matrices P ∈ Rn×n̄ and Q ∈ Rm×n̄ that satisfy:

CP = C̄, (6)
PĀL = ALP +BLQ. (7)

Stabilizability of ΣL is a minimal assumption. If Σ̄L does
not have any input (i.e., BL = 0), our tracking problem
becomes similar to the classical regulator problem [29], for
which equations (6) and (7) are key ingredients (see [2,
Remark 4.4] for details). We note in passing that analogous
conditions are used in prior work [3], [22], but an approach
similar to [23] could be used to remove condition (7).

Lemma 2. There exists a matrix K ∈ Rm×n, a positive
definite matrix M ∈ Rn×n, and a scalar λ ∈ (0, 1/2) such
that the following matrix inequalities hold:

M ⪰ C⊺C, (8)
(AL +BLK)⊺M(AL +BLK)−M ⪯ −2λM. (9)

Lemma 2 relies on our stabilizability assumption for
system ΣL. A simple method to compute K, M , and λ
satisfying the conditions of Lemma 2 is provided in its proof.
In [4, Appendix B], we present an alternative computational

approach based on semidefinite programming, which leads
to tighter tracking precision.

The following theorem provides a discrete-time version of
[3, Theorem 2].

Theorem 1 (Output Tracking using Discrete-Time Simula-
tion Functions). Consider matrices K ∈ Rm×n, M ∈ Rn×n

and a scalar λ ∈ (0, 1/2) that satisfy the conditions of
Lemma 2. Moreover, assume there exist P ∈ Rn×n̄ and
Q ∈ Rm×n̄ that satisfy the conditions of Assumption 1. Then,
the function V : Rn̄ × Rn → R+ defined by:

V (x̄ℓ, xℓ) = (xℓ − Px̄ℓ)
⊺M(xℓ − Px̄ℓ) (10)

is a simulation function of Σ̄L by ΣL and a corresponding
tracking controller is given by:

uL(ūℓ, x̄ℓ, xℓ) = Rūℓ +Qx̄ℓ +K(xℓ − Px̄ℓ), (11)

where R ∈ Rm×m̄ is an arbitrary matrix. The scalar γ
corresponding to the simulation function is given by:

γ =

√
1− λ ∥M1/2(BLR− PB̄L)∥

λ

and is minimal for R = (B⊺
LMBL)

−1B⊺
LMPB̄L.

Notice that the first two terms in (11) guide the higher-
layer output toward a desired value, while the last term
ensures that the lower-layer state remains close to the higher-
layer state lifted to the image of the matrix P . From Lemma 1
we can conclude that tracking controllers of the form (11)
guarantee that the output trajectory of ΣL remains ε-close to
any output trajectory of Σ̄L.

Remark 1. Discrete-time simulation functions and corre-
sponding tracking controllers for linear systems were pre-
sented in [22], [23]. The approaches in [22], [23] consider
matrices M , K, and a scalar κ that satisfy linear matrix
inequalities (LMIs) similar to (8) and (9). However, it is
unclear when the LMIs employed in [22], [23] admit a
solution. In contrast, we prove the existence of matrices
M , K, and a scalar λ that satisfy the LMIs (8) and (9),
given any stabilizable system ΣL. Beyond that, the proof
of Lemma 2 provides a systematic method of computing
the aforementioned quantities, while an alternative compu-
tational approach that leads to tighter tracking precision is
provided in [4, Appendix B].

Our ε-tracking guarantee is essential for propagating the
output and input constraints of the lower-layer system to the
higher-layer system, as detailed in the following section.

IV. CONSTRAINT PROPAGATION

In the previous section, we presented a systematic control
design that guarantees the output of system ΣL remains ε-
close to the output of system Σ̄L. By leveraging our design
and its precision ε, we can propagate the constraints of the
lower-layer system to the higher-layer system and obtain
tightened constraint sets X̄p ⊆ X̄ and Ūp ⊆ Ū for the planner
that controls the higher-layer system (see Problem 1).
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Constraint propagation can be achieved by shrinking the
constraint sets Y and U of the lower-layer system based
on the tracking control design in (11) and the associated
precision ε. In the following proposition, we characterize
conditions for the sets X̄p and Ūp that provide guarantees of
output and input constraint satisfaction for system Σ.

Proposition 1 (Conditions for Constraint Propagation). Con-
sider the layered multirate control architecture depicted in
Fig. 3. Let Planner : Rn̄ → Rm̄ denote a planner
parametrized by constraint sets X̄p ⊆ X̄ and Ūp ⊆ Ū for the
state and input of Σ̄, respectively. Let the tracking controller
uL : Rm̄ × Rn̄ × Rn → Rm be of the form (11) and let the
tracking precision ε be as in (5) with ūmax ≥ maxū∈Ūp

∥ū∥.
Assume that X̄p and Ūp are nonempty sets and satisfy the
following conditions:

C̄X̄p ⊆ Y − εSp, (12)

R Ūp +QX̄p ⊆ U − εKM−1/2Sn. (13)

Then, for any pair of initial states (x̄(0), x(0)) ∈ I with
x̄(0) ∈ X̄p, the closed-loop system Σ is guaranteed to satisfy:

y(t) ∈ Y,∀t = 0, TH , . . . , T, (14)
u(t) ∈ U ,∀t = 0, TH , . . . , T. (15)

Moreover, if Q = 0, we have:

u(t) ∈ U ,∀t = 0, TL, . . . , T. (16)

Since ΣL remains ε-close to the output trajectory of
Σ̄L, condition (12) ensures the output constraints in (14).
Condition (13) ensures that the constrained control inputs
and states of the higher-layer system are mapped to feasible
inputs u(t) ∈ U for the lower-layer system through (11).

Remark 2. The guarantees (14) and (15) ensure that the
constraints of Σ are satisfied at every high-level time step,
whereas (16) ensures that its input constraints are satisfied
at every low-level time step if Q = 0 (see, e.g., Section VI).
To guarantee satisfaction of the constraints for any matrix
Q and all low-level time steps, we could consider additional
planning constraints that limit the rate of variation of the
states x̄(t), employing ideas from [18]. A thorough analysis
of this extension is reserved for future work.

The applicability of our framework relies on our capability
of deriving sets X̄p and Ūp that satisfy the conditions
of Proposition 1. Consider polyhedral constraint sets:

Y := {y ∈ Rp : Fyy ≤ fy} ,
U := {u ∈ Rm : Fuu ≤ fu} ,

where Fy ∈ Rdy×p, fy ∈ Rdy , Fu ∈ Rdu×m, and fu ∈ Rdu .
Let Fy,j , Fu,j , and Gu,j be the j-th row of the matrices
Fy , Fu, and Gu := FuKM−1/2, respectively. Moreover, let
f̃y = (∥Fy,1∥, . . . , ∥Fy,dy

∥), f̃u = (∥Fu,1∥1, . . . , ∥Fu,du
∥1),

and g̃u = (∥Gu,1∥, . . . , ∥Gu,du∥). We define the sets X̄p and
Ūp as follows:

X̄p = {x̄ ∈ X̄ : FyC̄x̄ ≤ fy − εf̃y, ∥Qx̄∥∞ ≤ δ}, (17)

Ūp = {ū ∈ Ū : FuRū ≤ fu − δf̃u − εg̃u}, (18)

where δ ≥ 0 is a hyperparameter. Assume there exist
ūmax > 0 and δ ≥ 0 such that the above sets are nonempty
and satisfy ūmax ≥ maxū∈Ūp

∥ū∥. Then, we can show that
the conditions (12) and (13) are satisfied (see the proof in
[4, Appendix A]). The hyperparameters ūmax and δ can
be chosen through trial and error so that X̄p and Ūp are
nonempty sets and ūmax ≥ maxū∈Ūp

∥ū∥. In the special case
where Q = 0, we can pick δ = 0 and remove the constraint
∥Qx̄∥∞ ≤ δ from (17).

Planner

System Σ̄

Tracking controller uL

System Σ

Low frequency 1/TH ū ∈ Ūp ⊆ Ū

x̄ ∈ X̄p ⊆ X̄

High frequency 1/TL u ∈ U

x

ȳ ∈ C̄X̄p

y ∈ Y

Fig. 3. We propose a joint design of tracking controllers uL and planning
constraint sets X̄p and Ūp. The sets X̄p and Ūp result from propagating the
constraints Y and U of the lower-layer system to the higher-layer system
and combining them with the given constraint sets X̄ and Ū of the latter.

Remark 3. In the case of general convex constraint sets
Y and U , we can apply the above derivation method to a
polyhedral inner approximation of these sets. More generally,
if the constraint sets Y and U are nonconvex but can be
written as a union of convex sets, the same approach can
be employed for polyhedral inner approximations of the
individual convex sets. An example of motion planning in
a nonconvex safe area Y is presented in Section VI.

Next, we combine our results from the previous and
current sections to compose our layered multirate control
approach and establish our main theoretical guarantee.

V. LAYERED MULTIRATE CONTROL OF CONSTRAINED
LINEAR SYSTEMS

So far, we have presented the components that constitute
our proposed solution to Problem 1. In particular, we have
developed a systematic control design with guaranteed track-
ing precision and propagated the constraints of the lower-
layer system to the higher-layer system. We are now ready to
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introduce these components into the layered multirate control
architecture depicted in Fig. 3.

Let Planner : Rn̄ → Rm̄ denote a given planner
for Σ̄ that satisfies the conditions of Proposition 1 and let
uL(·, ·, ·) be a tracking controller of the form (11). Recall
that the Planner is parametrized by constraint sets X̄p

and Ūp. Moreover, let Σ̄H be the exact discretization of
system Σ̄ with zero-order hold inputs [28] at the sampling
frequency 1/TH . Our layered control framework is presented
in Algorithm 1.

Algorithm 1 Layered Multirate Control of Constrained
Linear Systems
Input: x(0), x̄(0), TL, TH , T , uL, Planner, X̄p, Ūp

1: %*******Low-frequency planning*******
2: for h = 0, . . . , T/TH − 1 do
3: ūh ← Planner(x̄(hTH); X̄p, Ūp)
4: Apply ūh to Σ̄H

5: %******High-frequency tracking*****
6: for ℓ = 0, . . . , TH/TL − 1 do
7: uℓ ← uL(ūh, x̄(hTH + ℓTL), x(hTH + ℓTL))
8: Apply uℓ to ΣL

9: end for
10: end for

In the following theorem, we provide our main theoretical
result, which follows directly from Lemma 1, Theorem 1,
and Proposition 1.

Theorem 2 (Layered Multirate Control of Constrained
Linear Systems). Consider the layered multirate control
architecture depicted in Fig. 3. Let Planner : Rn̄ → Rm̄

denote a planner parametrized by constraint sets X̄p ⊆ X̄
and Ūp ⊆ Ū for the state and input of Σ̄, respectively.
Let the tracking controller uL : Rm̄ × Rn̄ × Rn → Rm

be as in Theorem 1 and let the tracking precision ε be as
in (5). Assume that X̄p, Ūp, and Q satisfy the conditions
of Proposition 1. Fix a pair of initial states (x̄(0), x(0)) ∈ I
with x̄(0) ∈ X̄p. Then, by applying the framework described
in Algorithm 1, the closed-loop system Σ is ensured to satisfy
the tracking guarantee (1) and the constraints (14) and (16).

We deduce that our framework guarantees the lower-layer
system satisfies its output constraints at all high-level time
steps, while ensuring its input constraints hold at all low-
level time steps. We note that ideas from [18] could be
employed in combination with our approach to guarantee
the satisfaction of Σ’s output and input constraints for any
matrix Q at all low-level time steps (see Remark 2).

Beyond providing a systematic framework for layered
multirate control of constrained linear systems, our approach
guarantees output tracking with a computable precision ε,
for all t = 0, TL, . . . , T . Hence, if the closed-loop system
Σ̄L is asymptotically stable, the closed-loop system ΣL is
guaranteed to converge to an ε-neighborhood of the origin.
Similarly, if Σ̄L tracks a desired path with precision ε′ ≥ 0,
ΣL is ensured to remain within ε + ε′ of the desired path.

An example of motion planning that showcases our results
is given in the following section.

VI. CASE STUDY: NAVIGATION OF A MOBILE ROBOT

In this section, we apply our layered multirate control
approach to navigate a robot in a maze-like environment. In
particular, we consider a planar robot with dynamics model:

Σ :


ṗ(t) = v(t)
v̇(t) = a(t)
ȧ(t) = u(t)
y(t) = p(t)

,

where p(t) ∈ R2 is the position, v(t) ∈ R2 is the velocity,
and a(t) ∈ R2 is the acceleration. We control the robot via
the rate of acceleration, which is limited by the constraint
u(t) ∈ [−2, 2]2. The output constraint set Y ⊆ R2 represents
the safe region (white) in Figs. 1 and 5. We perform motion
planning with the kinematics model:

Σ̄ :


˙̄p(t) = v̄(t)
˙̄v(t) = ū(t)
ȳ(t) = p̄(t)

,

where p̄(t) ∈ R2 is the position, v̄(t) ∈ R2 is the velocity,
and ū(t) ∈ R2 is the acceleration, which is employed
to control Σ̄ and is restricted within [−1, 1]2. The state
constraint set X̄ is given by X̄ = {(p̄, v̄) ∈ R4 : p̄ ∈ Y, v̄ ∈
R2}. The set of initial states for the systems is given by
I = {(p, v, a, p̄, v̄) ∈ R10 : p = p̄, p ∈ Y, v = 0, a = 0, v̄ =
0}. Note that while the outputs of Σ and Σ̄ share a common
physical interpretation (i.e., position), their states and control
inputs correspond to different physical quantities.

Assume that the robot starts at (2.2, 7.5) with zero velocity
and acceleration. Our goal is to guide it to the disk of radius
0.25, centered at (3.5, 5.7), in the environment depicted in
Fig. 5 (see orange disk). For our mission to be feasible, it is
required that the planning constraint sets X̄p and Ūp for sys-
tem Σ̄ be nonempty. Since these constraint sets are computed
based on the tracking control design, we derive controllers
of the form (11) for various sampling frequencies 1/TL. For
all the sampling frequencies 1/TL, we can select a matrix
P that leads to V (x̄(0), x(0)) = 0, for all (x̄(0), x(0)) ∈ I,
which implies that ε = γūmax given (5).

Fig. 4 depicts the tracking precision ε and the maximum
allowable input norm ūmax of Σ̄, for 1/TL = 1, 2, . . . , 10
Hz. We observe that higher frequencies 1/TL lead to im-
proved tracking precision. This improvement was expected,
as higher values of 1/TL allow Σ to update its inputs more
frequently, thus enabling it to better track the output of the
higher-layer system. Furthermore, increasing 1/TL results in
a decrease in the maximum input norm ūmax, which implies
reduced control authority for the planner. The decrease in
ūmax can be explained by our computation of the matrix
M in (10) and the gain K in (11), which focuses solely
on providing a tight precision ε (see the method in [4,
Appendix B]). Alternative computational methods, allowing
us to attain larger ūmax while maintaining a tight precision,
will be explored in future work.
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Fig. 4. Tracking precision of Σ̄L by ΣL and maximum input norm
for Σ̄ across different sampling frequencies 1/TL. We observe that higher
sampling frequencies improve tracking precision and lead to more restricted
inputs for the higher-layer system Σ̄.
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Fig. 5. Output trajectories of the lower-layer system Σ and the higher-layer
system Σ̄. The orange disk represents the region that Σ aims to reach. The
output of Σ remains within the safe area at all times, despite temporarily
leaving the output constraint set of Σ̄ when Σ̄ changes direction.

Observe also in Fig. 4 that sampling frequencies 1/TL

of at least 2 Hz result in a tracking precision ε ≤ 0.23.
Since the minimum width of corridors in our environment
is 0.75, for all these values we can compute a nonempty
state constraint set X̄p—see the derivation of X̄p in [4,
Appendix C]. Furthermore, the initial point as well as a
part of the target disk lie within the output constraint set
determined by X̄p, which suggests our mission is feasible
for all 1/TL = 2, . . . , 10 Hz. We remark that the output
constraint set excludes the initial point that led to safety
violations in Fig. 1, rendering it infeasible.2 For the mission
of interest, we select 1/TL = 2 Hz, which ensures feasibility
of the mission while allowing for a relatively large ūmax.

We design a reference path from the initial point to the

2Fig. 1 corresponds to the same pair of systems as Fig. 5, and a different
reference path for Σ̄, without using though the propagated constraints in
the planner.

target disk by selecting sequential points within the allowable
output set determined by X̄p. For each reference point, our
planner employs a model predictive controller [30] for the
higher-layer system Σ̄, running at a sampling frequency
1/TH = 1 Hz. We note that our ability to choose a higher
sampling frequency for the bottom control layer of our
architecture is critical to ensuring feasibility of our mission.3
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Fig. 6. Output distance of Σ and Σ̄ for the trajectories depicted in Fig. 5
at the low-level time steps. Increases of the output distance correspond to
time steps where the direction of Σ̄ changes. We observe that the tracking
precision ε provides a quite tight higher bound for the output distance.
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Fig. 7. Control input components of Σ and Σ̄ for the trajectories depicted
in Fig. 5. We observe that both input components, ux(t) and uy(t), of Σ
remain within their constraint interval [−2, 2].

Fig. 5 shows the resulting output trajectories of the lower-
layer system Σ (in blue) and the higher-layer system Σ̄ (in
red). We observe that Σ remains in the safe area for the
entire duration of the mission, verifying our safety guarantee
(14). Deviation between the two output trajectories is noted
at times when the direction of Σ̄ changes, owing to the
additional dynamics constraint ȧ(t) = u(t) of system Σ. At
these times, Σ leaves the output constraint set of Σ̄ (dashed

3If we had to pick 1/TL = 1/TH (i.e., 1/TL = 1 Hz), the mission
would become infeasible, as the constraint set X̄p would be empty for the
corresponding tracking precision ε = 0.83.
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boundary). However, the output distance of the systems re-
mains smaller than the tracking precision ε, thereby ensuring
that Σ remains within the safe region (white). Beyond that, in
Fig. 6 we observe that the precision ε provides a quite tight
upper bound for the output distance of the systems during
the mission. Finally, Fig. 7 shows the temporal evolution
of the input u(t) := (ux(t), uy(t)) and the input ū(t) :=
(ūx(t), ūy(t)) of Σ and Σ̄, respectively. We can see that the
input constraint u(t) ∈ [−2, 2]2 of system Σ is satisfied at
all times, which verifies the guarantee (15) of Theorem 2.

VII. DISCUSSION AND FUTURE WORK

Our paper provides a principled and efficient approach for
layered multirate control of linear systems subject to output
and input constraints. In future work, we aim to extend our
framework to the more realistic case of nonlinear lower-layer
systems, which could have a substantial impact on practical
control applications.

Beyond that, our paper points to several additional re-
search directions. First, in order to allow for more flexibility
in planning, we could derive a method for computing the
free parameters of our tracking controller such that the input
constraints for the higher-layer system are less conservative.
We could also consider designing a robust variant of our
approach for systems with disturbances. Furthermore, addi-
tional planning constraints could be enforced to guarantee
that the output constraints of the lower-layer system are
satisfied at every low-level time step. Finally, analyzing the
trade-off between the complexity of the higher-layer system
and the computational efficiency of the planner could provide
insights into the choice of higher-layer systems.
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