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Abstra
t

In this paper, we de�ne and study quotients for fully nonlinear 
ontrol systems.

Our de�nition is inspired by 
ategori
al de�nitions of quotients as well as re
ent work

on abstra
tions of aÆne 
ontrol systems. We show that quotients always exist under

mild regularity assumptions, and 
hara
terize the stru
ture of the quotient 
ontrol

bundle. We also introdu
e a notion of proje
tability whi
h turns out to be equivalent

to 
ontrolled invarian
e. This allows to regard previous work on symmetries, partial

symmetries, and 
ontrolled invarian
e as leading to spe
ial types of quotients. We

also show the existen
e of quotients that are not indu
ed by symmetries or 
ontrolled

invarian
e.

1 Introdu
tion

The analysis and synthesis problems for nonlinear 
ontrol systems are often very diÆ
ult

due to the the size and the 
ompli
ated nature of the equations des
ribing the pro
esses

to be 
ontrolled. It is therefore desirable to have a methodology that de
omposes 
ontrol

systems into smaller subsystems while preserving the properties relevant for analysis or

synthesis. From a theoreti
al point of view, the problem of de
omposing 
ontrol systems

is also extremely interesting sin
e it reveals system stru
ture that must be understood and

exploited.

In the study of 
ontrol systems stru
ture by several authors we impli
itly en
ounter no-

tions of quotients. When symmetries for 
ontrol systems exist, one of the blo
ks of the

de
ompositions introdu
ed in [4℄ is simply the original 
ontrol system fa
tored by the a
tion

of a Lie group representing the symmetry. If a 
ontrol system admits a 
ontrolled invariant

distribution, it is shown in [10℄ that it has a simpler lo
al representation. This simpler

representation 
an be obtained by fa
toring the original 
ontrol system by an equivalen
e

relation indu
ed by the 
ontrolled invariant distribution. The notion of abstra
tion intro-

du
ed in [12℄ 
an also be seen as a quotient sin
e the abstra
tion is a 
ontrol system on

a quotient state spa
e. These fa
ts motivate fundamental questions su
h as existen
e and


hara
terization of quotient systems.

The study of quotients has also important 
onsequen
es for hierar
hi
al 
ontrol, sin
e

the 
onstru
tion of quotients proposed in [12℄ impli
itly indi
ates that 
ertain states of the

original system may be
ome inputs on the quotient 
ontrol system. We 
an, therefore, regard
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a 
ontrol design performed on a quotient system as a design spe
i�
ation for the original

system. A 
omplete and thorough understanding of how the states and inputs propagate

from 
ontrol systems to their quotients will enable su
h a hierar
hi
al design s
heme.

In this paper, we take a new approa
h to the study of quotients by introdu
ing the 
ategory

of 
ontrol systems as the natural setting for su
h problems in systems theory. The use of


ategory theory for the study of problems in system theory also has a long history whi
h 
an

be tra
ed ba
k to the works of Arbib [2℄. More re
ently several authors have also adopted

a 
ategori
al approa
h as in [6℄ where the 
ategory of aÆne 
ontrol system is investigated

or [13℄, where a 
ategori
al approa
h has been used to provide a general theory of systems.

We de�ne the 
ategory of 
ontrol systems whose obje
ts are fully (non-aÆne) nonlinear


ontrol systems, and morphisms map traje
tories between obje
ts. In this 
ategori
al setting

we formulate the notion of quotient 
ontrol systems, and show that under mild regularity

assumptions quotients always exist. We introdu
e the notion of proje
table 
ontrol se
tions,

whi
h will be a fundamental ingredient to 
hara
terize the stru
ture of quotients. This

notion is in fa
t equivalent to 
ontrolled invarian
e, and this allows to regard quotients based

on symmetries or 
ontrolled invarian
e as a spe
ial type of quotients. General quotients,

however, are not ne
essarily indu
ed by symmetries or 
ontrolled invarian
e and have the

property that some of their inputs are related to states of the original model. This fa
t,

impli
it in [12℄, is expli
itly 
hara
terized in this paper by understanding, how the state and

input spa
e of the quotient is related to the state and input spa
e of the original 
ontrol

system.

2 Control Systems

In this se
tion we review the relevant notions from di�erential geometry [1℄ and 
ontrol

systems [10℄ ne
essary for the remaining paper.

2.1 Fiber Bundles

A �ber bundle is a tuple (B;M; �

B

;F ; fO

i

g

i2I

), where B, M and F are manifolds 
alled

the total spa
e, the base spa
e and standard �ber respe
tively. The map �

B

: B �! M is

a surje
tive submersion and fO

i

g

i2I

is an open 
over of M su
h that for every i 2 I there

exists a di�eomorphism 	

i

: �

�1

B

(O

i

) �! O

i

� F satisfying �

o

i

Æ 	

i

= �

B

, where �

o

i

is the

proje
tion from O

i

� F to O

i

. The submanifold �

�1

B

(x) is 
alled the �ber at x 2 M and is

di�eomorphi
 to F . We will usually denote a �ber bundle simply by �

B

: B �! M . Sin
e a

�ber bundle is lo
ally a produ
t, we 
an always �nd lo
al 
oordinates, whi
h we shall 
all

trivializing 
oordinates, of the form (x; b), where x are 
oordinates for the base spa
e and

b are 
oordinates for the lo
al representative of the standard �ber. A map ' : B

1

�! B

2

between two �ber bundles is �ber preserving i� there exists a map � : M

1

�! M

2

between
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the base spa
es su
h that the following diagram 
ommutes:

M

1

M

2

-

�

B

1

B

2

-

'

?

�

B

1

?

�

B

2

(2.1)

that is to say, i� �

B

2

Æ' = � Æ �

B

1

. In su
h a 
ase we also refer to ' as a �ber preserving lift

of �. Given �ber bundles B

1

and B

2

we will say that B

1

is a subbundle of B

2

if the in
lusion

map i : B

1

,! B

2

is �ber preserving.

Given a map h :M �! N de�ned on the base spa
e of a �ber bundle we denote its extension

to all of the bundle B by h

e

, de�ned by h

e

= h Æ �

B

. We now 
onsider the extension of a

map H : B �! TM to a ve
tor �eld in B. Globally, we de�ne H

e

as the set of all ve
tor

�elds X 2 TB su
h that:

B TM

-

H

X

�

�

�

��

TB

?

T�

B

(2.2)


ommutes, that is T�

B

(X) = H. When working lo
ally, one 
an be more spe
i�
 and sele
t

a distinguished element of H

e

, denoted by H

l

, whi
h satis�es in trivializing 
oordinates

T�

F

(H

l

) = 0, where �

F

is the proje
tion from O

i

� F to F . Using trivializing 
oordinates

(x; b) this simply means that H

l

= H

�

�x

+ 0

�

�b

. A ve
tor �eld Y : M �! TM on the base

spa
e M of a �ber bundle 
an also be extended to a ve
tor �eld on the whole bundle. It

suÆ
es to 
ompose Y with the proje
tion �

B

: B �! M and re
over the previous situation

sin
e Y Æ�

B

is a map from B to TM . Given a distribution D on M , we de�ne

1

its extension,

D

e

, as:

D

e

=

[

X2D

X

e

(2.3)

2.2 Control Systems

Sin
e the early days of 
ontrol theory it was 
lear that in order to give a global de�nition of


ontrol systems the notion of input 
ould not be de
oupled from the notion of state [17℄.

De�nition 2.1 (Control System) A 
ontrol system �

M

= (U

M

; F

M

) 
onsists of a �ber

bundle �

U

M

: U

M

�!M 
alled the 
ontrol bundle and a map F

M

: U

M

�! TM making the

following diagram 
ommutative:

U

M

TM

-

F

M

M

?

�

U

M

�

M

�

�

�

�	

(2.4)

that is, �

M

Æ F

M

= �

U

M

, where �

M

: TM �!M is the tangent bundle proje
tion.

1

Note that this de�nition implies the equality Ker(Th

e

) = (Ker(Th))

e

.
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The input spa
e U

M

is modeled as a �ber bundle sin
e in general the 
ontrol inputs available

may depend on the 
urrent state of the system. Closely related to 
ontrol systems is the

notion of 
ontrol se
tion whi
h will be fundamental in our study of quotients:

De�nition 2.2 (Control Se
tion) Given a manifold M , a 
ontrol se
tion on M is a sub-

bundle �

S

M

: S

M

�!M of TM .

We denote by S

M

(x) the set of ve
tors X 2 T

x

M su
h that X 2 �

�1

S

M

(x), whi
h allows to

show that any 
ontrol system (U

M

; F

M

) de�nes a 
ontrol se
tion by the pointwise assignment

S

M

(x) = F

M

(�

�1

U

M

(x)). We shall 
all a 
ontrol system, 
ontrol aÆne, when the 
ontrol se
tion

de�nes an aÆne distribution and fully nonlinear, otherwise. Having de�ned 
ontrol systems

the 
on
ept of traje
tories or solutions of a 
ontrol system is naturally expressed as:

De�nition 2.3 (Traje
tories of Control Systems) A 
urve 
 : I �! M , I � R

+

0

is


alled a traje
tory of 
ontrol system �

M

= (U

M

; F

M

), if there exists a 
urve 


U

: I �! U

M

making the following diagrams 
ommutative:

I M

-







U

�

�

�

��

U

M

?

�

U

M

I TM

-

T





U

�

�

�

��

U

M

?

F

M

(2.5)

where we have identi�ed I with TI.

3 The Category of Control Systems

We start by reviewing the notion of �-related 
ontrol systems introdu
ed in [11℄ and whi
h

motivates the 
onstru
tion of the 
ategory of 
ontrol systems to be later presented.

De�nition 3.1 (�-related Control Systems) Let �

M

and �

N

be two 
ontrol systems de-

�ned on manifolds M and N , respe
tively. Given a map � : M �! N we say that �

N

is

�-related to �

M

i� for every x 2M :

T

x

�(S

M

(x)) � S

N

Æ �(x) (3.6)

In [11℄ it is shown that this notion, lo
al in nature, is equivalent to a more intuitive and

global relation between �

M

and �

N

.

Proposition 3.1 ([11℄) Let �

M

and �

N

be two 
ontrol systems de�ned on manifolds M

and N , respe
tively and let � : M �! N be a map. Control system �

N

is �-related to �

M

i�

for every traje
tory 
(t) of �

M

, �(
(t)) is a traje
tory of �

N

.

Informally speaking, a 
ategory is a 
olle
tion of obje
ts and morphisms between obje
ts,

that relate the stru
ture of the obje
ts. Choosing manifolds for obje
ts leads to the the
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natural 
hoi
e of smooth maps for morphisms and de�nes Man, the 
ategory of smooth

manifolds. In this se
tion we introdu
e the 
ategory of 
ontrol systems whi
h we regard as

the natural framework to study quotients of 
ontrol systems. We defer the reader to [5℄ for

further details on the elementary notions of 
ategory theory used throughout the paper and

to [14℄ for the proofs of the results given in this and the forth
oming se
tions.

The 
ategory of 
ontrol systems, denoted by Con, has as obje
ts 
ontrol systems as de-

s
ribed in De�nition 2.1. The morphisms in this 
ategory extend the 
on
ept of �-related


ontrol systems des
ribed by De�nition 3.1.

De�nition 3.2 (Morphisms of Control Systems) Let �

M

and �

N

be two 
ontrol sys-

tems de�ned on manifolds M and N , respe
tively. A morphism f from �

M

to �

N

is a

pair of maps f = (�; '), � : M �! N and ' : U

M

�! U

N

making the following diagrams


ommutative:

M N

-

�

U

M

U

N

-

'

?

�

U

M

?

�

U

N

TM TN

-

T�

U

M

U

N

-

'

?

F

M

?

F

N

(3.7)

It will be important for later use to also de�ne isomorphisms:

De�nition 3.3 (Isomorphisms of Control Systems) Let �

M

and �

N

be two 
ontrol

systems de�ned on manifolds M and N , respe
tively. System �

M

is isomorphi
 to sys-

tem �

N

i� there exist morphisms f

1

from �

M

to �

N

and f

2

from �

N

to �

M

su
h that

f

1

Æ f

2

= (id

N

; id

U

N

) and f

2

Æ f

1

= (id

M

; id

U

M

).

In this setting, feedba
k transformations 
an be seen as spe
ial isomorphisms. Consider an

isomorphism (�; ') with ' : U

M

�! U

M

su
h that � = id

M

. In trivializing 
oordinates

(x; v) adapted to the �bers, the isomorphism has a 
oordinate expression for ' of the form

' = (x; �(x; v)). The �ber term �(x; v) representing the new 
ontrol inputs is interpreted

as a feedba
k transformation sin
e it depends on the state at the 
urrent lo
ation as well as

the former inputs v. We shall therefore refer to feedba
k transformations as isomorphisms

over the identity sin
e we have � = id

M

.

The relation between the notions of �-related 
ontrol systems (3.1) andConmorphisms (3.2)

is stated in the next proposition.

Proposition 3.2 Let �

M

and �

N

be two 
ontrol systems de�ned on M and N , respe
tively.

Control system �

N

is �-related to �

M

i� f = (�; ') is a Con morphism from �

M

to �

N

for

some �ber preserving lift ' of �.

We now see that if there is a morphism f from �

M

to �

N

, then this morphism 
arries

traje
tories of �

M

to traje
tories of �

N

in virtue of Proposition 3.1.
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4 Quotients of Control Systems

Given a 
ontrol system �

M

and an equivalen
e relation on the manifold M we 
an regard

the quotient 
ontrol system as an abstra
tion sin
e some modeling details propagate from

�

M

to the quotient while other modeling details disappear in the fa
torization pro
ess. This

fa
t motivates the study of quotient 
ontrol systems as they represent lower 
omplexity

(dimension) obje
ts that 
an be used to verify properties of the original 
ontrol system.

Quotients are also important from a design perspe
tive sin
e a 
ontrol law for the quotient

obje
t 
an be regarded as a spe
i�
ation for the desired behavior of the original 
ontrol

system. In this spirit we will address the following questions:

Existen
e: Given a 
ontrol system �

M

de�ned on a manifold M and an equivalen
e

relation �

M

onM when does there exist a 
ontrol system onM= �

M

, the quotient manifold,

and a �ber preserving lift p

U

of the proje
tion p

M

: M �! M= �

M

su
h that (p

M

; p

U

) is a

Con morphism?

Uniqueness: Is the lift p

U

of p

M

, when it exists, unique?

Stru
ture of the quotient 
ontrol bundle: What is the stru
ture of the quotient


ontrol system 
ontrol bundle?

We remark that the 
hara
terization of the quotient 
ontrol system system map F : U

�! T (M= �

M

) was already solved for the 
ase of 
ontrol aÆne systems in [12℄ where a 
on-

stru
tive algorithm for its 
omputation was proposed. To 
larify our dis
ussion we formalize

the notion of quotient 
ontrol systems:

De�nition 4.1 (Quotient Control System) Let �

L

, �

M

, �

N

be 
ontrol systems de�ned

on manifolds L, M and N , respe
tively and g, h two morphisms from �

L

to �

M

. The pair

(f;�

N

) is a quotient 
ontrol system of �

M

if f Æ g = f Æ h and for any other pair (f

0

;�

0

N

)

su
h that f

0

Æ g = f

0

Æ h there exists one and only one morphism f from �

N

to �

0

N

su
h that

the following diagram 
ommutes:

�

M

�

N

-

f

f

0

�

�

�

�R

�

0

N

?

f

�

L

-

g

-

h

(4.8)

Intuitively, we 
an read diagram (4.8) as follows. Assume that the set �= f(u; v) 2 U

M

�

U

M

: (u; v) = (g(l); h(l)) for some l 2 U

L

g is a regular equivalen
e relation [1℄. Then,

the 
ondition f Æ g = f Æ h simply means that f respe
ts the equivalen
e relation, that

is, u � v ) f(u) = f(v). Furthermore it asks that for any other map f

0

respe
ting

relation �, there exists a unique map f su
h that f

0

= f Æf . This is a usual 
hara
terization

of quotient manifolds [1℄ that we here use as a de�nition. The same idea must, therefore,

hold for 
ontrol systems and this means that 
ontrol system �

N

must also satisfy a unique

fa
torization property in order to be a quotient 
ontrol system.

6



The �rst two questions of the previous list are answered in the next theorem whi
h asserts

that quotients exist under very moderate 
onditions:

Theorem 4.1 Let �

M

be a 
ontrol system on a manifold M and � : M �! N a surje
tive

submersion. If the distribution (TS

M

+Ker(TT�))=Ker(TT�) has 
onstant rank, then there

exists a 
ontrol system �

N

on N and a unique �ber preserving lift ' : U

M

�! U

N

of � su
h

that the pair ((�; ');�

N

) is a quotient 
ontrol system of �

M

.

This result provides the �rst 
hara
terization of quotient obje
ts in Con. It shows that

given a regular equivalen
e relation on the base (state) spa
e of a 
ontrol system and a

mild regularity 
ondition

2

, there always exists a quotient 
ontrol system on the quotient

manifold

3

. Furthermore it also shows that the regular equivalen
e relation on M or the map

� uniquely determines a �ber preserving lift ' whi
h des
ribes how pairs state/input of the


ontrol system on M relate to the pairs state/input of the quotient 
ontrol system. Having

answered the �rst two questions from the previous list, we 
on
entrate on the 
hara
terization

of the quotient 
ontrol bundle on the remaining papaer.

5 Proje
table Control Se
tions

We now extend the notion of proje
table ve
tor �elds from [7℄ and of proje
table families

of ve
tor �elds from [8℄ to 
ontrol se
tions. The notion of proje
table 
ontrol se
tions is

weaker then proje
table ve
tor �eld or families of ve
tor �elds but nonetheless stronger

than Con morphisms. The motivation for introdu
ing this notion 
omes from the fa
t

that proje
tability of 
ontrol se
tions will be a fundamental ingredient in 
hara
terizing the

stru
ture of the quotient 
ontrol bundle.

De�nition 5.1 Let M be a manifold, S

M

a 
ontrol se
tion on M and � : M �! N a

surje
tive submersion. We say that S

M

is proje
table with respe
t to � i� S

M

indu
es a


ontrol se
tion S

N

on N su
h that the following diagram 
ommutes:

M N

-

�

P(TM) P(TN)

-

T�

6

S

M

6

S

N

(5.9)

We see that if S

M

is in fa
t a ve
tor �eld we re
over the notion of proje
table ve
tor �elds.

SuÆ
ient and ne
essary 
onditions for proje
tability of 
ontrol se
tions are given in the next

result.

2

The 
onstant rank 
ondition on (Ker(TT�) + TS

M

)=Ker(TT�) is only required to ensure that S

N

is a

manifold. If one does not require a 
ontrol se
tion to be a manifold, then this 
ondition 
an be weakened.

3

This fa
t 
an be put in a more general 
ontext by introdu
ing a forgetful fun
tor from Con to Man

that asso
iates with ea
h 
ontrol system �

M

de�ned over M the manifold M and to ea
h morphism from

�

M

to �

N

the map �. In this 
ontext the previous result assumes the form of a universal arrow for this

fun
tor.
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Proposition 5.1 (Proje
table Control Se
tions) Let S

M

be a 
ontrol se
tion, � : M

�! N a surje
tive submersion and 0

e

= T�

�1

U

M

(0). Given any 
ontrol parameterization

(U

M

; F

M

) of S

M

and any F

M

2 F

e

M

, S

M

is proje
table with respe
t to � i�:

[F

M

; Ker(T�

e

)℄ � Ker(T�

e

) + [F

M

; 0

e

℄ (5.10)

If a 
ontrol se
tion is proje
table then lo
ally we 
an always 
hose F

M

= F

l

M

and therefore

re
over the 
onditions for lo
al 
ontrolled invarian
e from [3℄:

Theorem 5.1 ([3℄) Let �

M

be a 
ontrol system over a manifold M and � : M �! N a

surje
tive submersion. The distribution Ker(T�) is lo
ally 
ontrolled invariant for F

M

i�

S

M

is proje
table with respe
t to �.

From the study of symmetries of nonlinear 
ontrol systems [4, 9℄ it was already known that

the existen
e of symmetries or partial symmetries implies 
ontrolled invarian
e. This shows

that 
ontrol systems that are proje
table 
omprise quotients indu
ed by symmetries and


ontrolled invarian
e. However there are also quotients for whi
h proje
tability does not

hold as we des
ribe in the next se
tion.

6 The Stru
ture of Quotient Control Systems

We start by 
hara
terizing the �ber preserving lift ' of �. Re
all that if f = (�; ') is a

morphism from �

M

to �

N

we have the following 
ommutative diagram:

TM TN

-

T�

U

M

U

N

-

'

?

F

M

?

F

N

(6.11)

Sin
e ' is a surje
tive submersion we know that U

N

is di�eomorphi
 to U

M

= �, where � is

the regular equivalen
e relation indu
ed by '. This means that to understand the stru
ture

of U

N

it is enough to determine the regular and involutive distribution on U

M

given by

Ker(T'). However the map ' is 
ompletely unknown, so we will resort to the elements that

are available, namely F

M

and � to determine Ker(T'). Di�erentiating

4

diagram (6.11) we

get:

TTM TTN

-

TT�

TU

M

TU

N

-

T'

?

TF

M

?

TF

N

(6.12)

4

The operator sending manifolds to their tangent manifolds and maps to their tangent maps is an endo-

fun
tor on Man, also 
alled the tangent fun
tor.
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from whi
h we 
on
lude:

Ker(TT� Æ TF

M

) = Ker(TF

N

Æ T') = Ker(T') (6.13)

where the last equality holds sin
e F

N

is an immersion by de�nition of 
ontrol parameteri-

zation. We 
an now attempt to understand what is fa
tored away and what is propagated

from U

M

to U

N

sin
e Ker(T') is expressible in terms of F

M

and �. The �rst step is to


larify the relation between Ker(T') and Ker(T�). Sin
e ' is a �ber preserving lift of �

the following diagram 
ommutes:

TM TN

-

T�

TU

M

TU

N

-

T'

?

T�

U

M

?

T�

U

N

(6.14)

whi
h implies that:

T�

U

M

(Ker(T')) � Ker(T�) (6.15)

However this only tell us that the redu
tion on M due to � 
annot be \smaller" than the

redu
tion on the base spa
e of U

M

due to '. This leads to the interesting phenomena whi
h

o

urs when, for e.g. :

T�

U

M

(Ker(T')) = f0g � Ker(T�) (6.16)

The above expression implies that the base spa
e of U

M

is not redu
ed by '. However, U

N

is a �ber bundle with base spa
e N and therefore the points redu
ed by � must ne
essarily

lift to the �bers of U

N

. This will not happen if we 
an ensure the existen
e of a distribution

D � Ker(T') su
h that T�

U

M

(D) = Ker(T�). The existen
e of su
h a distribution turns

out to be related with proje
tability as asserted in the next proposition:

Proposition 6.1 Let �

M

= (U

M

; F

M

) be a 
ontrol system over a manifold M , � : M �! N

a surje
tive submersion and ' : U

M

�! U

N

a �ber preserving lift of �. There exists a

regular distribution D on U

M

satisfying D � Ker(T') and T�

U

M

(D) = Ker(T�) i� S

M

is

proje
table with respe
t to �.

Proposition 6.1 shows that proje
tability 
hara
terizes the stru
ture of the quotient 
ontrol

system in the sense that states lift to the �bers when the 
ontrol se
tion is not proje
table.

However we 
an be a little more detailed in our analysis and try to determine if the �bers

of U

M

are redu
ed or if the �bers of U

M

are in fa
t di�eomorphi
 to the �bers of U

N

and

redu
tion takes pla
e only on the base spa
e. The answer is given in the next proposition:

Proposition 6.2 Let �

M

= (U

M

; F

M

) be a 
ontrol system over a manifold M , � : M �! N

a surje
tive submersion, ' : U

M

�! U

N

a �ber preserving lift of � and F

M

any ve
tor �eld

in F

e

M

. A regular and involutive distribution E on U

M

su
h that T�

U

M

(E) = f0g satis�es

E � Ker(T') i�:

[F

M

; E ℄ � Ker(T�

e

) (6.17)
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Colle
ting the results given by Propositions 6.1 and 6.2 we 
an now 
hara
terize both ' and

U

N

.

Theorem 6.1 (Stru
ture of Quotients) Consider a 
ontrol system �

M

= (U

M

; F

M

) over

a manifold M , (f;�

N

) = ((�; '); (U

N

; F

N

)) a quotient of �

M

, and any ve
tor �eld F

M

in

F

e

M

. Let E be the involutive distribution de�ned by E = fX 2 0

e

: [F

M

; X℄ 2 Ker(T�

e

)g,

whi
h we assume to be regular, and denote by R

E

the regular equivalen
e relation indu
ed by

E. Under these assumptions:

Redu
tion from states to states and from inputs to inputs - Fiber bundle U

N

has

base spa
e di�eomorphi
 to N , and standard �ber F

N

di�eomorphi
 to F

M

=R

E

i� S

M

is

proje
table with respe
t to �.

Redu
tion from states to inputs and from inputs to inputs - Fiber bundle U

N

has

base spa
e di�eomorphi
 to N , and standard �ber F

N

di�eomorphi
 to (F

M

=R

E

)� K i�:

1. [F

M

; Ker(T�

e

)℄ \

�

Ker(T�

e

) + [F

M

; 0

e

℄

�

= f0g;

2. [F

M

; Ker(T�

e

)℄ 6= f0g.

where K is any leaf of the foliation on M indu
ed by the distribution Ker(T�).

We see that the notion of proje
tability is fundamentally related to the stru
ture of quotient


ontrol systems. If the 
ontrolled se
tion S

M

is proje
table then the 
ontrol inputs of the

quotient 
ontrol system are the same or a quotient of the original 
ontrol inputs. Proje
tabil-

ity 
an therefore be seen as a stru
tural property of a 
ontrol system in the sense that it

admits spe
ial de
ompositions [10℄. However, for general systems that are not proje
table,

it is still possible to 
onstru
t quotients by lifting the negle
ted state information to the

�bers. The states of the original system that are fa
tored out by � are regarded as 
ontrol

inputs in the quotient 
ontrol system. This shows that from a hierar
hi
al synthesis point

of view, 
ontrol systems that are not proje
table are mu
h more appealing sin
e one 
an

design 
ontrol laws for the abstra
ted system, that when pulled-down to the original one are

regarded as spe
i�
ations for the dynami
s on the negle
ted states.

7 Con
lusions

In this paper quotients of fully nonlinear 
ontrol systems were investigated. We showed

that under mild 
onditions quotients always exist and we 
hara
terized the stru
ture of the

quotient 
ontrol bundle. This was a
hieved by introdu
ing the 
ategory of 
ontrol systems

whi
h was the natural framework to dis
uss quotients of 
ontrol systems. One of the im-

portant ingredients of the 
hara
terization of quotients was the notion of proje
table 
ontrol

se
tion, whi
h being equivalent to 
ontrolled invarian
e allowed to understand the di�eren
e

between general quotients and those indu
ed by symmetries, partial symmetries or 
ontrolled

invarian
e.

Other dire
tions being 
urrently investigated in
lude similar results for me
hani
al 
ontrol

systems [15℄ as well as hybrid 
ontrol systems [16℄.
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