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Abstract—Flocking control of multi-agents system is chal-
lenging for agents with partially unknown dynamics. These
dynamics typically occur due to unfavorable nonlinearities such
as friction or production inaccuracies. This paper proposes an
online learning-based controller to stabilize flocking motion
of double-integrator agents with additional state-dependent,
unknown dynamics by using a Gaussian process (GP). Agents
interaction is described by a time-invariant infinitesimally
minimally rigid undirected graph. We provide a decentralized
control law that exponentially stabilizes the motion of the
agents and captures Reynold boids motion for swarms by using
GPs as an online learning-based oracle for the prediction of
the unknown dynamics. In particular the presented approach
guarantees a probabilistic bounded tracking error with high
probability.

I. INTRODUCTION

Flocking, swarming, and schooling are common emergent
collective motion behaviors exhibited in nature. These natural
collective behaviors can be leveraged in multirobot systems
to safely transport large cohesive groups of robots within
a workspace. To capture these effects, Reynolds introduced
three heuristic rules: cohesion; alignment; and separation, to
reproduce flocking motions in computer graphics in [1]. De-
centralized flocking control algorithms based on Reynolds’s
rules have gained much attention in the recent years due
to the increasing amount of mobile and aerial robotic
swarms [2], [3], [4].

Decentralized flocking stabilization techniques can be
based on artificial potential fields [2], negative gradient of
potential functions [5] and rigidity theory [3], [4]. For the
latter approach, most of techniques to stabilize a set of
agents to a desired rigid shape are given for single integrator
agents [6]. Double integrator models have been extensively
studied for flocking control since [7] and [2]. In particular
rigidity-based flocking control has been studied in [3] and
[4], but non of them consider uncertainties in the model.

The design of safe controllers for robotic swarms is a
substantial aspect for an increasing range of application
domains. However, parts of the robot’s dynamics and external
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disturbances are often unknown or very time-consuming
to model, e.g., wind fields in drone control or velocity
dependent friction. To overcome the issue of unknown dy-
namics, learning-based control laws have been proposed but
they are limited to iterative learning [8], leader-follower
formations [9], [10], [11] or imitation [12]. We present a de-
centralized controller for agents with second-order dynamics
by using Gaussian Processes, for an online learning of the
unknown dynamics, while agents exhibit Reynolds rules of
flocking. The presented learning-based controller guarantees
a probabilistic bounded error to desired flocking motions
with high probability and where the bound can be explicitly
given by solving an optimization problem over the data-set.
The online learning approach allows to improve the model
and, thus, the stability performance during run-time.

Decentralized learning-based control algorithms for multi-
agent systems has been recently studied in [13] using graph
neural networks and also in [14], [15]. In particular, recent
learning-based methods for flocking control of second-order
agents can be found in [16], [12], [17], but none of them
includes 3D flocking control with stability guarantee in
the performance. In detail, there are no available results
for the design of a learning-based flocking control law for
double integrator agents under partially unknown dynamics,
based on online learning data-driven models with exponential
stability guarantees.

In data-driven control, data of the unknown system dy-
namics is collected and used to predict the dynamics in areas
without training data. In contrast to parametric models, those
models are highly flexible and are able to reproduce a large
class of different dynamics [18]. Recently, Gaussian process
(GP) models [19] has been increasingly used for modeling
dynamical system due to many beneficial properties such
as the bias-variance trade-off and the strong connection to
Bayesian statistics. In contrast to many other techniques, GP
models provide not only a prediction but also a measure for
the uncertainty of the model. This powerful property makes
them very attractive for many applications in control, e.g.,
model predictive control [20], feedback linearization [21],
and tracking control [22], as the uncertainty measure allows
to provide performance and safety guarantees. The purpose
of this article is to employ the power of learning-based
approaches, in particular, GPs, for decentralized flocking
control of second-order agents with partially unknown dy-
namics guaranteeing the probabilistic boundedness of the
error to desired flocking motions, with high probability.

The remaining article is as follows: we introduce rigid and
connected graphs on Section II. After the problem setting
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in Section III, the online learning-based controller is given
in Section IV. Numerical examples are shown in Section V.

II. AGENTS IN A NETWORK

Consider n > 2 autonomous agents whose positions are
denoted by g, € R%, d = {2,3} and denote by g € R the
stacked vector of agents’ positions'. Neighbor’s relationships
are described by an undirected and time-invariant graph
G = (N, &) with the ordered edge set £ C N x N. The
set of neighbors for ¢ € N, is defined by N; := {j €
N : (i,j) € E}. Agents can sense the relative positions
of its nearest neighbors, in particular, agents can measure its
Euclidean distance from other agents in the subset A; C V.
We denote the incidence matrix B € RWIXI€I that establish
the neighbors’ relationships for G, and by &M and £l
the head and tail nodes, respectively, of the edge &, i.e.,
& = (Epd gxl) for k = 1,...,|&|. The stacked vector
of relative positions between neigﬂhboring agents, denoted by
z € R¥WI is given by z = B q, where B := B® I; €
RANI*AIEl with I, being the (d x d) identity matrix, and ®
the Kronecker product. Note that q,, € R? in q corresponds
to q; — g, for the edge &. We define z, = ¢, — q;
to simplify notation. A framework for G is defined as the
pair (G, q). Flocking control can be achieved by means
of the Laplacian matrix associated with G. The Laplacian
matrix L is the matrix whose entries are given by [;; = —1
for ¢ # j, if there is an edge between agents j and i,
else I;; = 0. Moreover, l;; = — Z l;j. In the case of G

JEN;

being an undirected graph, it follows that L = BB’ (see
[23] for instance). For a connected and undirected graph
there holds rank(L) = |N| — 1 and null(L) = null(B) =
{1jnr}. Therefore, null(L) = null(B) = {1jn| @ lixa}-
Thus L is positive definite by restricting it to the vector
space of span(1jy| ® Ijxq)* and the number of connected
components in the graph equals the algebraic multiplicity of
its null eigenvalue. Besides, the second smallest eigenvalue
of L, denoted by As, is known as algebraic connectivity of
@, as it is related with the interconnection of the nodes.

To guarantee convergence to desired shapes we con-
sider the rigidity of the desired formation shapes. The
rigidity matrix for the framework (G,q) is defined as,
see [24], R(z) = %aeg%((f) = D(z)'B e RIEXdNI
with D(z) = diag(z1,...,2)¢) € RAUEIXIEL and  dis-
tance measure function (g : RN — RI€l defined by
t(a) = (|la; - qj}IQ)(

e = D' (2)z. Denote the de-
i.4)€

sired distance between neighboring agents over the edge
&k as di and define the squared distance error for & as
er = ||g; — qj||2 —di = lzel? — d2, with stacked squared

. T
distance vector error denoted by e = [ey,.. ., eg|]

Matrices are denoted with capital letters. N (i, X) describes a normal
distribution with mean g and covariance . The probability function is
denoted by P. E[X] denotes the expected value of a random variable
X. Rs¢ denotes the set of positive real numbers. The Euclidean norm
is denoted by || - || and by |X| the cardinal of the set X.

A framework (G,q) is said to be rigid if it is not
possible to smoothly move one node of the framework
without moving the rest while maintaining the inter-agent
distance given by {;(q), see [24]. An infinitesimally rigid
framework is a rigid framework which is invariant under
and only under infinitesimally transformations under R(z),
ie., lg(q + 6q) = Ls(q) where dq denotes an infinitesimal
displacement of q. It is well known (see [24] for instance)
that a framework (G, q) is infinitesimally rigid in RY if q is a
regular value of /g (q) and (G, q) is rigid in R%. In particular,
(G, q) is infinitesimally rigid in R? if rank R(2) = 2n — 3
(respectively, rank R(z) = 3n — 6 in R3).

The framework (G, q) is said to be minimally rigid if it
has exactly 2n — 3 edges in R? or 3n — 6 edges in R3. This
means that if we remove one edge from a minimally rigid
framework (G, q), then it is not rigid anymore. Thus, the
only motions over the agents in a minimally rigid framework,
while they are already in the desired shape, are the ones
defining translations and rotations of the whole shape, see
[6]. One important property for the stabilization to desired
motions in shape control with flocking behaviour [3] is
that the rigidity matrix R(z) has full row rank if (G,q)
is minimally and infinitesimally rigid.

ITI. MODELING FLOCKING CONTROL OF DOUBLE
INTEGRATOR AGENTS WITH GAUSSIAN PROCESSES

Consider the set A consisting of n > 2 free autonomous
agents evolving on R?, d = {2, 3}, as in Section II, under a
qg =v
v =u.

According to the Reynolds flocking model [1], the motion
of every agent in the flock is defined by the three rules of
alignment, cohesion and separation. Cohesion and separation
might be achieved by using artificial potential fields [2]. We
are interested on shape control with flocking motion, that is,
agents reach a desired formation shape and they also move
along the 2D plane or 3D space by achieving a consensus
on their velocities. To exponentially achieve this collective
behaviour, and provide their convergence rates, similarly as
in [3] and [4], we make the following assumption

double integrator dynamics, that is

Assumption 1 (G, q) is an infinitesimally and minimally
rigid framework with G undirected, static and connected.

To reach a desired shape, for each edge &, = (¢, 7) in the
infinitesimally and minimally rigid framework we introduce
the artificial potential functions V}, : R? — R, given by
Vi(zi) = $(||z||> — d?)?, to provide a measure for the
interaction between agents and their nearest neighbors (see
[6] for a detailed discussion on the choices of elastic po-
tential functions). In these potentials, z denotes the relative
position between agents for the edge &, and dj denotes the
desired length for the edge &.

The acceleration of agent ¢ is determined by

wi(t) =l Y (vi—v;)— > Vo Vi,

JEN; JEN;

alignment cohesion + separation
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that is, for £L = L ® I, then u(t) = —Lv — RT(2)e(2).
The closed loop system, called double integrator flocking
stabilization system [3], [4] is given by

qi =,
’l.)i = _lij Z (’Ui - ’Uj) - Z tiVk. (1)
JEN; JEN;

Therefore, we can define the artificial potential function
Vo : RUNT -5 R for the overall networked control system as
Vo(z) = ‘15:‘1 Vi(||zk]])- In order to control the velocity
of the agents, we introduce the disagreement vector § €
RN, Consider the potential function V; : RUNI — R

defined as V() = %leﬂ ||6x||% 6k = &; — &, where

é = [51T7...,6|r‘c\;|]T is the velocity disagreement vector
where each component §; is given by §; = v; — v with
IV

1
o(t) == i Zvi(t) € R? denoting the average velocity
i=1

of the agents. Note that ©(¢) = 0 and hence &; = ©;, since
v is constant.

By considering the semi-definite function V := V5 + V}
as energy function for the double integrator flocking stabi-
lization system (1), under Assumption 1, one can show local
exponential convergence of the agents to desired shapes with
flocking motion behaviour [3], [4].

Next, consider each agent ¢ € {1,...,|N|} disturbed by
an additive unknown dynamics given by

o @)

v; = u; + fi(q;,vi),
where f; : R?4 — R? is a state-dependent unknown func-
tion. Potential source of f, are wind fields in drone control,
unmodeled nonlinearities such as friction or inhomogeneity
in the agents’ dynamics due to production inaccuracies. The
time dependency of the states is omitted for simplicity of
notation and the time dependency of the unknown input
forces f, might be also indirect, i.e. f,(q;(t),v;(t)).

In the following, we propose an online learning strategy
for flocking motion, and an upper probabilistic bound for the
error estimation between the learned and the true dynamics
(i.e., the mean prediction of the GP). In preparation for
the learning and control step, we introduce the estimate
fi: R2¢ — R? which can include existing prior knowledge
about the unknown dynamics f;, e.g, using classical system
identification modeling [25]. However, if no prior knowledge
is available, the estimate fi is set to zero. Then, (2) can be
written as

qg="v,
N 3
{fv —u+tpla) + Fla.v). &

with the stacked vector of estimating functions f (q,v) =
[fi(g,v) ", Fia(@u o) T]T and the unknown
dynamics p: R2WI — RINT with elements defined by
pi(p;) = fi(a;,vi) — fi(a;vi), where p; = [q] ,v/]".
In the next step, we employ a GP model for the learning of
the unknown dynamics p.

Gaussian processes are stochastic processes which are
completely defined by a mean function mgp : RP — R,
p € N and a kernel function £ : R? x RP — R. Then, for
all fgp(x) ~ GP (mgp(x),k (x,2')), it is verified that the
mean mgp(x) = E[fgp(x)] and the variance k (x,z’) =
E[(fep(z) — map(x)) (fep (2') — map (2'))], for any
x,x’ € RP,p € N. One of the main strengths of GPs is
that, when combined with Bayes’ Theorem, they can provide
statistical inference with function regression.

Consider the output y of a function f : RP — RP,
Without loss of generality, the mean function has been set
to zero. Measurements may be affected by Gaussian noise
such that y = f(x) + n, where n ~ N(0,0%I,) with
the p-dimensional identity matrix I,,. The set of input data,
X = [V, 2, 2{m}] € RP*™ and measured output
data, Y = [yfth 2} . y{™] € RP*™ constitute the
training set D = {X, Y }. Then, for a test input * € RP the
predictions of f(x*) are obtained by conditioning on the
data which leads to the posterior distribution

1

p(file”, D)=k (@, X) (K +10%)" Yi;, (4

var (f; | 2*,D) = k (z*, ") — k (z*, X)
(K +10%) "k (z*, X)

forall i € {1,...,p}, where Y. ; denotes the i-th column of
the outputs matrix Y. The kernel £ measures the correlation
of two inputs (x, ). The function K: RP*™ x RP*™ —
R™*™ js called the Gram matrix and its elements are
given by K/ ; = k(X.;/,X.;) +6(j,5")o? for all j',j €
{1,...,m} with the delta function 6(j,j') = 1 for j = j’
and zero, otherwise. The vector-valued function k: R? x
RP*™ — R™, with elements k; = k(z*, X. ;) for all
j € {1,...,m}, expresses the covariance between x* and
the input training data X. The choice of the kernel and the
determination of the corresponding hyperparameters can be
seen as degrees of freedom of the regression procedure. One
common and powerful kernel for GP models of physical
systems is the squared exponential kernel. An overview about
different kernels and their properties is provided in [19].
To simplify, identical kernels are selected for each output
dimension. Nevertheless, the GP model can be easily adapted
to different kernels for each output dimension.

For our purpose, each agent collects m(t) € N training
points based on its own dynamics (2) such that data sets

Dim) = {P%{j}’ yjj}};'n:(? o)

are created. The output data y, € R? are given by y, =
©; — f;(q;,v;) —u;. The number of training points m(t) of
the data sets D; ()% € {1,...,|N|} with m: R>g — N
can change over time ¢, i.e., it allows online learning. Let
Dty = {Diym@t)» - - - » Din|,m(r) } be a set that contains all
training set. We introduce the following assumption on the
data collection.

Assumption 2 There are only finitely many switches of m(t)
over time and there exists a time T' € R where Dy, (1) =
Dm(t),Vt >TVi e {1, Cey |N|}

7256

Authorized licensed use limited to: University of Pennsylvania. Downloaded on October 29,2026 at 14:39:17 UTC from IEEE Xplore. Restrictions apply.



Remark 1 Assumption 2 ensures that the switching be-
tween the data sets is not infinitely fast which is natural in
real world applications.

To model the error, an assumption has to be made about
the kernel function k of the GP model.

Assumption 3 The continuous kernel k is chosen in such a
way the functions p;, © € {1,...,d|N|} have a bounded re-
producing kernel Hilbert Space (RKHS) norm on a compact
set @ C R2NI e ||p;|l, < oo foralli€{1,...,dN]|}

Remark 2 The norm of a function in a RKHS is a smooth-
ness measure relative to a kernel k that is uniquely connected
with this RKHS. In particular, it is a Lipschitz constant with
respect to the metric of the used kernel [26].

Under the previous consideration, the model error can be
probabilistically bounded as written in the following lemma,
which is a direct consequence of Lemma 1 given in [27].

Lemma 1 Consider the system (3) and a GP model sat-
isfying Assumptions 2 and 3. Then the model error is
probabilistically bounded by

P {Ilu(p | P, D) = p(p)l| < HﬁTE%(p |, Dm)H} > e

for p € Q C R*N compact, with € € (0,1),8,7 € RY,
and denoting by m the number of entries in the data set D,,,

o 2 3 m+1
Bj = \/2 10}, + 300; In (1—61/(d|N|)> (6)

The variable «y; € R is the maximum information gain

1 —2 /
U o, I o g OB+ K @) )
z,z € {p{l},...,p{mﬂ}}. 3

Remark 3 An efficient algorithm can be used to find 3
based on the maximum information gain [28].

IV. ONLINE LEARNING FOR STABLE FLOCKING CONTROL

Consider the potential function V : RVl — R as
described in Section III. In the absence of unknown distur-
bances, V' allows to write the closed-loop system (1) as

7 =V,V
1 ©)
b=—V,V - V,V.

Local exponential convergence to the set

S={(¢*,8") e R*WVI|YV V(q*) =0,6" =0} (10)

for the system (9), has been shown in [3], [4]. Next, we
design a decentralized data-driven control law by using
GP’s, such that, by learning and update the learning of the
unknown disturbances, exponentially stabilizes the partially
unknown motion of the agents (2) to a desired formation
shape with flocking motion. We will proceed as in [29] for
formation control without flocking behaviour, by analyzing
an equivalent decoupled gradient systems, by employing a

result from [30], that we will also use for the design of the

decentralized learning-based control law, described as follow.
Consider the one-parameter family of systems with double

integrator flocking stabilization dynamics H ) given by

[p] — l: 7)\Id|N\ (1 - )‘)Id|N:| |:VPV} an
v (A= 1) g —LIg | Vo,V |’

where \ € [0, 1]. Equation (11) continuously interpolates all
convex combinations between the dissipative system (9) for
A = 0 and a gradient system for A = 1. The family #,
has two important properties summarized in the following
Lemma from [30].

Lemma 2 (I) For all X € [0, 1], the equilibrium set of Hy is
given by the set of the critical points of the potential function
V, and is independent of \. (I1) For any equilibrium of Hy
for all X € [0,1], the numbers of the stable, neutral, and
unstable eigenvalues of the Jacobian of Hy are the same
and independent of .

Denote by &5 := (e,d) the stacked vector of relative
positions errors and velocities disagreement vector for sta-
bilization to desired formation shapes with flocking motion.
The next theorem introduces the learning-based control law
with guaranteed probabilistic boundedness of the error for
stabilization under flocking motion.

Theorem 1 Consider the system of agents (3) with unknown
dynamics and GP models with data sets (5) satisfying As-
sumptions 2 and 3. Assume that the desired equilibrium set
S given by (10) satisfies Assumption 1. Then, the control law

u(t) = —Lv — R (e)e(z) — F(q,v) — p(plp. D) (12)

guarantees that the solution trajectories converge locally
exponentially fast to the equilibrium set S and are ultimately
uniformly bounded in probability on Q with T, € R>q by

P{l[€es(t)l| < V2max A,y (p), ¥t > T} > e, (13)
p

where A,,(p) : Q — Rxq defines an upper bound of the
model error.

Remark 4 Note that the individual control law u,;(¢) of each
agent depends on the distance and velocity to its neighbors
and the data set based on its own dynamics only.

Proof: Note that the relative position error satisfies e =
227 -z, = 2DT(2)B(z)v, that is, € = 2R(z)v. Using
that v = 5, the evolution for the relative position error can
be written in terms of the rigidity matrix and the velocity
disagreement vector as & = 2R(z)d.

Denoting by 82‘7 s the stacked vector of errors &g s
from (11) for any A € [0, 1], which includes the closed-loop
system (1) for A = 1, we know that as a consequence of
Lemma 2, £) 5 and & s share the same stability properties.
By using Lemma 2, we will study the system (11) for
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A = 0.5, without loss of generality, that is,

= —%ED(z)e + %6 (14)
2= —%ETPD(z)e + %ETé (15)
e=-D(z)"B BD(z)e+D(z)TB' 6  (16)
5= —%ED(z)e — 4. (17)

Consider the Lyapunov candidate function V' for the system
(3) with control law w(t) as in (12), given by the positive
definite and radially unbounded function

1
V(e,8) = gllel* +[la]1*, (18)

Note that the time-derivative of the Lyapunov function along
the closed-loop trajectory satisfies

e

6

V=e'é+25'6 (19)

D(z)"B"BD(2) —-D(2)"B'

BD(z) L
+6" (p(p) — w(plp, D))

:—[e 5]

= —e'R(2)R(z) e~ 6"L5+ 6" (p(p) — n(pp, D).

Denote by A, and Ay the minimum eigenvalue of
R(2)RT(2) and the non-zero minimum eigenvalue of L,
respectively. By Assumption 1 the rigidity matrix is full
rank (except the non-generic cases, e.g., collinear or coplanar
alignments of the agents in R? or R3). Therefore \,,in > 0.
Note also that, by Assumption 1, Ay > 0. Therefore, by
employing Lemma 1 it follows that

P{V < —Auille|®* — A2[|8]]% + ||6]|An(p)} > €, (20)

where A,,(p) : @ — Rsq is a bounded function such
that |8722(p | p,Dn)| < An(p), which exists be-
cause the kernel function is continuous and therefore it
is bounded on a compact set 2 C R24IN | and then the
variance X(p | p,D,,) is bounded, see [31]. Then, the
value of V is negative with probability € for all £ s with
[1Ee,s5l] > max V2A,,,(p), where the maximum exists since

A, (p) is bounded in €. By using Assumption 2, we define
T € Ryp such that Dm(T) = Dm(t) for all t > T.
Then, V is uniformly ultimately bounded in probability
by P{||€es]| <b, ¥Vt >T. € R>g} > e with probabilistic
bound b = meax V2A,,1) (D). O

V. SIMULATION RESULTS

Next, we present a numerical simulation to illustrate the
performance of the control law proposed in Theorem 1. We
show the applicability of our method for learning flocking
control of agents moving on the 3-dimensional space. We
consider 4 agents forming a shape as depicted in Fig. 1.

Consider the perturbations over agents 1 and 3 given
by fi(vi) = [300sin(0.2v1,),300cos(0.2v1 ,),10] T,
Fs(v3) = [300sin(0.2v3,), —200, 300 sin(0.2v3 ,,)] " Ini-
tial positions are q,(0) = (100,0,0), g5(0) = (0, 0,200),

Fig. 1: Neighbor’s relations and desired shape

g5(0) = (0,-300,0), g,(0) = (100,0,—300). Note the
significant deterioration of the motion when the classical
control law has to deal with the unknown forces, as observed
in Figure 2.

250

-250
-500
—750™

~1000

1250

1500

1750

H Agent 1
E Agent 2
H Agent 3
HE Agent 4

]
500
-1000
-1500
—2000 M
-2500

800 —3000

=200

Fig. 2: Nominal control with unknown perturbations

The learning control law has been implemented using a
square exponential kernel. At ¢ = 0, the training set Dy, o) is
empty and a new data point is added every 0.02s, until the fi-
nal amount of 500 data points is reached at t = 10s. With the
learning control law, it can be observed the agents converge
to a close neighborhood around the desired formation as
shown in Fig. 3. In order to better observe this behaviour, we
also provide a video for the numerical experiment?. Finally,
the evolution of the Lyapunov function in Fig. 4 highlights
the superiority of the proposed control law as it allows the
Lyapunov function to converge to a tight set around zero.
Note that the evolution of the Lyapunov function is not
always decreasing but bounded in a neighborhood around
zero, see (20). The size of the set shrinks with improved
accuracy of the GP model.

VI. CONCLUSIONS

We present an online learning-based control law for stable
flocking of second-order agents with unknown dynamics. By
employing Gaussian Processes, the error to achieve desired
flocking motions is proven to be bounded in probability.

Zhttps://youtu.be/pL-9MNNZ7 1k
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[8]

200 [9]
o
=200
I Agent 1 10
. Agent 2 -400 (101
B Agent 3 —a00
B Agent 4
—800
1000 (1]
-200 12
_129?00% —300 [12]
“99%600,00 —a00 ™
=200 -500
m % 200 [13]
Fig. 3: The proposed learning-based control law can com-
pensate the unknown perturbations. [14]
Normalized Lyapunow function
= Learning control law
10 Nominal control law [15]
08
= [16]
2 06
g
204t [17]
|
0z ,'I
oo [18]
E}l 160 260 360 460 560
Simulation steps [19]
Fig. 4: Normalized Lyapunov function with the standard con- 50
trol law (dashed) and the proposed, learning-based control
law (solid) which converges to a tight set around zero. 1]
The online framework allows to improve the quality of the
GPs over time and, thus, to improve stability performance.  [22]
Finally, numerical examples visualize the effectiveness of the
proposed control law. [23]
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