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Abstract— High-performance tracking control of mechanical
systems typically requires model-based control as it enables
to counteract undesirable dynamics in a timely fashion. The
quality of the compensation depends on the accuracy of the un-
derlying model. However, the dynamics are often (partially) in-
feasible for complex systems in a-priori unknown environments.
Due to the favorable properties of model-based control, the
goal is to apply feedback control for error compensation only
when necessary. In this paper, we present an online learning-
based balancing (OLBB) framework to adapt the feedback
gains such that the controlled system with state-dependent
uncertainties satisfies given performance specifications. For this
purpose, an oracle predicts the unknown dynamics and an error
model adapts the feedback gains. The framework can be easily
applied to existing control approaches to improve the safety
and performance of the closed-loop.

I. INTRODUCTION

Trajectory tracking is essential for many modern appli-
cations such as robotic manipulators or unmanned vehicles.
Many different types of control methods have been proposed
to achieve an accurate trajectory tracking for these mostly
nonlinear mechanical systems, mostly based on the idea of
feedback linearization, computed torque control or backstep-
ping methods [1]. The controller is in general separated into
a model-based and a feedback part. A precise model of the
system is necessary to compensate its dynamics to achieve a
low gain feedback term. This is beneficial in many ways: it
avoids the saturation of actuators, avoids large errors in the
presence of noise, and enhances safety in applications such
as human-robot interaction due to reduced stiffness [2].

As the performance of the compensation depends on the
quality of the model, all dynamics must be modeled as
accurately as possible. However, a precise model of the
system and the environment is often very time-consuming
and hard to obtain by using first principles. Especially in
modern applications including for instance service robotics,
the interaction with unstructured and a priori unknown
environments introduces unstructured, state-dependent uncer-
tainties. Typical examples for these uncertainties are position
dependent wind fields in drone control or velocity dependent
friction in robotics.
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A common approach is to derive a dynamic model from
first principles [3] and to increase the feedback gains to
compensate any force-like uncertainties until a desired track-
ing performance is achieved [4]. However, as explained
above, high-gain control is undesired, while deriving a more
accurate model of the system is often difficult, e.g. in soft
robotics [5]. Further, the stability of the closed-loop system
might not be guaranteed. Adaptive control is capable of
adapting the feedback gains based on the system behavior
but it typically requires a parametric model of the system.
A convenient approach to avoid the modeling process is
provided by learning-based oracles such as neural networks
or Gaussian processes (GPs). These data-driven models have
shown remarkable results in many different control applica-
tions with a minimum of engineering effort, see [3].

The ultimate goal is to satisfy performance specifications
for the tracking of a mechanical system with unknown,
state-dependent forces while keeping the feedback gains as
low as possible. Learning-based approaches for safe tracking
control have drawn attention recently. For instance, tracking
control of Euler-Lagrange systems with stability guarantees
is presented in [6], [7]. The problem of tracking control
of aerial/underwater vehicles with uncertainties has been
addressed in [8], [9], though these approaches are restricted
to structured uncertainties or use high feedback gains for
compensation. Safe feedback linearization based on GPs are
introduced in [10], [11]. However, all these approaches do
not balance the model-based and feedback control such that
the systems are unnecessarily stiff and hence, a safety issue
in case of potential collisions. The balancing task for the
tracking control for a class of systems is addressed in [6],
[12], [13] but it neither allows online learning nor shows
how to determine the feedback gains. Thus, the balancing of
model-based and feedback control for safe, high-performance
tracking control is still an open problem.

Contribution: The contribution of this article is an online
learning-based balancing (OLBB) framework for tracking
control of second-order mechanical systems with unknown
state-dependent disturbances. Given a performance specifica-
tion, our approach minimizes the feedback induced stiffness
such that the system remains as compliant as possible while
satisfying the specifications. Specially, an online updated
oracle predicts the unmodeled system behavior so that the
minimum necessary feedback gains are obtained.

The remaining article is structured as follows: After the
preliminaries in Section II, the learning-based balancing
framework is presented in Section III. Finally, a numerical
example is given in Section IV.
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II. PRELIMINARIES

We consider a second-order mechanical system given by1

ẋ1 = x2, τ = M(x1)ẋ2 + C(x)x2 +G(x1)︸ ︷︷ ︸
known

+ f(x)︸ ︷︷ ︸
unknown

(1)

with the state vector x = [x⊤
1 ,x

⊤
2 ]

⊤ ∈ X ⊆ R2n,
generalized forces τ ∈ Rn, positive definite inertia matrix
M(x1) ∈ Rn×n, Coriolis matrix C(x) ∈ Rn×n and gravity
vector G(x1) ∈ Rn. This class of systems includes but
is not limited to fully actuated Euler-Lagrange systems
as many types of industrial robots [14] and rigidity-based
formation control [15]. The function f : X → Rn is assumed
to be a state-dependent, unknown part of the dynamics.
Typical sources of f are friction in mechanical systems, wind
disturbances for drones or unmodeled dynamics. Further, we
assume that the system (1) has a unique solution. In the fol-
lowing, a desired trajectory is given by xd ∈ C2,xd : R+ →
X , where xd(t) = [xd,1, . . . , xd,n, ẋd,1, . . . , ẋd,n]

⊤. The
tracking error is denoted by e(t) = x(t)−xd(t). We consider
the existence of a nominal control law

τ = hmb(x,xd) + hfb(x)He (2)

with model-based term hmb : X × X → Rn and feedback
hfb : X → Rn×n with a designable feedback gain H ∈ H ⊆
Rn×2n. The model-based term hmb is usually derived based
on M,C and G of the mechanical system (1). Further, we
consider the nominal control law (2) to stabilize the known
dynamics of (1) while satisfying the following property.

Assumption 1 The control law (2) is designed such that for
the closed-loop with the known dynamics

ẋ1=x2 (3)
hmb(x,xd)+hfb(x)He=M(x1)ẋ2+C(x)x2+G(x1),

there exists a Lyapunov function V (e) = e⊤P (x, H)e
with positive definite, symmetric matrix P : X × H →
R2n×2n,∀H ∈ H, so that V̇ (e) < 0,∀e ̸= 0 and V̇ (0) = 0.

Assumption 1 is fulfilled when we know a control law which
asymptotically stabilizes the tracking error of the known
dynamics of the system (1). Control approaches to ensure
Assumption 1 include computed torque control for robotic
manipulators [4], feedback linearization [16] or backstep-
ping, among others.

The application of the control law (2) to the actual
dynamics (1) leads to an unpredictable system behavior
in general and manifests as a gap between theory and
practice. A solution seems to be given by increasing feedback
gains to penalize the tracking error. However, high feedback
gains are often undesirable as it comes with an increase of
the stiffness among other unwanted effects, see [13]. The

1Vectors are denoted with bold characters and matrices with capital letters.
The term Ai,: denotes the i-th row of the matrix A and ∥A∥ denotes
the Euclidean-induced matrix norm. The expression N (µ,Σ) describes a
normal distribution with mean µ and covariance Σ. The probability function
is denoted by Pr. The set R>0 denotes the positive real numbers and Ci

the set of i-th times continuously differentiable functions.

stiffness can be defined locally by the generalized forces
of (1) for a deflection ∆x1 at some state xs ∈ X . Let
T (x,xd) : X × X → Rn be the generalized forces of the
closed loop system (3), i.e. T (x,xd) =M(x1)ẋ2+C(x)x2+
G(x1)−hmb(x,xd)−hfb(x)He. Then, we can separate the
stiffness at x = xs in two parts given by∥∥∥∥∂T (x,xd)

∂x1

∥∥∥∥
x=xs

= ∥t(x,xd)− s(H,x, e)∥x=xs
(4)

with t(x,xd) = ∂(M(x1)ẋ2 + C(x1,x2)x2 + G(x1) −
hmb(x,xd))/(∂x1) and the feedback induced stiffness
s : H×X × R2n → Rn given by

s(H,x, e) =
∂hfb(x)He

∂x1
. (5)

This term shows the relation between high feedback gains
and an unintended increase of the stiffness in the system. An
illustrative example can be found in the area of soft robotics,
where a high-gain feedback controller would artificially
increase the stiffness of the supposed to be soft structure.
We focus here on the feedback induced stiffness s(H,x, e)
as the model-based term hmb is typically designed in a way
to fulfill stability requirements as in Assumption 1.

A. Problem Setting

The objective of this paper is to satisfy performance
specification and to reduce the feedback induced stiffness (5)
imposed by the control law (2) by minimizing the feedback
gain H . More detailed, we consider the system (1)

ẋ1 = x2, ẋ2 = f dyn(x) +M−1(x1)[τ + f(x)], (6)

wheref dyn(x)=M−1(x1)[C(x)x2+G(x1)]. Let f̂ :X → Rn

be an estimate of f and τ = hmb(x,xd)−f̂(x)+hfb(x)He.
The control terms hmb and hfb are designed based on the
known dynamics of (1) such that Assumption 1 is fulfilled.
Then, the problem is to find a feedback H ∈ H such that
for a desired maximum tracking error ε ∈ R>0, there exist
constants γ1, γ2 ∈ R>0 and

min
H∈H

∥s(H,x, e)∥

s.t. ∥e(t)∥ ≤ γ1 exp
−γ2(t−t0) ∥e(0)∥+ ε,

(7)

where s is the feedback induced stiffness (5).

III. OLBB FRAMEWORK

We address the problem with an online learning-based
balancing (OLBB) control law which adapts the model-
based and feedback part such that the desired control perfor-
mance is guaranteed with high probability. We start with an
overview of the architecture of the framework followed by
a detailed description of the involved parts.

A. Architecture

In Fig. 1, a block diagram of the proposed framework is
shown. The standard approach is denoted in black whereas
the blocks of our framework are colored in red. As introduced
in (1), the system comprises a known and an unknown
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Fig. 1. Block diagram of the online learning-based balancing (OLBB)
framework (red) on top of a nominal control approach (black)

dynamics part (black dashed box). Due to the unknown
dynamics, the state x might not be following the desired
trajectory using the nominal controller derived based on the
known dynamics only. The key idea of the OLBB framework
is to improve the model-based model by using an online
learning-based oracle to predict the unknown dynamics and
an adaptation of the feedback gains based on the model error.
If the oracle predicts precisely, the feedback gains can be
reduced to decrease the stiffness of the system. In contrast, a
high model error leads to an increase of the feedback gains to
satisfy the performance constraints. The quality of the oracle
depends on a dataset which is created by online collected
data. We introduce a novel balancing algorithm which allows
to compute the necessary feedback gains online.

B. Oracle and Model Error

For the learning of the unknown dynamics of (1), we
consider an oracle which predicts the values of f for a given
state x. For this purpose, the oracle collects m ∈ N training
points of the system (1) such that a dataset

D(t) = {x{i},y{i}}m(t)
i=1 , (8)

where y = τ −M(x1)ẋ2 − C(x)x2 − G(x1), is created.
The dataset D(t) with m : R+ → N can change over time t,
such that the oracle allows online learning. For notational
simplicity, we define DN as the training set for the time
interval t = [tN , tN+1) with mN training points where 0 =
t0 < tN < tN+1, . . .. For example, the dataset DN could
contain all accumulated recorded data pairs {x,y} up to
time tN , i.e. D0 ⊂ . . . ⊂ DN . However, the dataset could
also be disjoint if each set consists of new recorded data
pairs. The time-dependent estimate of the oracle at time tN
is denoted by f̂N : X → Rn to highlight the dependency on
the corresponding dataset DN such that

f̂N (x) = ŷ|x,DN , (9)

where ŷ ∈ Rn denotes the estimate of y. Note that this
structure also allows offline learning, e.g. the prediction of
the oracle depends on previous collected data only and is
likewise suitable for any hybrid online/offline approach. In

order to quantify the error of the prediction (9), we introduce
the following assumptions.

Assumption 2 Consider an oracle with the predictions
f̂N ∈ C0 based on the dataset DN (8). Let X ⊂ R2n be a
compact set. There exists a finite function ρ̄N : X × (0, 1]→
R≥0 such that the prediction error is bounded by

Pr{∥f(x)− f̂N (x)∥ ≤ ρ̄N (x, δ)} ≥ δ with (10)

probability δ ∈ (0, 1], ∀x ∈ X and ∀N ∈ {1, . . . , Nend}.
Assumption 3 The number of datasets DN is finite and
there is a finite time between the change of datasets
DN ,DN+1, such that there exists a Tend ∈ R≥0 where
DN = DNend ,∀t ≥ Tend.

Assumption 2 is fulfilled if the model error is bounded in
probability. For instance, this is true for bounded oracle
predictions and bounded unknown disturbances such as wind
fields or general unbounded forces such as friction over
a closed set. However, globally unbounded forces cannot
be considered due to the need of a bounded model error.
Using expressive oracles such as Gaussian process models
allow us to fulfill this assumption for any continuous f as
shown in the next section. Assumption 3 is mildly restrictive
since the number of sets is often naturally bounded due to
finite computational power or memory limitations. Since the
unknown function f in (1) is not time-dependent, long-life
learning is typically not required. Next, we present Gaussian
process models as a possible oracle.

C. Gaussian Process as Oracle

Gaussian process models have been proven as very pow-
erful oracle for nonlinear function regression. For the pre-
diction, we concatenate the mN training points of DN in
an input matrix X = [x1,x2, . . . ,xmN ] and a matrix of
outputs Y ⊤ = [ỹ1, ỹ2, . . . , ỹmN ], where the measurements
ỹ = y + η are corrupted by Gaussian noise η ∼ N (0, σI).
A prediction y∗∈ Rn for the output at x∗∈ R2n is given by

µi(y
∗|x∗,DN ) = k(x∗, X)⊤K−1Y:,i (11)

vari(y
∗|x∗,DN ) = k(x∗,x∗)− k(x∗, X)⊤K−1k(x∗, X).

for all i ∈ {1, . . . , n}, where Y:,i denotes the i-th column of
the matrix of outputs Y . The kernel k : R2n × R2n → R+

is a measure for the correlation of two states (x,x′). The
function K : R2n×mN × R2n×mN → RmN×mN is called
the Gram matrix whose elements are given by Kj′,j =
k(X:,j′ , X:,j) + δ(j, j′)σ2 for all j′, j ∈ {1, . . . ,mN} with
the delta function δ(j, j′) = 1 for j = j′ and zero, otherwise.
The vector-valued function k : R2n×R2n×mN → RmN , with
the elements kj = k(x∗, X:,j) for all j ∈ {1, . . . ,mN},
expresses the covariance between x∗ and the input training
data X . Based on (11), the normal distributed compo-
nents y∗i |x∗,DN are combined into a multi-variable Gaussian
distribution with µ(y∗|x∗,DN ) = [µ1(·), . . . , µn(·)]⊤ and
Σ(y∗|x∗,DN ) = diag [var1(·), . . . , varn(·)]. For simplicity,
we consider identical kernels for each output dimension.
However, the GP model can be easily adapted to different
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kernels for each output dimension. With the introduced GP
model, we are now addressing Assumption 2. To satisfy As-
sumption 2, additional assumptions on the unknown parts of
the dynamics (1) must be introduced.

Assumption 4 The kernel k is selected such that f has
a bounded reproducing kernel Hilbert space (RKHS) norm
on X , i.e. ∥fi∥k <∞ for all i = 1, . . . , n.

The norm of a function in a RKHS is a smoothness measure
with respect to the metric of the kernel k, see [17]. Assump-
tion 4 requires that the kernel must be selected in such a way
that the functions f are elements of the associated RKHS.
This first sounds paradoxical as the function f is unknown.
However, there exist kernels, namely universal kernels, which
can approximate any continuous function arbitrarily precisely
on a compact set [18]. In summary, Assumptions 1 to 4
require that we know a stabilizing controller for the nominal
system and use an oracle with bounded model error on a
closed set for any finite number of data points.

Lemma 1 (adapted from [6]) Consider the unknown func-
tions f and a GP model satisfying Assumption 4. The model
error is bounded by

Pr{∥µ(f̂N |x,DN)−f(x)∥≤∥β⊤
Σ

1
2 (f̂N |x,DN )∥}≥δ

for x ∈ X , δ ∈ (0, 1) with constant β ∈ Rn given by

βj =

√
2∥fj∥2k + 300γj ln

3
(

mN+1
1−δ1/n

)
and the information

gain γj = maxp{1},...,p{mN+1}∈X
1
2 log |I + σ−2

j K(x,x′)|
for all x,x′ ∈

{
p{1}, . . . ,p{mN+1}}.

Proof: It is a direct implication of [6, Lemma 1].
With Assumption 4 and the fact, that universals kernels
exist which generate bounded predictions, see [19], GP
models can be used as oracle to fulfill Assumption 2. In
this case, the prediction error bound is given by ρ̄N (x, δ) :=

∥β⊤
Σ

1
2 (f̂N (x)|x,DN )∥ as introduced in Lemma 1.

D. Learning-based Control Law

In this section, we propose how the framework modifies
the nominal control law to track the desired trajectory. First,
we show the adaptation of the model-based part, followed
by the tuning rule for the feedback gains. The model-based
part hmb(x,xd) of the nominal control law is based on the
known dynamics of the system (1). For low feedback gains,
the model of the system needs to be as accurate as possible.
Therefore, we use the prediction of the oracle (9) to improve
the nominal model-based controller such that

h̃mb(x,xd, t) = hmb(x,xd)− f̂N (x), (12)

where h̃mb(x,xd, t) : X × X × R≥0 → Rn describes the
model-based control part of the proposed framework. The
reason for the time-dependency of h̃mb are the online updates
of the oracle. As soon as the oracle is retrained at time tN
based on new data, the model-based (12) uses the updated
prediction until the next update at time tN+1. Note, that the
time steps tN for all N ∈ {1, . . . , Nend} can be chosen

arbitrarily and do not need to be defined beforehand. The
feedback gains are adapted based on the accuracy of the
model as defined in Assumption 2. If the prediction of the
oracle is precise, the feedback gains can be lowered without
increasing the tracking error. For this purpose, we introduce
an adaptive feedback gain matrix HN ∈ H depending on the
model error ρ̄N , probability δ and dataset DN for time tN
to tN+1. Then, the feedback law is designed as

h̃fb(x,xd, t) = hfb(x)HNe (13)

with hfb of Assumption 1, the tracking error e, and the
feedback gain matrix HN given by

min
HN∈H

∥HN∥ for N ∈ {1, . . . , Nend}

s.t. max
x∈X

∥Pr(x, HN )∥
λ[B(x, HN )]

κ[P (x, HN )]
1
2ρ̄N (x, δ) ≤ ε,

(14)

where κ(·) denotes the condition number of the matrix
and λ(·), λ̄(·) the smallest/largest eigenvalue, respectively.
The matrix P is defined in Assumption 1, Pr ∈ R2n×n

denotes the right submatrix of P defined by P = [Pl, Pr]
and B : X × H → R2n×2n is given by the Lyapunov drift
V̇N (e) = −e⊤B(x, HN )e of the nominal system. The
matrix B is positive definite and exists due to the asymptotic
stability of the nominal system as defined in Assumption 1.
Note that BN depends on the known dynamics only. The
constraint (14) contains three separated factors. The fraction
is the ratio between the term Pr, that creates the drift V̇N

based on the model error, and λ(B) that indicates the decay
rate of the Lyapunov function. As the drift increases linearly
and the decay rate quadratically with the feedback gain HN ,
the term tends to zero. The condition number of P typically
increase with the feedback gain as it is the connection
between the ellipse-like level sets of the Lyapunov function
and the ball of the maximum desired tracking error (7).
Even though we can not guarantee the feasibility of (14) in
general, we show later in Lemma 2 that for commonly-used
control approaches for mechanical systems a solution for (14)
always exists. Finally, the last factor ρ̄N (x, δ) depends on the
model error and decreases with more data in general. Taken
together, the proposed control law with improved model (12)
and adaptive feedback (13) is condensed to

τ̃ (t) = h̃mb(x,xd, t) + h̃fb(x,xd, t). (15)

E. OLBB Algorithm

After the detailed presentation of the steps above, we
summarize the entire procedure in Algorithm 1. At the
beginning, the maximum desired tracking error ε and the
maximum number Nend of datasets used by the oracle are
set. This choice typically depends on how many data points
can be collected which in turn is bounded due to memory and
computational limitations. For example, if mN data points
are collected between tN and tN+1, the maximum number
Nend of datasets is set to the greatest integer less than or
equal to m̄/mN , where m̄ is the upper limit of data points
due to memory and computational limitations.
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Algorithm 1 Online learning-based balancing
input: max. tracking error ε, max. datasets Nend
initialize: N = 0,D0

H0 ← Compute feedback gain based on ε, ρ̄0, δ (13)
initialize: Control law τ̃ (t) with D0, f̂0 (15)
while N < Nend do
N ← N + 1
DN ← Collect mN data points (8)
Train oracle with DN (9)
ρ̄N ← Get model error (10)
HN ← Compute feedback gain based on ε, ρ̄N , δ (14)
Use control law τ̃ (t) with DN , f̂N (15)

end while

The oracle is initialized with a dataset that can originate
from an offline identification of the system or simulation
data. However, without preliminary data, the dataset D0 is
empty and the initial estimate f̂0 = 0. Then, the initial
feedback gains are computed based on (13). The control
law (15) based on f̂0 is used to control the system. A number
of mN data points from the actual system (1) as defined in (8)
are collected and stored in the dataset DN . Then, the oracle is
retrained on the dataset DN and the feedback gains HN are
recomputed. At arbitrary time tN , the control law is updated
by using the prediction f̂N and feedback gains HN .

Note that until time tN , the control law makes use
of f̂N−1 and HN−1 such that there are no requirements on
the computation time for the retraining of the oracle and the
computation of the feedback gains. This process is repeated
until the maximum number Nend of datasets is reached.

F. Theoretical Analysis

In the following, we introduce the formal results for
the stability and performance guarantees of the proposed
framework. First, we provide a proof of the boundedness
of the tracking error. Then, the solution of an optimization
problem is proven to be sufficient to guarantee the specified
performance of the closed-loop.

Theorem 1 Consider a system given by (1) with unknown
dynamics f and the existence of an oracle satisfying As-
sumptions 2 and 3. Let HN ∈ H be a matrix based on the
dataset DN . With Assumption 1, the control law

τ = hmb(x,xd)− f̂N (x)︸ ︷︷ ︸
h̃mb(x,xd,t)

+hfb(x)HNe︸ ︷︷ ︸
h̃fb(x,xd,t)

(16)

guarantees that the tracking error is uniformly ultimately
bounded in probability for arbitrary large δ ∈ (0, 1) by
Pr{∥e(t)∥ ≤ bend maxx∈X ρ̄end(x, δ),∀t ≥ Tε} ≥ δ on
X with bend, Tε ∈ R+.

We prove the stability of the closed-loop with the proposed
control law with multiple Lyapunov functions, where the N -
th function is active when the oracle predicts based on DN .
Proof: Using the proposed control law for the dynamics (1)
leads to tracking error dynamics given by ė2 = f dyn(x) +

M1(x1)(hmb(x,xd)+hfb(x)HNe)+f(x)− f̂N (x)−xd,2.

The Lyapunov function of Assumption 1 is used with the
time-dependent feedback gain matrix HN such that VN (e) =
e⊤P (x, HN )e. Note that this leads to a switching Lyapunov
function but due to a finite number of switching events,
the switching between stable systems cannot lead to an
unbounded trajectory. The time-derivative of the Lyapunov
function V̇N (e) = e⊤P (x, HN )e is given by

V̇N (e) = e⊤P (x, HN )ė+ e⊤Ṗ (x, HN )e

+ e⊤Pr(x, HN )[f(x)− f̂N (x)], (17)

where Pr ∈ R2n×n denotes the right submatrix of P . With
dynamics (1) and Assumption 1, there exists a positive def-
inite matrix function B : X ×H → R2n×2n such that equa-
tion (17) can be rewritten as V̇N (e) = −e⊤B(x, HN )e +
e⊤Pr(x, HN )[f(x) − f̂N (x)]. Using Assumption 2, the
Lyapunov derivative is upper bounded by

Pr{V̇N ≤−e⊤B(x, HN )e+∥e⊤Pr(x, HN )∥ρ̄N (x, δ)}≥δ

analogously to [6], [10]. Due to the dominance of the
quadratic part, the derivative (17) is negative outside a
neighborhood of zero. Thus, the tracking error is uniformly
ultimately bounded in probability. Since Assumption 3 only
allows a finite number of switches, there exists a time Tend ∈
R≥0 such thatDN = DNend for all t ≥ Tend. Thus, there exists
a time Tε ≥ Tend such that Pr{∥e(t)∥ ≤ ∞,∀t ≥ Tε} ≥ δ.

At this point, we have shown that the tracking error e(t)
of the actual system (1) is bounded in probability. The
exact time Tε can be computed based on the initial tracking
error e(0), see [20]. Next, the minimum feedback gain
is computed such that the tracking error e(t) fulfills the
performance specifications, i.e. the tracking error e converges
exponentially fast to the desired tracking error ε.

Theorem 2 Consider the system given by (1) with unknown
dynamics f and the existence of an oracle satisfying Assump-
tions 2 and 3. For any desired maximum tracking error ε > 0,
the control law (16) with gain HN satisfying

max
x∈X

∥Pr(x, HN )∥
λ[B(x, HN )]

κ[P (x, HN )]
1
2ρ̄N (x, δ) ≤ ε (18)

for all N ∈ {1, . . . , Nend} guarantees that the tracking error
is bounded in probability and exponentially converges such
that Pr{∥e(t)∥ ≤ γ1 exp

−γ2(t−t0) ∥e(0)∥+ ε} ≥ δ.

Proof: The quadratic-like Lyapunov function, as re-
quired by Assumption 1, VN (e) = e⊤P (x, HN )e is lower
and upper bounded by α1(∥e∥) ≤ VN (e) ≤ α2(∥e∥), where
α1(r) = λ[P (x, HN )]r2 and α2(r) = λ̄[P (x, HN )]r2.
Thus, the maximum tracking error bN ∈ R≥0

such that
Pr{∥e(t)∥ ≤ bN ,∀t ≥ Tε} ≥ δ is given by

bN =cmax
x∈X

√
λ̄[P (x, HN )]

λ[P (x, HN )]
=cmax

x∈X
κ[P (x, HN )]

1
2 , (19)

where V̇N < 0 for all ∥x∥ > c ∈ R and κ(·) denotes
the condition number of the matrix. Using Theorem 1,
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the evolution of the Lyapunov function is negative with
probability δ for all ∥e∥ > maxx∈X

∥Pr(x,HN )∥
λ[B(x,HN )] ρ̄N (x, δ),

where Pr ∈ R2n×n denotes the right submatrix of P . As a
consequence, the tracking error exponentially converges such
that Pr{∥e(t)∥ ≤ γ1 exp

−γ2(t−t0) ∥e(0)∥+ ε} ≥ δ with

γ1 ≤ max
x∈X

κ[P (x, HN )]
1
2 , γ2 ≥

∥Pr(x, HN )∥
2λ[B(x, HN )]

(20)

for all HN ∈ H. That completes the proof.
Intuitively, the radius of the bound depends on the model
error ρ̄N . If a perfect oracle was available, the tracking error
would converge to zero for any feedback gain HN . In case
of model error, the feedback gains need to be increased
such that (18) is fulfilled to guarantee a maximum tracking
error. Next, we exemplary show the existence of a solution
for (18) and how to find it in case of linear nominal closed-
loop systems and diagonal feedback gains. Note that a linear
nominal closed-loop does not imply any further assumptions
on the unknown force f , i.e. it can still be nonlinear.

Lemma 2 Let H = {H = [h1I, h2I]|h1, h2 > 0} be the set
of feedback gains and the nominal closed-loop dynamics (3)
be linear such that

ė =

[
0 I
−h1I −h2I

]
e =: A(H)e. (21)

Then, for all ε > 0, there exists a h ∈ R>0 such that all
H = [h1I, h2I] with h1, h2 ≥ h fulfill the inequality (18).

Proof: By Assumption 1, the linear system (21) is
asymptotically stable such that there exists a matrix P ∈
R2n×2n which satisfies A⊤P + PA = −I . With the
simplification h = h1 = h2, we can compute P by P =[
p11 p12
p12 p22

]
with p11 = 1 + 1/(2h), p12 = 1/(2h) and

p22 = (h + 1)/(2h2). Calculating the matrix norm and the
eigenvalues of P in (18) leads to

∥Pr(x, H)∥
λ[B(x, H)]

κ[P (x,H)]
1
2=

(
(p212+p222)

α(P )1/2+p11+p22
α(P )−1/2+p11+p22

)1
2

with α(P ) = p211−2p11p22+p222+4p212, which converges
to zero for h → ∞. With the bounded model error ρ̄(x)
of Assumption 2, there exists a h ∈ R>0 such that all H =
[h1I, h2I] with h ≥ h fulfill the inequality (18).
Thus, by increasing the feedback gains, a solution of (18) in
case of a linear nominal closed-loop dynamics exists. Note
that in case no solution of (18) for arbitrary nominal closed-
loop dynamics might be achieved, the tracking error remains
bounded according to Theorem 1.

IV. CASE STUDY

In this case study, we apply the proposed framework to
the control of a 2-link robotic manipulator. We assume point
masses for the links of mlink,1 = mlink,2 = 1kg, which are
located in the center of each link and the joints are without
mass. The length of the links is set to llink,1 = llink,2 = 1m.
Gravity is approximated by g = 10ms−2. Following [14,
Page 164], the system dynamics (1) of the robot with joint

angles x1, x2 and angular velocities x3, x4 are given by[
ẋ3

ẋ4

]
= M−1(x)[C(x) +G(x)]︸ ︷︷ ︸

f dyn

+M−1(x)τ + f(x) (22)

with inertia M ∈ R2×2, Coriolis force C ∈ R2 and gravity
G ∈ R2. The unknown dynamics f(x) is nonlinear friction
ffric(v) = 0.3 tanh(100v)[0.1+0.2 exp(−v2/0.042) + 0.1v]
depending on the velocity v ∈ R according to the Stribeck
curve, such that f(x) = [ffric(x3), ffric(x4)]. Based on the
known system dynamics of (22), we can derive a stabilizing
control law using computed torque control. Then, the control
law is given by

τ = M(x)ẋ⊤
d,3:4 + C(x) +G(x)︸ ︷︷ ︸

hmb

−M(x)︸ ︷︷ ︸
hfb

He, (23)

where ẋd,3:4 = [ẋd,3, ẋd,4]
⊤ denotes the desired angular

acceleration and H = [h1I, h2I] ∈ R2×4 the feedback gain
matrix. The closed-loop dynamics for the nominal system
of (22) is the same as in (21), which is an asymptotically
stable linear system such that Assumption 1 is satisfied. As
oracle, we use a GP with squared exponential kernel as
presented in Section III-C and 3-times the posterior standard
deviation, i.e. β = [3, 3, 3, 3]⊤, as model error bound. The
maximum number of datasets is set to Nend = 20 and the
initial set D0 is empty. We assume ε = 0.1 as maximum
desired tracking error on the closed set X = [−π/2, π/2]4.
Based on Theorem 2, the initial feedback gains H0 are
computed to h1 = 11.2 and h2 = 9.3 using a sequential
quadratic programming optimizer. The initial angles and
velocities are set to x0 = [0.5, 0.5, 0, 0]⊤. In Fig. 2, the
desired trajectory (dashed) based on an arbitrarily chosen
spline curve and actual trajectory (solid) is drawn. Every
0.1 s, a training point as defined in (8) is recorded. The
recorded dataset is used to online retrain the GP model and
the hyperparameters by means of the likelihood function
every 0.5 s. Thus, the empty dataset D0 is used until 0.5 s
and, afterwards, the dataset D1 with m1 = 10 training
points. As the model error changes for the retrained GP
model, the feedback gain matrix HN is also updated by a
sequential quadratic programming optimizer every 0.5 s. The
required Lyapunov function VN (e) = e⊤PNe is computed
by solving the Lyapunov equation for the system matrix (21).
The resulting gains are depicted in the top plot of Fig. 3
with the Euclidean-induced norm of H1 in blue and H2 in

0 2 4 6 8 10 12

−0.5

0

0.5

Time [s]

S
ta

te

desired actual

Fig. 2. The actual trajectory (solid) of the system converges to the desired
trajectory (dashed).
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Fig. 3. Top: Adapted feedback gains based on the model error. Bottom:
The unknown force f (dashed) and the estimates of the GP model (solid)
which are updated with new training data (dots) every 0.5 s.

red. Since additional training data can also lead to worse
model accuracy, the gains are not always decreasing over
time. However, the GP model becomes more accurate at
some point such that the feedback gains can be significantly
reduced. At 10 s, the maximum number of datasets is reached
and, thus, the model is not further updated and the feedback
gains are kept constant. The value for both components
of the unknown force f (dashed) and the measurements
of ẋ (circles), which are corrupted by Gaussian noise with
zero mean and a variance of 0.012, are visualized in the
bottom plot of Fig. 3. The GP model (solid) estimates the
unknown force based on the measurements. Note that in
time intervals with accurate estimation, the feedback gains
are low and vice versa. The resulting tracking error of the
proposed method (blue) is visualized in the top plot of Fig. 4.
As desired, the tracking error is less than ε = 0.1 for a
t > Tε. The tracking error for a standard computed torque
controller with the feedback gains equivalent to the mean of
the varying feedback gains shown in Fig. 3 is plotted in red.
The proposed method satisfies the desired error (dashed) after
2.1 s. The bottom plot of Fig. 4 shows the stiffness of the
robot over time. First, the proposed method (blue) results in
a higher stiffness to satisfies the performance constrains due
to an inaccurate model. With more training data, the model
accuracy improves which allows to reduce the feedback
gains. Finally, the stiffness remains significantly lower in
comparison to a standard computed torque approach (red).

CONCLUSION

In this article, we present a framework for online learning-
based balancing (OLBB) of model-based and feedback con-
trol for high-performance tracking control of mechanical
systems with reduced feedback gains. We modify a nominal
control law which is derived based on the known dynamics
of the system. An oracle improves the predictive model of
the control law by online updates with new training data and
the model error adapts the feedback gains. The framework
allows to compute reduced feedback gains such that a desired
performance with exponential convergence of the tracking
error is satisfied.
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Fig. 4. Tracking error (top) and stiffness (bottom) of the robot with
computed torque control (red) and the proposed method (blue). Note that
not only the tracking error is reduced but also the stiffness after 4.5 s.
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