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Abstract—Deterministic policies demonstrate substantial em-
pirical success over their stochastic counterparts as they remove
a level of randomness in Policy Gradient (PG) methods when
applied to stochastic search problems involving Markov decision
processes. However, current implementations require the use
of state-action value (Q-function) approximators, also known
as critics, to obtain estimates of the associated policy-reward
gradient. In this work, we propose the use of two-point stochastic
evaluations to obtain gradient estimates of a smoothed Q-function
surrogate, constructed by evaluating pairs of the ()-function at
low-dimensional, randomized initial action perturbations. This
procedure lifts the dependence on a critic and restores true
model-free policy learning, and with provable algorithmic stabil-
ity. In fact, our finite complexity bounds improve upon existing
results by up to 2 orders of magnitude in terms of iteration
complexity, and by up to 3/2 orders of magnitude in terms of
sample complexity. Simulation results on an agent navigation
problem showcase the effectiveness of our proposed algorithm in
a practical setting, as well.

An unpublished preprint of this paper including proofs to all
results is accessible at: https://arxiv.org/pdf/2006.07314.pdf

I. INTRODUCTION

Reinforcement Learning (RL) has proven itself a well-
known and effective approach for tackling dynamic optimiza-
tion problems and is ubiquitous in many application areas,
such as robotic manipulation [1], source enhancement [2],
wireless communications [3], [4], and underwater acoustic
transmission [5] to name a few. A general approach for
solving RL problems is policy search, which relies on directly
learning a policy to maximize rewards through interaction
with an unknown environment. Hypothesizing that actions
are chosen according to a parameterized distribution (a.k.a. a
randomized policy), Policy Gradient (PG) is a type of policy
search algorithm that repeatedly updates the policy through
a specially-derived stochastic gradient [6], enabling solutions
in complex dynamic problems with continuous state-action
spaces. Alternatively, Deterministic Policy Gradient (DPG)
considers RL problems by naturally assuming that the policy
is a deterministic mapping from states to actions [7]. This
formulation removes policy randomization, otherwise integral
to classical PG, and permits the complete characterization
of the gradient of the composed policy-reward function with
respect to the parameters of the policy. DPG has been shown
to outperform its stochastic counterparts empirically on a wide
variety of RL problems [8], [9].

In this work, we introduce Zeroth-order Deterministic Pol-
icy Gradient (ZDPG), which advocates the use of (zeroth-
order) noisy estimates of the (-function for approximating
the corresponding (deterministic) policy-reward gradient, in
the standard infinite horizon MDP formulation. In particular,
by exploiting the recently introduced idea of random horizon
rollouts for obtaining unbiased stochastic estimates of the Q-
function [10], [11], we show that it is possible to efficiently
construct consistent two-point approximations (single or in
batches) of the associated policy-reward gradient [12], [13];
this is achieved by evaluating pairs of the (-function at
low-dimensional random action-space perturbations involving
initial actions only. Such a construction is important from
a computational perspective for two main reasons. First, for
most popular choices of policy parameterizations (e.g., Deep
Neural Networks (DNNs)), the dimension of the corresponding
parameter space is typically much larger than the dimension
of the action space, where our random perturbations are intro-
duced [14]. This is a key feature because it is well-known that
the dimension of the perturbation space has drastic negative
effects on the convergence rate of zeroth-order methods [12],
[13]. Second, the fact that we (randomly) perturb only the
initial action of the underlying dynamic program makes our
ZDPG approach readily implementable and easily applicable
to the standardized infinite horizon setting.

As compared with standard PG and DPG, ZDPG enjoys the
additional operational advantages. First, as with DPG, ZDPG
eliminates the need for randomized policies. Although we are
not the first to achieve this goal [7], we would still like to
perpetuate the narrative that randomized policies, although
most common, are not essential in PG-based RL. At the same
time, while ZDPG exploits gradient information of the adopted
(and known) policy parameterization, it restores true model-
free policy learning (as in standard PG); this is naturally
lost in DPG schemes, where the use of an auxiliary critic
is typically enforced [7]. Finally, ZDPG enjoys built-in and
provable quasi-gradient variance stability (albeit at the expense
of an additional system rollout), which is very similar in
principle to (heuristic) baseline PG techniques [15].

We also characterize the convergence rate of our proposed
ZDPG algorithm under common problem regularity condi-
tions. From a technical standpoint, our analysis is different
from that of conventional zeroth-order methods for nonconvex
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TABLE I
SUMMARY OF RATE RESULTS FOR NUMBER OF ITERATIONS T AND
ACCURACY € (SPECIFIED BY MONTE CARLO REDUCTION N,
SMOOTHNESS PARAMETER pi, AND STEPSIZE &)

| Smooth Q-function | Hessian-Lipschitz Q-function

(N) 1 T 1 VT

() T-1/4 p7-1/2 T7-1/6 T-1/4
(@) T-3/4 T-1/2 T-2/3 T-1/2
Rate | O(e™%) O(e72?) | O(e™3) 0O(c?)

optimization — which follows the general structure of defining
a smoothed surrogate objective (reward), analyzing the con-
vergence of the resulting smoothed problem, and then relating
those results back to the original problem (see, e.g., [16],
[17]). Our rate results are summarized in Table I, where we
compare different smoothness assumptions with and without
Monte Carlo variance reduction.

Lastly, the performance of ZDPG is empirically evaluated
on a point agent navigation problem in the presence of envi-
ronment obstacles, where there is no knowledge of the system
dynamics. Without the use of any heuristics, our numerical
results demonstrate that ZDPG substantially outperforms both
standard PG and PG with a baseline under both noiseless and
noisy system dynamics and in terms of both mean performance
and variance. In particular, our simulations elucidate the fact
that ZDPG enjoys clear operational advantages over PG with a
baseline, which may be considered as the analogous two-point
update for the stochastic policy setting.

II. DETERMINISTIC POLICY GRADIENT

We consider a Reinforcement Learning (RL) problem where
an agent moves through a continuous and compact state space
S C R?, and takes actions in a finite dimensional action space
A = RP. The agent’s task is to accumulate as much reward as
possible in the long term, where the reward is revealed to the
agent by the environment at each step. This generic problem
may be abstracted by a Markov decision process (MDP) as a
tuple (S, A, P, R,v), where R : § x R? — R is the reward
function, and P?,, := p(s'|(s,a) € S x A) determines the
probability of moving to state s’ starting from state s and
action a, satisfying the Markov property p(s¢+1|(Su, @) € SX
A, Vu < t) = p(se41|(se, ar) € Sx.A). The value vy € (0,1) is
the discount factor which determines how much future rewards
matter to the behavior of the agent. Lastly, the deterministic
policy 7 : S — A defines a mapping from a state to an
action. Then, the problem of interest is to choose a policy that
maximizes the expected discounted sum of rewards over all
starting states; this means finding a policy that maximizes the
expected value function V' : § — R starting from state s, i.e.,

I o

where p is the initial state distribution. By conditioning the
value function on an action, we can define the state-action
function @ : S x A — R by

V(s):=E

max E;. 50
™

> V'R(sp a =7(s¢))
t=0

Q" (s,a) == R(s,a) +YEsp(.|s,a) V(s 2)

The @-function determines the quality of taking an action a at
state s and then following policy 7 for the remainder of time.
By selecting the first action according to the policy, the Q-
function is equivalent to the value function, and hence problem
(1) is equivalently written as

m‘friXESNpo [Q(s,7(5))] - (3)

Solving (3) requires searching over a function space, which
is generally an intractable problem. To circumvent this com-
plexity, the policy is parameterized by some 6 € © C R? so
that the search is over a Euclidean space of finite dimension.
The problem of interest consequently becomes

meaxEszo [Q7° (s, mg(s))] =: J(0). 4)

In their seminal work [7], Silver et al. proved that, under
mild problem regularity conditions, the gradient of (4) can
be expressed as

VJ(G) = ESNp"G [VQWG(S)VCLQWQ (Sa a)'a:ﬂ'g(s)} 3 (5)

where p™ constitutes the so-called the (improper) discounted
state distribution under control policy 7y, defined as p™ (s') =
Js 2207 po(s)p(s — s',t,0)ds, and p(s — s, t,0) denotes
the density at state s” after starting from state s and transition-
ing with ¢t time steps given policy parameterized by 6. Next,
we formally define some standard assumptions on the policy
gradient, reward function, and @)-function, as follows.
Assumption 1: (Bounded Policy Gradient) The gradient
Vomg(s) is uniformly bounded on © x S, that is, there exists
Be < 00, such that sup g g)coxs [|Vomo(s)|| < Be.
Assumption 2: (Bounded Rewards) The reward R is uni-
formly bounded on S x A, that is, there exists U < oo, such
that sup(, oyesx.a [R(s,a)| < Ug.
By Assumption 2, it also follows that the ()-function is also
uniformly bounded as

(o]

@ (sl £ 30" Un = ﬁUR )
Both Assumptions 1 and 2 are standard for deriving perfor-
mance guarantees in the stochastic policy search literature
[11], [18], [19], and are easily satisfied by common choices
of the deterministic policy and reward functions. Additionally,
we require sufficient smoothness of the ()-function, as follows.
Assumption 3: (Lipschitzness of the Q-function) The Q-
function is action-Lipschitz uniformly on © x S. That is, there

is a number L < oo, such that, for every a;,as € A,

sup Q™ (s,a1) — Q™ (s,a2)| < Lllay — asz||.

(0,5)€®XS
Assumption 4: (Smoothness of the Q-function) The Q-
function is action-smooth uniformly on © x S. That is, there
is a number G < oo, such that, for every aj,as € A,

sup  [[VaQ™(s,a1) = VaQ™ (s,a2)| < Gllar — az.

(0,5)€©XS
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Intuitively, Assumptions 3 and 4 mean that similar actions
from the same state should have similar values. Those princi-
ples have informed Actor-Critic algorithms in practice as they
are known to avoid overfitting to narrow peaks in the value
estimate [20]. Further, existing analysis for zeroth-order action
space exploration in finite horizon exploits these assumptions
as well [14]. Lastly, in some of our results we assume that the
problem is well-conditioned with Lipschitz Hessians.

Assumption 5: (Smoothness of V() The gradient field VQ
is action-smooth uniformly on © xS. That is, there is a number
H < oo, such that, for every ai,as € A,

sup  [[VEQ™ (s,a1) = VaQ™ (s, az)l| < Hllax — az].

(0,5)€OXS

Assumption 5, though not entirely standard, holds for a variety
of problems with well behaved reward functions [21] and
policy representations, such as the Linear Quadratic Regulator
(LQR) [22], [23] and its many (and potentially nonlinear)
variations. In fact, Assumption 5 will be satisfied in problems
where the -function is at least twice differentiable and
the action space is compact. Also note that Assumption 5
will be satisfied locally for any reasonable problem which is
locally quadratic around a locally optimal solution, at least
asymptotically. The trade-off between our various smoothness
assumptions and the convergence rates achieved in this work
is demonstrated in Table 1. In the following section, we review
how to use zeroth-order information to evaluate stochastic
gradient estimates.

III. ZEROTH-ORDER GRADIENT ESTIMATES AND ZDPG

First, let us introduce a smoothed approximation to the
@-function by exploiting low-dimensional perturbations with
respect to the action a. Let ;1 > 0 be the smoothing parameter,
and let u ~ N(0,I,). Then, the p-smoothed Q-function is
defined as

m(s,a) == Eu [Q™(s,a+ pu)].

By introducing smoothing, we are able to sample an unbiased
stochastic estimate of V,Q7¢ (s, a) via a two-point evaluation
of the original -function. Namely, we recall the following
key property (in terms of the @Q-function), true in general for
every globally Lipschitz function as originally presented in
[13], then extended to a wider class of functions in [16].
Lemma 1: [16, Lemma 2] For every p > 0, the py-smoothed
(-function surrogate (¢ is differentiable, and its gradient
admits the representations
To _ ()T
VGQZH (s,a) =Eq {Q (s,a+ MZ) Q" (s,a) u] (6)
E{Q”@ﬂ+NW—Q”@ﬂ—M®u}
2p

By exploiting Lemma 1, we propose the following estimate of
the gradient of the objective defined in (5) where, instead of the
true Q-function gradient V,Q™ (s,a) we use the smoothed
gradient V,Q7¢ (s, a) to obtain the quasi-gradient

VI(0) = Esnpro [Vomo()VaQ (5,0)acmy(s)] - (D)

Algorithm 1 Zeroth-order Deterministic Policy Gradient

Require: 60y, v, u, o, N
for t=0,1,... do
Sample Ty ~ Geom(1 — )
Sample s; ~ (1 —)p™ [Algorithm3(Tg, 6;)]
Sample u ~ N(0, I,)
Initialize Estimates Qj « 0, Q; 0
forn=0,1,...,N —1do
ern + Algorithm2(Tg, s¢, mg, (s¢) + pu, 04)
Qrp  Algorithm2(Tg, s¢, 7, (5¢), 67)
Qf < Qf +xQ/,
Qr < Qr + xQun
end for
Evaluate ¥; = Zgﬂ'@t(st)

g+ 5 (252 ) u
0t+1 < 975 —+ gt

end for

Lemma 1 provides a procedure to obtain an unbiased estimate
of V.QJ’(s,a), which is to sample u ~ N(0,I,,) and then
evaluate the @Q-function with initial actions a and a + pu.
By selecting the smoothing parameter u sufficiently small, the
gradient estimate becomes close to the deterministic policy
gradient. Note that, while obtaining two samples of the Q-
function at a specific state may not be practical on a real
system, this can be made feasible through the use of simulators
which allow resetting and reproduction of the same stochastic
environment; see, e.g., [24]. Further, it is possible for function
approximators to be used to make the evaluation of the action
perturbations trivial. We also point out that this is precisely
what is done in [7]. Also note that ZDPG can be implemented
using an one-sided gradient approximation (i.e., by removing
Q‘ altogether from Algorithm 1). This would lift the need for
a simulator, but would affect gradient approximation stability.
This is fully analogous to standard REINFORCE and baseline
REINFORCE: the second does require a simulator or function
approximator, while the first does not.

A key advantage of ZDPG is that it is a primitive RL
method such as (baseline-)REINFORCE, which systematically
enables model-free RL without need for a randomized policy;
the policy herein is a deterministic function (e.g., a deep neural
network, or a kernel machine). This has important advantages
from an operational point of view, because ZDPG does not
inject unnecessary artificial exploration noise during policy
training, which would result in high variability during both
training and implementation (which happens in the case of
randomized policies —see Section IV). The resulting stochastic
search scheme using two-point zeroth-order gradient estimates
is presented in Algorithm 1, where « is the policy parameter
stepsize. We employ Monte-Carlo variance reduction by run-
ning the system N > 1 times (N = 1 implies no reduction).

Algorithm 1 assumes that both an unbiased estimate of the
Q@-function evaluated at any state-action pair and sampling
from the discounted state distribution p™ of our original,
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infinite horizon problem are feasible. Here, we describe both
procedures which involve sampling a random but finite horizon
length from a geometric distribution. Indeed, it is known that
the procedure described by Algorithm 2 (which is called by
Algorithm 1; also see next page) results in unbiased estimates
of the @-function defined by (2) [10, Proposition 2]. As the
next result asserts, the aforementioned estimates are of finite
variance, as well.

Lemma 2: Let Assumption 2 be in effect. Then, the estimate
Q produced by Algorithm 2 is of bounded variance, indepen-
dent of the inputs of Algorithm 2.

For later reference, let wi, := QF, — Q™ (%), where "+”
refers to the respective initial state-action pair (see Algorithm
1). Also introduced in [10], Algorithm 3 (also called by
Algorithm 1) describes a similar procedure to obtain samples
s~ (1—~)p™, where (1 —~)p™ is the proper (i.e., scaled to
sum to unity) version of the discounted state distribution p™®.

We are now ready to state our main theorem, which rig-
orously establishes the convergence rate of Algorithm 1 with
respect to the true gradient of the original objective J(0).

Theorem 1: Let Assumptions 1-3 be in effect, and suppose
that the function J () is L s-smooth and G ;-Lipschitz contin-
uous. Under Assumption 4 and specific choices of smoothing
paramter o and stepsize o (see Table I), it is true that

1 Z O (pPT-114),
T t:Zl]E [HV(;J(Gt)HQ] < {(’) E§2T_1/2§ 7

Alternatively, under Assumption 5, it holds that

if N=1
if N=T"

1 & ) O (p*T-1/3),
f ;E U|V0J(9t)H } < {(9 (p2T71/2) ,

Theorem 1 provides iteration complexity bounds for ZDPG
(i.e., relative to T"). Compared with [14], ZDPG gains up to
two orders of magnitude in iteration complexity.

With respect to the sample complexity, for Lipchitz Hessians
of the @-function, improvement is of at least one full order:
namely, with the same number of samples, ZDPG obtains an
order of (iteration) improvement with no Monte-Carlo variance
reduction (i.e., when N = 1 rollouts are used); further for an
additional overhead of N = /T rollouts, ZDPG gains another
order of (iteration) improvement (this amounts to a total of
3/2 =1+1/2 orders of improvement in sample complexity).

In the case of a smooth Q-function (Lipschitz gradients),
while the order of sample complexity is not improved as
compared with [14] (in contrast to iteration complexity), the
incorporation of multiple rollouts is not equivalent to squaring
the number of outer iterations, 7I". This is because the use
of multiple rollouts allows for significant gradient variance
reduction (by construction). In fact, from Table I, if we exclude
the choice of stepsize « (this is reasonable since in practice «
is chosen as constant —see also our experiments), even in the
case of a merely smooth @-function, the order of the gradient
variance is growing as O((u?N)~1) [25], which reduces to
O(VT) when N = 1 (no MC reduction), and improves to a
constant O(1) when N = T, which also corresponds to an

ifN=1
it N=Tv2"

improvement of two orders of magnitude. Same is true for the
case of Lipschitz Hessians.

IV. NUMERICAL RESULTS

We consider a two-dimensional continuous state-action nav-
igation problem where a point agent aims to avoid a spherical
(for simplicity) obstacle and converge quickly to some fixed
target while satisfying its motion control dynamics. This goal
is achieved by appropriately shaping the associated reward
function. Let s* € R? represent the target that the point agent
wishes to reach. Let s € R? and r € R, denote the center
and radius of the spherical obstacle the agent wishes to avoid.
Then, we define the reward R : R? — R as a combination
of two artificial potential functions: an attractive potential
¢ : R? — R with a maximum at the target, and a repulsive
artificial potential ¢"*? : R? — R, with a minimum at the
center of the object. Specifically, we set the attractive potential
to be the negative Euclidean distance to the goal location s*
squared, that is, % (s) := —||s—s*||?, where s is the location
of the agent. We let v(s) := 1/2(1 —sign(||s — s¢|| —1)).
Similar to [26], we define the repulsive potential as ¢"P(s) :=
1—1/8(s), where

(s — 7)1 = )"

(s)
. B 1474 '

Completely characterized by the state of the agent, the reward
is equal to the sum of these attractive and repulsive potentials,
that is, R(s) = ¢*'(s) + ¢"°P(s). Also, the motion dynamics
of the point agent are described by the controlled random walk

7T9(St)

76 (s0)l

where {n;} is a random process modeling state process noise,
and 7 > 0 (together with policy normalization) imposes
implicit resource constraints on the agent motion. Here, we
assume that, except from the agent control vector (second term
on the right-hand side of (8)), the dynamics of the agent are
unknown, an assumption which conforms with the standard
policy gradient setting. Lastly, we consider a deterministic
policy to represent optimal directions that the point agent
will follow given its location to its prescribed destination. In
particular, we adopt a Radial-Basis-Function (RBF) expansion
as our (universal) policy parameterization, i.e.,

St+1 =St + 1N + ny, ®)

d
mo(s) = Y 0ir(s, 5), ©)
i=1

where r(s,s’) = exp(—||s—s’||3/202) defines the RBF kernel,
9; € R?,i =1,...,d are the parameter vectors to be learned,
o2 determines the variance of the kernel, and 5;,i = 1,...,d
are the associated RBF centers. For all simulations, we select
the target of the agent to be located at s* = (—5,—5), and
the obstacle to be centered at s = (0,0) with a radius of
r = 2.5. We define the potential with a slightly larger radius
(r = 3) to ensure that the agent does not collide with the
boundary of the obstacle. We select the centers of the RBF
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Fig. 1. Average reward per episode with confidence bounds over 50 trials without MC variance reduction. (a) Noiseless case (w = 0) with no MC variance

reduction (N = 1) with trajectory 7" = 20 (b) Noisy Case (w = 0.01) with
(w = 0.1) with MC variance reduction (N = 10) with trajectory 7' = 100
T = 100 of learned policies corresponding (c). We refer the reader to [25] for

Algorithm 2 Q-function Sampler [10]

Require: Q 0, T,sq,aq,0
fort=0,1,...,7—1 do
Collect Reward Q + Q + R(st,aq)
Advance System sy ~ P(s'|s¢, ar)
Select Action azy1 + To(St+1)
end for
Collect Reward Q < Q + R(sp,ar)

Algorithm 3 Discounted State Sampler [10]

Require: 7', 6
Sample so ~ p°
fort=0,1,...,7—1 do
Select Action a; + o (st)
Advance System sy11 ~ P(s'|s¢, a)
end for
Return sp

kernels to be spaced 0.25 units from each other populating
the [—10, 10] x [—10,10] grid. The initial state distribution is
uniform on [—10, 10] x [—-10, 10].

We compare the performance of ZDPG and its symmetric
counterpart ZDPG-S (based on the symmetric expression in
(6)), compared with PG and PG with a stochastic baseline (PG-
B), with discount factor v = 0.8 in the case with and without
system noise (n; = 0 and n; ~ N(0,w - I5), respectively).
For PG and PG-B, we let 7 denote the stochastic policy where
the action is selected by a; ~ 7g(s;). In particular, we let 7
be a Gaussian policy with mean equal to mg(s) [c.f. (9)] and
a standard choice of covariance matrix ¥ = o2 - I5. For PG-
B, the baseline is fairly chosen and is analogous as compared
to ZDPG in that it scales the update direction Vg log 7g(s)
by a two-point difference (Q(s,a) — V(s)), where V(s) is
a single-rollout estimate of the associated value function at
state s. After each policy update, we evaluate the system by
generating a rollout of fixed length 7" from a fixed starting
point s® = (5,5). As often done in practice (as a heuristic),
we evaluate the stochastic policies by setting the covariance
matrix equal to zero thereby making the policy deterministic.

As shown in Fig. 1 (a)-(c), regardless of the level of the

no MC variance reduction (N = 1) with trajectory 7" = 20 (c) Noisy case
comparing only ZDPG-S and PG-B (d) Sample trajectory with fixed length
extended numerical results.

system noise, ZDPG(-S) consistently outperforms PG-B (and
also PG), both in mean performance and the associated vari-
ance. In fact, we observe that, either with or without system
noise, the perturbation of the initial state with a deterministic
policy indeed provides more meaningful information for policy
improvement than in the setting of a stochastic policy (also
see Fig. 1 (d)). Our empirical results corroborate our previous
claim that inherent randomness in the policy is not necessary
to solve MDPs within the PG-based RL framework.

V. CONCLUSION

We have proposed the ZDPG algorithm, which incorporates
simple two-point evaluations of the associated ()-function to
obtain efficient approximations of the corresponding determin-
istic policy gradient, within an infinite horizon setting. This has
been made possible by exploiting random horizon rollouts to
obtain unbiased estimates of the Q-function which, in conjunc-
tion with low-dimensional action-space random perturbations,
lifted the dependence on critics, perpetuating the narrative
that deterministic policies are superior to stochastic policies in
model-free, actor-only PG methods. Our results were corrobo-
rated on an agent navigation problem, and showed substantial
improvement over vanilla stochastic policy-based PG, as well
as PG with a baseline. Future work includes incorporating
zeroth-order gradient approximations into the design of full-
blown, truly model-free actor-critic type methods, as well as
identifying deeper intrinsic connections between PG methods
and zeroth-order stochastic optimization.
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