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Abstract— With multi-agent systems increasingly deployed
autonomously at scale in complex environments, ensuring
safety of the data-driven policies is critical. Control Barrier
Functions have emerged as an effective tool for enforcing
safety constraints, yet existing learning-based methods often
lack in scalability, generalization and sampling efficiency as
they overlook inherent geometric structures of the system. To
address this gap, we introduce symmetries-infused distributed
CBFs, enforcing the satisfaction of intrinsic symmetries on
learnable graph-based safety certificates. We theoretically mo-
tivate the need for equivariant parametrization of CBFs and
policies, and propose a simple, yet efficient and adaptable
methodology for constructing such equivariant group-modular
networks via the compatible group actions. This approach
encodes safety constraints in a distributed data-efficient manner,
enabling zero-shot generalization to larger and denser swarms.
Through extensive simulations on multi-robot navigation tasks,
we demonstrate that our method outperforms state-of-the-art
baselines in terms of safety, scalability, and task success rates,
highlighting the importance of embedding symmetries in safe
distributed neural policies.

I. INTRODUCTION

Multi-agent systems are increasingly being deployed au-
tonomously in complex environments as a means to complete
complex tasks efficiently and with redundancy. An ubiqui-
tous, critical requirement for mission success, though, is to
guarantee safety in terms of collision avoidance in a scalable
and computationally efficient manner. Common approaches
like MILP [1], H-J Reachability analysis [2], sampling-based
planning [3] and MPC [4] are computationally intractable for
larger swarms and high order dynamics, while Multi-Agent
RL [5], [6] offers no safety guarantees as competing rewards
trade between conflicting performance and safety incentives.

Control Barrier Functions have emerged as a powerful tool
to guarantee forward invariance in the perceived safe space
[7]. Since such centralized methods still struggled with scal-
ability [8], distributed versions were constructed [9]-[11].
Though computationally efficient and scalable, the latter
proved overly conservative, restricting the task performance
of the system, and particularly tedious to synthesize for
multi-robot systems of highly non-linear dynamics. To ad-
dress these issues, data-driven [12] distributed methods [13]-
[16] were introduced with a neural network of appropriate
structure approximating the CBF. In [13], the authors intro-
duced a framework for jointly learning scalable decentralized
CBFs and policies. However, it failed to account for the
dynamic geometric topology of the problem or distinguish
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between cooperative agents and uncooperative obstacles,
leading in conservative behaviors or safety breaches. To
that end, [16] exploited the dynamic graph representation
of the problem, harnessing the demonstrated scalability
of Graph Neural Networks and their centralized-training,
decentralized-execution nature to limit communication and
instead base inter-agent cooperation for satisfaction of safety
constraints on policy homogeneity [15].

Learning multi-agent policies, however, is a sampling
inefficient process that requires numerous demonstrated in-
teractions. Most crucially, deploying black-box learning-
based methods in safety critical applications requires some
generalization assurances to out of training distribution, but
at least predictable, data. Common approaches like data aug-
mentation [17] further exacerbate data inefficiency with no
generalization guarantees. One promising avenue to address
these challenges lies in leveraging the inherent geometric
structure of the safety constrained control problem. By iden-
tifying existing symmetries and embedding them as inductive
bias in the learned parameterizations of the CBF and policy
functions, one shrinks the hypothesis class of models to only
those that satisfy the problem structure, supported by the
data. This reduces the required parameters of the network
[18] (and thus the required data to fit it on) and offers some
predictability to samples that are out of the dataset but still
a transformation of examples from it. The existence of geo-
metric symmetries in safety certificates and policies, morphs
into equivalence of state-control pairs under a compatible
group transformation, meaning that the networks only needs
to learn one mapping for each equivalence class, rather than
separately learning the same behavior for all symmetrically
related pairs. If these symmetries are local, they will exist
independently of the size of the swarm. Symmetry-enhanced
models have shown promise in improving learning efficiency
and scalability in multi-agent policies [19], [20]. An often
leveraged omnipresent symmetry in homogeneous MASs is
permutation equivariance, i.e. indexing is interchangeable
[14]. Nevertheless, there is a significant gap in leveraging
other geometric symmetries for distributed safe control, that
this paper attempts to bridge. Furthermore, the existing
models are commonly based on equivariant operations on
message-passing networks [21], [22] that are not transferable
to systems with different symmetries. To alleviate this issue,
we propose a simple, yet fast and modular, approach that can
be adapted for a variety of symmetries and architectures.
Contributions The aforementioned literature, permutation
equivariance aside, largely ignores the geometric structure
of the distributed safe control problem. This paper presents
a novel framework for leveraging the intrinsic symmetries
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exhibited by the system to enhance safety generalization and
scalability of the learned CBF-policy. Our contributions are
outlined below:

o We introduce the symmetry-infused multi-agent control
barrier functions, that guarantee forward invariance in
the safe set, and provide intuition as to why exploit-
ing symmetries could enhance data-driven distributed
CBFs and policy generalization. We, further, provide
a formalization of the conditions under which optimal
safe distributed policies are equivariant functions to be
approximated by equivariant networks.

We propose methodology for constructing graph-
processing networks that respect exhibited symmetries
of the system. This method provides a simple, yet
efficient, way to ensure symmetry satisfaction and is
by design symmetry-modular, as any group compatible
with the manifold of the robot may be used, in contrast
to the vast majority of networks in the literature.

To substantiate our claims, we provide experiments, demon-
strating significant improvements in scalability, generaliza-
tion, and safety compared to state-of-the-art methods.

II. PRELIMINARIES
A. Group Theory & Equivariant Functions

A group (G,-) is a set G equipped with an operator - :
G x G — @ that satisfies the properties of: 1) Identity:
Je € G such that e-g = g-e = e; 2) Associativity: Vg, h, f €
G,g-(h-f)=1(g-h)-f;3) Inverse: Vg € G, 3g~* such
that g~ -g = g- g~ ! = e. Additional to its structure we can
define the way that the group elements act on a space X via
a group action:

Definition 1: A map ¢, : X — X is called an action
of group element ¢ € G on X if for e identity element
¢e(x) =2 Vo € X and ¢4 0 ¢, = ¢g.p, Vg, h € G.

Note here that a group action on a given space X allow
us to group different elements of X in sets of orbits. More
precisely given a group action ¢, an orbit of a element x €
X is the set O%* = {¢4(x)|g € G}. In many application we
require functions that respect the structure of a group acting
on their domain and codomain. We refer to these functions
as equivariant and we formally define them as follow:

Definition 2: Given a group G and corresponding group
actions ¢4 : X — X, 9y : X = X for g € G a function
f: X =Y is said to be (G, ¢4, 1.) equivariant if and only

if g (f(2)) = [ (¢g(x)) Vo € X, g €G.
B. Notation

A continuous function o : R — R is an extended class-
K function if it is strictly increasing and «(0) = 0. Let
[]+ = max{0,-} and ¢ the complement of a set (. Let
X be a smooth manifold and 7, X the tangent space at an
arbitrary x € X. A smooth vector field is a smooth map
f:X = TX with f(z) € T,X. The set of smooth vector
fields on a manifold X, denoted X(X'), is a linear infinite
dimensional vector space. Let G be a d-dimension real Lie
group, with identity element e. A group action is free if Vz €
X,¢4(x) = x & g = e and transitive if Ve,y € X, g € G
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such that ¢4(z) = y (i.e. the nonlinear smooth projections
¢x(g) = ¢(g,x) are surjective). A homogeneous space is
a smooth manifold X that admits a transitive group action
¢:Gx X — X and the Lie group G is, then, called the
symmetry of X. The group torsor & of a Lie group G is
defined as the underlying manifold of G without the group
structure, allowing for identification of the torsor elements by
the group elements, denoted x € & ~ g € G, and inheriting
the free and transitive group action ¢ induced by the group
operator, i.e. for g € G and x € & ~ g € ( it stands that
®(g,x) ~ g - g. Crucially, a manifold serving as a torsor for
multiple Lie groups may admit multiple symmetries.

C. Problem Formulation

Consider a homogeneous multi-robot dynamical sys-
tem, comprising of N autonomous robots indexed ¢ €
{1,...,N} = Iy.Let X be a smooth manifold and I/ a finite
dimensional input space. The agents are described by control
affine dynamics &;(t) = f(z;(t),u;(t)), Vi € In, where
u; € U, x; € X the input and state of the robot respectively
and f : X x U — X(X) locally e-Lipschitz continuous.
Consider a Lie group G and a smooth transitive group action
¢:GxX — X.Let pi(t) € P C X,Vi € Iy denote the
position of the robots, with z;(t) = [pi(t),q:(t)],q:(t) €
X \ P. The task is to learn a distributed control policy
(formally defined below) that safely directs the robots to
desired states &; € X,Vi € Iy. To navigate around the
obstacle-cluttered environment, the robots are equipped with
sensors, acquiring w observations in the form of LiDAR
rays yi(t) € P,j € W = {2N,...,2N + w} that provide
measurements on obstacles within a range B € R™. Let
yi(t) [yi(t),q0] € X,q0 € X\ P denote the padded
observations.

1) Graph Representation of Multi-robot System: We as-
sume that the robots are equipped with communication
capabilities with a range R > R. Let NE = {j €
In \ {i} lpi — pjll < R},V¥i € Iy denote the
neighborhoods, thus giving rise to a graph representation
of the multi-robot system G; = {Vg,,&g,}, with nodes
Vg, = {xi(t), i € In} and edges representing the flow of
information £, = {(i,5),: Vi € In,j € NF}. Similarly
to [23], we extend the graph representation to incorporate
target and obstacle states, i.e. G = {Vét,f)@t}, with nodes
Ve, = Vo, U{gi(0IVi € In,j € WU {#|Vi € Iy}
and edges representing the flow of information & = &g, U
{(i,§)|Vi € In,j € WYUE, for & = {(i,1)|Vi € In,l €
Iy + N}. Assuming that a submanifold X C X forms the
torsor & of the Lie group G and that X' \ X is compatible
with G, then every robot inherits a group representation
element g;,Vi € In and the node attributes of the graph
become V5 = {(g:(t),v:(?))|Vi € |Vg |}, thus providing
the geometric structure of the graph. The node features are
padded with an encoding that distinguishes robot, object and
target nodes. For convenience we denote Q{ the subgraph of
the G-augmented G, that forms the immediate neighborhood
of agent .
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2) Safety constrained distributed control: We denote
2 = @iepa(t) € XV W () = @iepult) €
UN, Iy C Iy the Iy- centrahzed state/input with re-
spective dynamics @'~ (£) FIN (@IN (8), ul™ ()
®icry S (@i(t),u;(t)). Consider the safe set Sy C XN
the set of all states of the MAS that satisfy the collision
avoidance, with respect to robots and obstacles, specification,
ie. SWEOR = falv € XN|||p; — pil| > V(i j) €
&, \ Exyi # j}. The problem is to design a distributed
control policy u;(t) = m(Gi),Vi € Iy that safely guides the
robots to their respective target states, i.e. satisfies liveness
(im0 ||pi(t) — Pi|| = 0,Vi € In) and safety constraints
@I~ (t) € SB).

Problem 1: Given a swarm of N robots and compatible
target states 2;, Vi € I, solve

T
ult =argmin [ T (¢ (1))dr
uply 0
st i(t) = fai(t),ui(t) € X(X), i€ Iy

wi(t) = w(G)) €U, z™ (1) € Sy ()
where Ty (z/¥ (7)) = 3,c 1, [Ipi(t) — pill-
Problem 1 is challenging since the safe set Sy is not
available and decomposed into individual agent-centric sets,
and the distributed policy requires generating agent actions
based on local neighborhood information.

Assumption 1: Parameter R is sufficiently large to ensure
Problem 1 is always feasible once obstacles are discovered.

III. SAFETY CERTIFICATES FOR MULTI-AGENT SYSTEMS

Control barrier functions are a common method for veri-
fying that the state of dynamical system is forward invariant
in the safe set [24].

Definition 3: The multi-agent system represented by the
graph structure G, is safe at time ¢, ie. z/~(t) € S%
if and only if all individual agent-centric nelghborhoods
represented by the subgraphs C;t are safe at time ¢, i.e.

AU ) € Sy, i= M e AR, — | >
TVjefgl\é'} VZEIN
Definition 3 allows for a distributed viewpoint of the notion
of multi-agent safety via local safety certificates.

A. Graph-based Control Barrier Functions

Leveraging Definition 3, the safety specification of a MAS
is decomposed to the safety specification of each individual
node of the graph, that is the graph representation is safe if
all 1-step subgraphs gt,Vz € Iy are safe, thus providing for
a decentralized safety certificates.

Assumption 2: The safety of node ¢ € Iy is only affected
by nodes in its R-neighborhood j € Nt C NF.

Definition 4: Consider a continuously differentiable func-
tion h : XWIH1 5 R and the graph representation G of
section II-C.1. Let Assumption 2 stand and C'y C S. Then
h is a valid distributed CBF if there exists a locally Lipschitz

999

continuous extended class-/C function « : R — R such that

> (VN (g,
jENéiU{”
> —a(h(zN"V ) )
where B; := {zViU{i} ¢ xWil+1|p =™y > 01 and
VN € N,Cy = ﬂiE[N{JSIN € XN‘IN"'UU} S BL} C
Nvieln Sy € SN

Remark 1: For a valid distributed CBF h of Definition 4,
Assumption 2 amounts to VIjh(xMEU{i}) =0,Vj € NfE\
NP and h(zNTOUY) = p(aNTOE,

Remark 2: Although node attributes evolve on a contin-

sup
uNRiU{i} eu'NiRHl

uous manifold XMV I 2Nl has discontinuities due to
changes in the topology of QZ Still, a valid distributed CBF
h of Definition 4, is continuously differentiable [15].
Lemma 1: Assume a valid CBF h : XWIH1 & R,
with Cy € D C S§. For a locally Lipscitz continuous
policy 7 : AN — ACBF and any swarm size N € N, if
2Iv(0) € Cy then 2!V (t) € Cn C S%,Vt [15]. If Cy is
compact, it additionally follows that C'y is forward invariant
and 2’V (t — oo) — p € Cy asymptotically stable if
In(0) € CyND [7], [12], [25].
Note that h(zV9) = 0,vzNT{3 € 9(Cy,) is not
required when using the Comparison Lemma instead of
Nagumo’s theorem [24].

B. Learning Safe Distributed Policy
Applying Lemma 1 in Problem 1 leads to:

Ml (0.7),ie Iy / g[%m 3)
st &i(t) = fwilt), v<>>ex<x> @)
ui(t) = m(@ U (1) € )
(Va,yh <:cf“f““}< £)), F(5(8),u;(t)))
JENR UL}
> —a(h(@N @) Vi e Iy ©)

Though the objective function only depends on z;(t), the
CBF constraints depend on w;(t),j € N'iV{i} Jeading to a
centralized optimization problem, meaning that to guarantee
the safety of an agent, the cooperation of neighboring agents
is required. Solving a centralized non-convex optimization
problem online, however, is tedious and computationally
intractable, particularly for large swarm sizes. To tackle this,
we adopt an on-policy scheme to jointly learn distributed
candidate CBF h, and distributed collision-avoidance con-
trol policy g in a centralized-training, distributed-inference
setup. With the graph representation introduced in Section
II-C.1, we can parametrize hg, T with a GNN-based archi-
tecture. This approach is well-suited for processing signals
on graphs, handles varying neighborhood sizes, and exhibits
permutation equivariance [26], which significantly improves
sample efficiency by enabling robots to share experiences.
Similarly to [16], to solve the problem defined by equa-
tions 3-6, a surrogate hierarchical approach for the liveness
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specification is employed. Instead of optimizing the target-
reaching objective [ >0, T (x4(7)[Zi(7)), liveness of
the policy could result from imitating a nominal controller
Uinom = Tnom (Zi(t), T;). AS Thom lacks safety context, the
policy should leverage as reference the solution of the min-
norm, safety constrained problem:
min
u; EUNIEIN
s.t. Equation (6) @)

K
||uz - ui,nomH

For control affine dynamics and convex U, 7 is a QP with
optimal solution mgp : XN — UM,

Loss function: Consider an on-policy collected dataset com-
prising of safe control invariant demonstrations Dg; =
{(QAEOJC}, uN T N ¢ 51} and unsafe ones Dy,
respectively and D; = Dg; U Dy ;. Following [13], parame-
ters 0, ¢ are trained with the loss function

Lcﬁe(%’\/ﬁu“}) — mop(x"™)[] +

i€ln
i .
s [7— S (Ve @, f s, )
GeD; GENRiU{i}
alho | b S [y = gl
+ GEDs,; +
b 3 [ e ®
GeDy,; +

During training, we collect and label data in an on-policy
method (Section V) and use hg, Thom to solve the centralized
QP-CBF, acquiring mqp, similarly to [15]. The loss function
L is then computed and the errors backpropagated to update
7o, he. Notice that, during training only, from equation
6, the safety of agent i depends also on N, thus via
the backpropagation, my(G?) is further affected by mg(G7),
illustrating experience sharing between neighbors.

IV. SYMMETRIES-INFUSED SAFE POLICIES

In this section we introduce the group invariant multi-agent
CBFs and provide intuition as to why leveraging symmetries
could enhance the learned CBF and policy generalization.
We, then, introduce the Equivariant Graphormer, a novel
group-modular graph-based architecture that respects group
symmetries via the group induced canonicalizing actions.

Definition 5: Consider a real Lie Group G, a smooth
manifold with group properties satisfying differentiability
of group operations. The robot dynamics are (GG-equivariant
if, for transitive actions induced by elements of G on a
vector field X, ¢ : X x G — X and ¢ : U x G — U,
satisfies deg f(2i(t), ui(t)) = f(g(wi(t)), vg(ui(t)), Vg €
G, where d¢ : X(X) x G — X(X) the differential of the
diffeomorphism defining the symmetry.

Assumption 3: The topology of the graph representation
is G-invariant, i.e. if Vi — & then ¢4(Vg ) — &€,Vg € G.
Assumption 3 is important, as it ensures that if the state of
the system is transformed via a group action, the safety of

robot ¢ will still depend upon the same other agents and
objects, whose state was transformed similarly to ¢’s.

Definition 6: Given a group G, a set Y and group action
p:Y xG =Y, the set Y is G-invariant if Vy € Y it holds
that p,(y) € Y,Vg € G.

A. Exploiting Symmetries for Safe Policy Learning

Let the safety set ST, := {zV7" € AWl o2, 25) >
0,vj € & \ £.},Vi € Iy be a G-invariant set. If
the specification ¢ : X x X — R is G-invariant, i.e.
c(dg(), dg(8)) = c(, B), Yo, p € X, g € G then Sy is
G-invariant (e.g. the Euclidean distance specification from
Section II-C.2 is SE(n)-invariant and its subgroups).

Definition 7: Consider a group G and G-equivariant dy-
namics of Definition 5. Consider a continuously differen-
tiable, G-invariant function A : X™1*1 — R and the graph
representation Qt of section II-C.1. Let Assumptions 3,2 hold
and Cn C Sy with C, S}y being G-invariant sets. Then
h is a valid G-invariant decentralized CBF if there exists
a locally Lipschitz continuous extended class-XC function
a : R — R such that the constraint of Equation 2 holds.

Lemma 2: For a G-invariant CBF of Definition 7, the
safety constraint of Equation 2 is preserved under actions
induced by elements of the group G. X

Proof: For clarity, denote Q@ = NI U {i} and let
g € G. Since h is G-invariant, h(z?) = h(Dreqdy(zk))-
Differentiating both sides w.r.t. time and leveraging the G-
equivariance of the dynamics yields

Y iea(Va,h(@?), f(z),u5)) = h(«?)

0
= (V@) Breqdq(ar)), 5 %9(5))
j€Q
= (Y, @) M Breqdq(r)), dog f (), u;))
j€Q

Since h is a valid CBF it holds that A(z?) > —a(h(z?)),
yielding for G-invariance of h and G-equivariant dynamics

> (Vo @y h(Breqdg (@), Fbg(x;), ¥g(uy)))
JjeQ
> —a(h(Greoqy(z1))), Vg€ G (9)

|
Lemma 2, under the assumptions of Definition 7, ensures
that Lemma 1 holds and forward invariance in the safe set
Cy is guaranteed.

Lemma 3: For a G-equivariant dynamics f : X x U —
X and valid non-G-invariant CBF h : X — R on the G-
invariant set C' := {x € X|h(zx) > 0}, there always exists
an equivalent G-invariant valid CBF h:X —R.

Proof: ~ Consider the candidate CBF h(z) =
|—é1,‘ Jo 1(¢g(x))dpu(g), where p is the Haar measure. The
function A is by construction G-invariant, owing to the G-
invariance of the Haar measure. Since C is (G-invariant
ie. Vo € C = ¢4(x) € C, then Vo € C it holds
that h(z) > 0 and h(gy(z)) > —a(h(dy(z))),Yg €
G = [, (6, @)dulg) > — [, alh(é,))du(g). Via
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the machinary of Lemma 2 h(z) = ﬁ Jo h(z)du(g). As
the integral over the group preserves the properties of the
continuous extended class-/C function, [, a(h(¢y(x)))du(g)
is also and continuous extended class-K function of ﬁ(w)
Therefore h(x) > —a(h(x)) and, thus, h is a valid CBF
certifying forward invariance in C. This proof and can
extended for the the multi-agent CBF terminology. [ ]

Fig. 1: Top down views of Equivariant Neural Graph CBF contours from
perspective of agent 1 for V5, and ¢g(Vy; ), g € SE(2) X R. The topology
of the graphs remains unchanged. Agent 2 is not a neighbor of agent 1 and
does not affect the CBF (see Assumption 3).

1) Why learn G-invariant CBFs? : Without any loss of
generality, consider the centralized MAS = € XN u € UV
The following logic naturally extends to multi-agent
systems via the constructions of Section III-A. Let Sy
be a G-set and assume G-equivariant dynamics. Assume
that there exist a G-invariant valid CBF h and a valid
CBF h that does not exhibit symmetries in G, and let
Cn = {z € XN|h(z) > 0},Cx = {z € XN|h(z) > 0},
thus Cy is a G-invariant. As both h,ﬁ are valid CBFs,
Cn C Sn,Cn C Sy. Due to the lack of symmetries
of h, Jzi,xp € Sy with 2o = ¢g(x1) such that
z1 € Cy,xo ¢ Cy. But if 2, € Cy, then by definition
xo € Cp. As the safety constraint of equation 6 stems
from the forward invariance in Cy and C’N respectively,
of Lemma 1, then if Cy D C’N the constraints would be
less restrictive for the G-invariant CBF, allowing greater
flexibility for the controller. Increased coverage of Sy by
Cny would lead to increased performance. Additionally,
shrinking the hypothesis class of the learned CBF to
that of all G-invariant functions generally translates to
fewer parameters (via parameter sharing [18]) required,
faster convergence, and greater sampling efficiency as
multiple (z,w) pairs, identified via the induced actions
of the group G, are essentially safety-equivalent (Fig.
1). Therefore, for G-invariant Sy and G-equivariant
dynamics, any G-invariant CBF trained on a dataset D =
{A((acl,ul) (22,u?),...} would generalize to the dataset
D = UVQGG{(¢9( D) g (), (9g(2?), vg(w?)), ... }
where D C D C XN . Leveraging symmetries is particularly
important in multi-agent systems as learning policies and
safety certificate for them is sampling inefficient. We
demonstrate experimentally in Section V the benefit of
leveraging G-invariant models to learn multi-agent CBFs.

2) Policy equivariance under invariant CBF constraints:
The optimal nominal controller u; ., = Tnom(2;) introduced
as a surrogate in Section III-B is the solution of

Uy pom = AT mln/ T (xi(7)|2:)d

OTGZ/{
f(i(t), ui(t)) € X(X)

st x(t) =

Theorem 1: Consider a group G and transitive actions
induced on the manifold X', ¢ : X xG — X, ¥ : UXG — U.
For G-equivariant dynamics (Definition 5) and G-invariant
cost function 7 : X x X — R, the optimal nominal policy
7*(z;(t)) for the problem of Equation 10 is G-equivariant.
Proof: From the G-i 1nvar1ance of T for the value
function it stands that V; . (z = fo 2)dr =
Vg () (0g(2(t)), ), Vg € G For optimal Value functlon
V* acquired via the optimal policy u*(t) = 7*(x(t),z),
from the Hamilton-Jacobi-Bellman equation —V;*(z(t)) =
minyey [T(2(t),&) + Vi*(x(t))], we have n*(z(t)) =
arg mingey [T (z(t), ) + (Vo) Vi (@(t)), f(@(t), u(t)))].
Differentiating the G-invariance constraint of the value
function w.rt. time and leveraging the G-equivariance
of the dynamics, yields (V) Vi (2(t)), f(z(t),u(t))) =
Vo, a0y Vi (6(x(1))). £ (@, (2()) g (u(1)). Therefore:

T (g(w(1))) = argmin [T (¢g(2(t)), 64(2))
+ (Vo a(en Vi (89 (2(1))), F (g (2 (1)), 0))]
=argmin [T (2(t), ) + (Vo Vi (2(1)), [ (2(2), g1 (@)))]

w=go () arg min [T (x,&) + (V. V" (, f(z,u))]

g (u)eU
=1y(n"(2(t))), Vg€ G

(10)

|

Theorem 2: Consider G-equivariant dynamics (Def. 5),
G-invariant cost function 7 : X x X — R and valid G-
invariant CBF (Def. 7). Then, the optimal policy for the
safety constrained problem of Equation 7 is G-equivariant.
Proof: If u® = 7(x¥) satisfies the original CBF
constraints 6, then from Lemma 2, then Vz% € O% the
feasibility of the constraints is preserved for g (7 (xQ))
with ¢ s.t. 29 = @kquSg_l(xk) Consider the optimization
problem for z9, 7*(Z9) = argmin,q |[u® — Tom(Z9)||
subject to Z]eQ<v¢g(m1)h(@keQ¢q($k)) f(@g(x5),u5)) =
—a(h(®reqdy(zr))) . Vg € G. Let v = Breqihy-1 (up).
As Theorem 1 holds and the nominal controller is G-
equivariant, i.e. Thom(PreQdq(zr)) = @keQz/)gﬂnom(xQ),
and the group actions preserve norms, then
T (Bredy(Tr)) = Breq¥y(argmin,e || Greqym(z®?)—
BreQWgmon(@) )k = Greqiy(argmin,e |[v? —
Toom(29)| )i subject 1o Y20 (V, h(@), f(z;,u;)) by
the constraint preservation under actions from G. But this
is the original problem for % with solution 7*(x%). Thus,
we conclude that 7 (Breqdy (1)) = Breqiym (z9)r W
For G-equivariant dynamics, G-invariant CBF and G-
invariant cost function 7, Theorem 1, shows that the sur-
rogate nominal controller u,,, must be a G-equivariant
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function. Using uye, We then aquire G-equivariant (Theorem
2) uqp that the loss function incentivizes 7y to learn to
stay as close as possible. Parametrizing the learnable policy
mp by a G-equivariant neural network offers significant
generalization banefits and boosts sampling efficiency [27].

B. Equivariant Graphormer

To solve the problem of Section III-B with the structure of
Section IV-A, we must learn the G-equivariant policy 74 (G?)
and G-invariant decentralized CBF h(G!). Generally, deep
learning models require specialized architectures to ensure
satisfaction of the equivariant constraints (e.g. [22]), resulting
in challenging optimization, slow inference and limited of
adaptability to new manifolds. To address these challenges
we leverage the structure of our graph representation to
achieve equivariance via group actions, without additional
constrains, thus, allowing for easy extension of pre-existing
architectures, similarly to [28], [29].

1) Group Canonicalization: Given a group G acting on
space X via ¢4, we can define an extended group action (b;
on space G x X as ¢ [(p,z)] = (9-p, d4[z]), Vg,p € G,z €
X. Since ¢, is an action of G, qb’g satisfies the properties of
definition 1 and, thus, it is also an action. Consider a space
Y with corresponding group action ¢, : G XY — Y.

Lemma 4: A function f : G x X — Y satisfies the

equivariant constraint f(¢}[p]) = ¢y[f(p)], Vg € G and
p € Gx X, if and only if, for h : X — Y, it can be written as
a composition f(g,x) = Yg[h(¢,-1[x])], Vg e G,z € X
with h(z) = f(e,x) for all x € X and e being the identity
element of G.
Notice that in Lemma 4, h is a function from X to Y without
any additional constraints. This implies that we can use any
general function approximator (e.g. MLP, Transformer) to
approximate an equivariant function f : G x X — Y,
by only applying the appropriate group transformations.
We will use this observation to extend the baseline non-
equivariant models to be equivariant with minimal changes
to the underlying architecture.

2) Equivariant Graph Transformer: Given a feature aug-
mented graph representation (V) E,F) with a finite set of
nodes V, a finite set of edges E(G) C {(u,v)|u,v € V}
and a set of per-node features F = {f, € X[v € V},
a graph transformer sequentially updates the nodes features
using a local attention layer to aggregate information from
neighboring nodes. Specifically the [** update layer for
node v € V is a function M, : X — XU+ defined
as f5TY «— M(FO) = p(fY + A(F©),), where p
corresponds to a fully-connected feedforward network, and
attn corresponds to the local attention layer:

A(F®), = ZN softmax (fﬁl)TW(gWKfél)> (Wszgl)>
PENy

with V,, being the set of neighbors for nodes v. As discussed
in Section II-C.1, the input graph representation is endowed
an additional structure that allows for an simple extension
of the graph transformer used in the baselines to become
equivariant. Specifically, each node v € V additional to a

feature f, € X describing each state is also equipped with
a local frame g, € G. This means that the input graph
is represented as (V, E, Fiens), With Fiens = {(gv, fv) €
G x X|v € V} being a set of “tensorial” features that are
described by their local frame g, € G along with their
feature value f,. For such a feature (g, f,) expressed in
local frame g, € G we can compute the equivalent feature
expressed in a new frame g, € G by applying the action
¢;ng;1 [(90, fo)] = (gns &, 4-1[fo])- This structure allows us
to leverage the results of Lemma 4 and define an equivariant
update rule M9 : G x X — XU+ for the features of
node v € V as follows:

FUHD o prea(g,, FO) = d)gﬂ) |:Mv (qﬁ”}l {F(Z)D}
v 9v

with (1), ¢(+1) being actions of group G on the correspond-
ing input/ouput feature space X, X(*+1) By sequentially
composing the equivariant update layers we define an edge-
preserving isomorphic, permutation equivariant, end-to-end
G-equivariant GNN, which is used to learn g, h.

V. EXPERIMENTS

We offer simulation experiments to evaluate the effect
on scalability and generalization of incorporating geometric
symmetries in the Graph-based CBF and policy models.
Environment: We consider a swarm of N quadrotors with
dynamics p; = g + %RZFl Wi = JH1 — wi x (Jw;))
and Ri = w; x I, where i € Iy the agent tag, m € R
denotes the mass, p; € R? is the acceleration in the world
frame, g = [0,0, —9.81]7 is the gravitational acceleration
vector, R; € SO(3) is the rotation matrix from the body
frame to the world frame, F; = Fye; € R? F3 € Rt is
the thrust force in the body frame, w; € R3 is the angular
velocity in the body frame, J € R3*3 is the inertia tensor,
7; € R3 is the torque in the body frame for some function
k that computes the torques induced in the local frame by
the motor speeds, and w; x € R3*3 is a skew-symmetric
matrix associated with the angular acceleration rotated to the
world frame. The dynamics can be compactly written in a
control affine system as @;(t) = fo(x;(¢)) + f1(x;:(t))u;(¢)),
where the state comprises of pose p; = (p;, R;) and twist
fi = (]ji,wi), i.e. xl(t) = [pl(t),gl(t)] € SE(3) x RY and
ui(t) = [, F3] € R® x R. As gravity is O(3)-invariant, the
SE(3)-symmetry is broken, but the system is equivariant
with respect to the subgroup of SE(3)

G = { (Rzo(e) i) I\, 0) € R® x Sl}

which is a a Lie group, isomorphic to SFE(2) x R, acting
on SE(3) x RS via ¢4(z) = (gp,€) and on R® x R via
thg(u) = (g7, F3). If the neighborhood N; is constructed
via a BEuclidean relative distance, for the G group induced
actions Assumption 3 stands.

Data collection: In all episodes initial, target and obstacle
positions are uniformly sampled over [0,/]2. The training
dataset D = {Dgfe i, Dunsate,s Vi € In} is collected over
numerous random configurations via an on-policy strategy
that periodically executes the learned policy Tg(ét) that

Y
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SWARM SIZE (AGENT DENSITY N/l3)

\ 8 (0.125) \ 16 (0.25) |
| Safe (%)t  Reach (%)T  Succ (%)T  Cost(Min/Max) | Rew T [ Safe (%) Reach (%)T  Succ (%)T  Cost(Min/Max) | Rew T |
GCBF 100 100 100 0 (0/0) -315.1 97.5 100 97.5 0.33 (0/2) -311.4
GCBF+ 100 100 100 0 (0/0) -17.1 100 100 100 0 (0/0) -17.5
dCBF 100 100 100 0 (0/0) -96.3 100 98.125 98.13 0 (0/0) -182.8
cCBF 100 100 100 0 (0/0) -60.8 100 100 100 0 (0/0) -120.5
EGCBF(Ours) 100 91.2 91.2 0 (0/0) -349.9 100 93.7 93.7 0 (0/0) -338.5
EGCBF+(Ours) 100 100 100 0 (0/0) 9.3 100 100 100 0 (0/0) -14.1
64 (1) 128 (2)

Safe (%)t Reach (%)T Succ (%)T Cost(Min/Max) | Rew 1 | Safe (%)t Reach (%)t Succ (%) Cost(Min/Max) || Rew T

GCBF 87.7 99.8 87.5 1.09 (0.31/1.96) -315 73.9 99.1 73.2 2.47 (1.72/4.12) -350.5
GCBF+ 96.5 100 96.5 0.23 (0/1) -49.1 93.6 99.3 92.9 0.43 (0/1.31) -104.2
EGCBF(Ours) 88.4 94.2 83.4 1.256 (0.25/2) -335.8 74.1 96.7 71.7 2.9(2.04/3.79) -358.1
EGCBF+(Ours) 98.8 99.7 98.5 0.04 (0/0.21) -34.7 97.9 99.5 97 0.12 (0/0.23) -52.1

256 (4) 512 (8)

Safe (%)T Reach (%)T Succ (%)T CostMin/Max) | Rew T | Safe (%)f Reach (%)T Succ (%)f Cost(Min/Max) || Rew T

GCBF 52.1 98.5 51.1 5.98 (4.66/7.46) -409.3 31.6 96.8 30 11.07 (9.97/13.4)  -505.8
GCBF+ 88.8 98.7 87.7 0.72 (0.56/0.92) -209.9 77.8 96.2 74.5 1.51 (1.2/1.72) -484.2
EGCBF(Ours) 55.1 97.5 53.6 5.42(4.23/7.36) -409.8 33.1 98.7 31.7 10.1 (7.03/15.29) -487.3
EGCBF+(Ours) 94.2 96.6 91.1 0.26 (0.06/0.51) -97.8 91.5 92.1 83.3 0.51 (0.23/0.73) -224.8

TABLE I: Evaluation of zero-shot transferability to growing swarm sizes and agents density for [ = 4. Best in class shown in bold.

limits distributional shift between training and inference data.
Labelling the data via the distance-based safety specification
may lead to infeasibility issues and computing the infinite
horizon control invariant set is computationally intractable.
Thus, to partition the dataset, we employ the finite reachi-
bility approximation of [15]. If Q} entails collisions, it is
added in Dypgfe ;- If not, my (G’t) is used to unroll sampled
trajectories for a fixed horizon 7" and, if no future collision
is detected, the state is added in D,y ;, otherwise it remains
unlabeled. Setting 7' — oo, this process would recover the
infinite horizon control invariant set. The construction of
graph representation of the state of the system G, is described
in Section II-C.1. Notice that the torsor ‘B of the group
G is a submanifold of the state, thus, allowing for a group
representation element to form from the pose to construct
the G-augmented graph representation Gr.

Task & Evaluation Metrics: In each training episode, every
quadrotor attempts to reach a designated target position of
the formation while avoiding collisions with obstacles and
other quadrotors. As metrics, we report the mean safety rate
(% of agents not in collision with objects or other agents
throughout the episode over all agents), mean reach rate
(% of agents that satisfy liveness condition of reaching the
target), mean success rate (% of agents reaching their target
while remaining collision-free throughout the episode), mean
cost (average number of collisions per episode per agent)
and cumulative reward (negative sum Lo loss of policy and
reference controller throughout the episode). We evaluated
the performance of the models in 50 episodes per swarm
size and density of agents (~ N/I3).

A. Architecture & Training

The learning framework consists of a G-equivariant neural
network for the policy my(Gi) = 1, 0myg, o ¢g-1 0 Mg, (GH
and a G-invariant neural network for the distributed CBF
he(Gi) = myg, o Byt © My, (GH), trained in parallel with
the loss function of Section III-B, where My, , My, are G-
equivariant graphormers of Section IV-B.2 and mg,, mg,
standard MLPs. The structure of our networks is closely
resembles [15], with the addition of (de)canonicalizing group

actions. As the torque and thrust were assumed to be in
the local frame ¢ -1 o 79(G). After the sampled G! is
labeled safe/unsafe according to the aforementioned data
collection scheme via 7, hy, Tom are used to solve the
centralized QP-CBF of Section III-B to produce mgp. Finally,
the errors from the loss function £ are backpropagated to
update the networks. We offer two variations of the G-
invariant CBF hy: EGCBF+ and EGCBF that use mgp and
Tom as reference controllers in the loss function. We use as
baselines GCBF+ [15], GCBF [14] without the online policy
refinement step, along with centralized and decentralized
variants of CBF-QP [15], [30]. All models are trained with
the Adam optimizer on an AMD EPYC 7313P-16 CPU @
3000MHz and an NVIDIA A100 GPU, with [ = 2, learning
rates 10~ for the CBF and 10~° for the policy, v = 0.02,
na = 0.2 and linear extended class-K function a(-) = -. All
other hyperparameters regarding the architecture and training
algorithm follow [15].

B. Generalization & Scalability Analysis

We offer experiments to evaluate the scalability, general-
ization and efficiency of the proposed symmetries-enhanced
network. The models mg, hy were trained in navigation
scenarios with a swarm comprising of 8 robots, [ = 2 and 5
obstacles for 1000 steps, and tested with zero-shot transfer
on swarms of 8-512 robots *, with [ = 4 (estimated density
ranging from 0.125 to 8, an increase of 6400%), summarized
in Table I. We were unable to test cCBF-QP and dCBF-
QP for more than 16 robots as solving the QP exceeded
computation time and memory restrictions (the dCBF-QP
would theoretically run on multiple robots separately, and
thus would run for more robots, but our simulation is run
centralized on one node). For 8 robots, same as during
training, all methods guarantee safety, though the hand-
crafted cCBF-QP, dCBF-QP, and EGCBF, GCBF (trained
with the nominal controller instead of the QP solution) are
overly conservative, as indicated by the high reach rate but
low reward. As N increases, EGCBF and GCBF safety and
success rates drop significantly (by ~ 70% and 60% respec-
tively), while the reach rate remains high (the low rewards
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suggest a slow target reaching with possible deadlocks). This
can be explained by the fact that the nominal controller is
computed without any notion of safety, thus the control and
safety terms in the loss function are inconsistent. Overall,
the symmetry-enhanced EGCBF+ outperforms the baselines
across all sizes-densities, attaining higher rewards and ex-
hibiting to fewer collisions (for 512 drones the EGCBF+
collision rate drops to ~ 90% compared to < 78% for
the baselines) than the baselines and increased success rate,

[6]

[7]

[8]

[9]

as the embedded symmetries that are leveraged locally are  [10]
not affected by the size of the swarm. It is indicative that,
for 512 drones, EGCBF+ leads to 0.5 collisions per drone [y
while the non-equivariant more than 1.5. The equivariant

Reach Rate
! [12]
0.8

| [13]
0.6
0.4 [14]
0.2

[15]

0 Step

0 200 400 600 800 1k

— EGCBF — GCBF+ — EGCBF+ [16]
Fig. 2: G-equivariant policies converge faster than the non-equivariant ones.

.. . - . [17]
policies exploit the structure of the collision avoidance and
liveness specification to shrink the hypothesis class and, thus,  [18]
effectively restricting the models and leading to sampling
efficient and accurate learning of collision avoidance without
loss of expressivity of the final policy. EGCBF(+) converge  [19]
faster (Figure 2 depicts reach rate during training) than [20]
GCBF(+) as the G-equivalent state-action pairs appear.

VI. CONCLUSIONS [21]

This paper proposes the embedding of symmetries in [22]
multi-agent graph-based CBFs, and introduces a framework
for learning symmetries-infused policies via a group-modular
equivariant neural network. The experimental results of this  [23]
work suggest that embedding intrinsic symmetries in data-
driven safety-constrained policies offers benefits in general-  [24]
ization, scalability and sample efficiency of the model. But
what if the dynamics and the assumed safe set have different |55
symmetries? We leave this question for future work.
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