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Abstract

This paper addresses the mathematical modeling and an
sis of thequorum sensing systemfound in unicellular bacte-
ria that exhibit bioluminescence. The luminescence is g
erned by the expression of genes in the cell, which in turn
controlled by the density of cells in a population. The pap
illustrates the application of standard tools in control th
ory and some recent tools in hybrid systems to the quor
sensing system, and demonstrates that bioluminescence
be modeled and understood as the output of a switched
namical system.

1 Introduction

Vibrio fischeri is a marine bacterium which can be foun
both as free-living organism and as a symbiont of some m
rine fish and squid. As a free-living organism,V. fisheri
exists at low densities and appears to be non-luminesc
As a symbiont, the bacteria live at high densities and a
usually, luminescent.

The luminescence inV. fischeriis controlled by the tran-
scriptional activation of thelux genes. Thelux regulon [10]
is organized in two transcriptional units,OL andOR. See
Figure 1. The leftward operon,OL, contains theluxRgene
encoding the protein1 LuxR, a transcriptional regulator o
the system. The rightward operonOR contains seven gene
luxICDABEG. The transcription of theluxI gene results in
the production of protein LuxI. This protein is require
for endogenous production ofautoinducer, Ai, a small

1We use italics (e.g., luxR) to indicate the genes and plain font to deno
the protein expressed by the gene (e.g., LuxR)
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membrane-permeant signal molecule (acyl-homoserine la
tone). The genesluxAandluxBcode for the luciferase sub-
units, which in turn are responsible for luminescence.luxC,
lux D, andlux E code for polypeptides of the fatty-acid re-
ductase, which generates aldehyde substrate for lucifera
Along with LuxR and LuxI, cAMP receptor protein (CRP)
plays an important role in controlling luminescence. Th
network of biochemical reactions in the cell is as follow
[10, 11]: The autoinducerAi binds to protein LuxR to form
a complexCo which binds to thelux boxshown in Figure
1. Thelux box is in the middle of a regulatory region be-
tween the two transcriptional units (operons). This regio
also contains a binding site for CRP. The transcription fro
the luxRpromoter is activated by the binding of CRP to its
binding site, and the transcription of theluxICDABEGby
the binding ofCo to thelux box[4]. However, growth in the
levels ofCoand cAMP/CRP inhibitluxRandluxICDABEG
transcription, respectively. These feedback loops are sho
through dotted arrows with ’+’ and ’-’ signs in Figure 1.

Our goal in this paper is to develop and analyze a mod
for the genetic regulation of luminescence inVibrio fis-
cheri [4, 10]. Our approach to understanding the bacteri
quorum-sensing system couples standard tools in cont
theory [6] with some recent tools that have been develop
for hybrid systems[7, 8]. We will be interested mainly in
studying the stability and reachability of possible equilib
rium points. For example, one can ask if a singleV. fischeri
bacterium in the right environment can eventually reach
steady state of luminescence. In our work, this translates
the existence, stability and reachability of an equilibrium i
a discrete mode of the hybrid system.

We focus on two forms ofV. fischeri: an isolate from na-
ture (wild type) with the native quorum-sensing system in
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tact and a mutant strain of this species [4] that is defect
in one of the key regulatory elements of the system. We fi
develop continuous and hybrid models for the biochemi
reactions in the wild type in Section 2, and then simula
them to study the quorum sensing phenomenon in Sec
3. The hybrid model lends itself to the computation of equ
librium points and the analytical study of stability of th
equilibrium points in Section 4. The reachability analys
of a luminescent equilibrium in a mutant is developed
Section 5. Finally, we formulate our conclusions.
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Figure 1: A portion of DNA showing theluxRandluxICDABEG
genes and the binding sites for the complex LuxR-Ai
and CRP.

2 Mathematical models

2.1 Continuous model
A typical gene has a single promoter, but multiple regu
tory sites, both activating and inhibiting, distributed throug
a regulatory region. We model the regulation using fun
tions found in the biology literature [5]:

�(X;�Xm; �Xm) =
X�Xm

��XmXm +X�Xm
; (1)

	(X;�Xm; �Xm) = 1��(X;�Xm; �Xm); (2)

whereX is the concentration of some species with regu
tory effect on the transcription of mRNAm. �Xm is called
the cooperativity coefficient and�Xm is the concentration
of X at which transcription ofm is “half-maximally” acti-
vated. The graph of function�, the so calledsigmoid, is
given for illustration in Figure 2. To model the lumines
cence phenomenon inV. fischeri, we restrict our attention
to a nine dimensional state space, each component (w
the exception of the populationx0) denoting the appropri-
ate nano-molar concentration. This model is derived fro
870
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Figure 2: The function�(X; �; �) for � = 30 along with two
examples of piecewise constant abstractions.

the observations documented in [4] and is described by:

_x0 = kGx0

_x1 = Tc(	(x8; �Co�icdabeg ; �Co�icdabeg)

�(cCRP; �CRPr; �CRPr) + b)� x1
HRNA

� kGx1

_x2 = Tc(�(x8; �Co�icdabeg; �Co�icdabeg)

	(cCRP; �CRPr; �CRPr) + b)� x2
HRNA

� kGx2

_x3 = Tlx1 � x3=Hsp � rAIRx7x3 + rCox8 � kGx3

_x4 = Tlx2 � x4=Hsp � kGx4 (3)

_x5 = Tlx2 � x5=Hsp � kGx5

_x6 = Tlx2 � x6=Hup � kGx6

_x7 = x0(rAIIx4 � rAIRx7x3 + rCox8)� x7=HAI

_x8 = rAIRx7x3 � x8=Hsp � rCox8 � kGx8

where
kG = kg(1� x0=x0max)

andxi are non-negative real numbers:

x0 = scaled population (population� vb=V ),
x1 = mRNA transcribed fromOL,
x2 = mRNA transcribed fromOR,
x3 = protein LuxR,
x4 = protein LuxI,
x5 = protein LuxA/B,
x6 = protein LuxC/D/E,
x7 = autoinducerAi,
x8 = complexCo.

The parameters in model (3) are given in Table 1. Th
reader interested in their biological significance, units an
estimated values is referred to [2].cCRP denotes the CRP
concentration in the bacterium.

2.2 Simplified hybrid model
The continuous curve describing the regulation of transcr
tion in Figure 2 is merely a convenient way of modelin
the turning off of gene expression at low concentrations a
the turning on of the gene at high concentrations. There
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Parameter Description
Tc maximum transcription rate
Tl maximum translation rate

HRNA RNA half life
Hsp stable protein half-life
Hup unstable protein half-life
HAI Ai half-life
rAII rate const. at which LuxI makesAi
rAIR rate const.Ai binding to LuxR
rCo rate const. ofCo dissociation
�CRPr cooperativity coef. for CRP
�CRPr half maximum conc. for CRP

�Co�icdabeg cooperativity coef. forCo
�Co�icdabeg half maximum conc. forCo

b basal transcription rate
vb volume of a bacterium
V volume of solution
kg growth rate

x0max maximum population

Table 1: Model parameters - notation and description.

little experimental data confirming the exact shape of
sigmoid curve in the figure and we lack experimental d
needed to estimate parameters like� and�, as in (1). In
the absence of such data, it is simpler to pursue piece-w
constant approximations to the function that map the deg
of activation/inhibition of transcription of a gene to inte
vals of concentration of activator/inhibitor. Figure 2 show
models that effectively give different levels of activation
a gene as a function of the concentration of the regula
One can also imagine a more sophisticatedn-step approxi-
mation. From a system analysis point of view, dealing w
such piecewise constant functions describing transcrip
is advantageous, because it allows us to abstract a nonli
system as a switched, lower dimensional, system that m
be easier to analyze because of the absence of the sig
nonlinearity.

To derive the simplified hybrid model, we disregard t
growth of the populationx0 and, consequently, the dilu
tion. This situation corresponds to a completely grown
to a growth-controlled population. Also, the mRNA dy
namics are assumed to be fast (instantaneous) [2]. W
these assumptions, the equations for mRNA become
ear and independent of the other equations in the mo
Moreover, the mRNA concentrations can be assumed to
switching among constant levels, the switching being
termined by the concentrations of their corresponding a
vators/inhibitors. This gives a partition of the state spa
into modeswith specific dynamics. More specifically, w
assumem levels of activation of theluxICDABEG gene
atc0; c1; :::; cm�1 with c0 = 0 andcm�1 = 1. The level of
activation of theluxICDABEG gene isci whenxi8sw <
x8 < xi+118sw wherex012sw = 0 andxm12sw = 1. Similarly,
for the luxR gene, we assumen steps atd0; d1; :::; dn�1,
d0 = 0, dn�1 = 1, and the activation is at leveldj when
8
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cjCRPsw < cCRP < cj+1CRPsw. A generic mode labeled (ij)
(i = 1; : : : ;m � 1, j = 1; : : : ; n � 1) has constant mRNA
concentrations given by:

xij1 = HRNATc[(1� ci)dj + b];

xij2 = HRNATc[ci(1� dj) + b]

In (3, the non-trivial dynamics are described by

_x = Ax+ g(x) + bij ; x = [x3 x4 x7 x8]
T (4)

where

A =

2
6664

� 1
Hsp

0 0 rCo
0 � 1

Hsp
0 0

0 x0rAII � 1
HAI

x0rCo
0 0 0 � 1

Hsp
� rCo

3
7775 ;

g(x) = rAIRx7x3p

p =

2
664
�1
0
�x0
1

3
775 ; bij =

2
664

HRNATcTl[(1� ci)dj + b]
HRNATcTl[ci(1� dj) + b]

0
0

3
775

and invariant sets given by

xi8sw < x8 < xi+18sw

^
cjCRPsw < cCRP < cj+1CRPsw (5)

3 Simulation results

Figure 3 (a) shows log-linear plots of numerical simulations
of the continuous system in Section 2.1. for a constantcCRP
of 10nM. The population (bottom) grows from105/ml to
109/ml over about 15 hours then remains constant for a
additional 20 hours. For all the species, there is a short in
tial adjustment period when protein, complex, andAi con-
centrations reach a nearly constant state at low populatio
density which lasts for roughly eight hours. LuxR is abun-
dant, ready to sense increases inAi. On the other hand,Co,
LuxI , Ai, and total luminescence are low. As the popu-
lation grows, the production ofAi begins to rise above the
background, which triggers the formation of LuxR:Ai com-
plexCo. IncreasingCo activates the positive feedback loop
of OR, LuxI, andAi. The concentrations of these compo-
nents increase rapidly as does the total luminescence, a
this is what one expects to get through experiments [4].

The simulation results of the switched model obtained from
(3) by replacing the sigmoids with piecewise constant func
tions with three steps (m = n = 3) are shown in Figure
3 (b) for a constant CRP concentration of 10nM. The plots
closely resemble the continuous simulations. The final equ
librium values are also in good agreement between the tw
models.
71
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Figure 3: Time evolution of concentrations (in nM) during population growth: proteins LuxR (solid), LuxI (dotted),Ai (dot-dashed),Co
(dashed), and total luminescence (long dashes): (a)-continuous model, (b)-switched model. Population growth curve is
(c). The switch history for the hybrid model is shown dotted.
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4 Stability analysis

For the simplified hybrid model in Section 2.2, equilibri
and their stability are determined by the non-trivial dynam
ics in (4). The JacobianJij (whose expression is omitted
for simplicity) of (4) at a feasible equilibriumxije (i.e., all
components are positive and the invariant (5) is satisfie
has two eigenvalues at�1=Hsp and the other two given by
the roots of the polynomial

1 +HsprCo +HsprAIRx
ij
e7 + x0HAIrAIRx

ij
e3

+(HAI +Hsp +HAIHsprCo +HAIHsprAIRx
ij
e7+

x0HAIHsprAIRx
ij
e3)� +HAIHsp�

2

Since the coefficients of the above second order polynom
are strictly positive for all positive values of the constant
we conclude that, if a feasible equilibriumxije for mode (ij)
exists, then it is locally asymptotically stable, for all feasib
values of the parameters.

An estimate of the region of attraction can be easily co
structed around the (possible) equilibrium of each mode d
to the special form of the nonlinearity. By abuse of not
tion, let the translated statex � xije be denoted byx again.
The system describing the dynamics of mode (ij) around
equilibrium translated at the origin is of the form

_x = Jijx+ g(x) (6)

whereJij is Hurwitz. We use the vanishing perturbatio
technique [6] to construct an ellipsoidal region of attractio
around the origin of (6), and, eventually, translate the
lipsoid back aroundxije in the original space. LetPij be
the unique symmetric, positive definite solution of the Ly
punov equationPijJij + JTijPij = �I .

Let V (x) = xTPijx be the corresponding Lyapunov func
tion for the linear part of (6) and a possible candidate for t
8
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nonlinear system. The derivative ofV (x) along the trajec-
tories of (6) is given by:

_V (x) = �kxk2 + 2xTPijg(x)

= �kxk2 + 2rAIRx7x3x
TPijp

If x is in the region between two hyperplanes inIR4 contain-
ing the origin of the formjxTPijpj < �, then it is easy to
see that� < 1=rAIR is a sufficient condition for_V (x) < 0.
To find an estimate for�, we solved the constrained opti-
mization problem

max
x; xTPijx=c

jxTPijpj =
p
c
q
pTPijp

The conclusion is that the maximum ellipsoid of attraction
is of the form

V (x) = xTPijx � 1

r2AIRp
TPijp

(7)

If the ellipsoid described by (7) is completely included in
the invariant of mode (ij), then we can conclude that it is
indeed an attractive set for the switched system (4). Othe
wise, it needs to be shrunk until the inclusion condition is
satisfied.

Besides stability, another interesting question for both bio
ogists and control engineers would be what makes the sy
tem switch among modes. For example, given a (desire
luminescent) stable equilibrium, with the above method w
can construct a region of attraction within the correspond
ing mode, but can the ellipsoid be reached from other (non
luminescent) modes? This is a reachability problem, whic
we cannot solve using existing tools. However, we can solv
such reachability problems for a mutant ofV. fischeriwhere
luminescence is described by linear switched dynamics.
72
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5 Reachability analysis of a mutant ofV. fischeri

Another interesting question from a biologist’s standpo
relates to reachability. For example, can a cell populat
from a specified initial condition reach an equilibrium th
corresponds to luminescence. Obviously the stability of t
equilibrium does not help us answer this question. This
a so-called reachability problem. In this section, mode
mutant ofV. fischeriwhere the luminescence is describe
by linear switched dynamics, and show how such questi
can be answered.

We consider the mutant ofV. fischeridescribed in [9] that
disrupts the operon structure, and, therefore, the regula
system described above. In the mutant, theluxR gene is
deleted from its normal location and a copy is placed in
plasmid (a separate piece of DNA) and incorporated ba
into V. fischeri. The plasmid copy ofluxR is under control
of a different promoter that yields a constant, high rate
transcription unaffected by any of the molecules describ
above. We assume a constant concentration of protein Lu
at x3 = 10000nM, and the CRP concentration is low (reg
ulation kept atd0=0). The model becomes linear with non
trivial dynamics for mode (ij) in the form_x = Ax + bij ,
wherex = [x4 x7 x8]

T and

A =

2
64
� 1
Hsp

0 0

x0rAII � 1
HAI

� x0RrAIR x0rCo
0 RrAIR � 1

Hsp
� rCo

3
75 ;

bij =

2
4

HRNATlTc[ci(1� dj) + b]
0
0

3
5

The unique equilibrium of mode (ij) is given by:

xije4 = (b+ ci � cidj)HRNAHspTcTl

xije7 =
x0HAIrAII (1 +HsprCo)

1 + x0HAIRrAIR +HsprCo
xije4

xije8 =
x0HAIHspRrAIIrAIR

1 + x0HAIRrAIR +HsprCo
xije4

The eigenvalues of the matrixA show that the equilibrium
points are asymptotically stable.

Note that the stability result is not a global result. The eige
value analysis tells us that if the system starts from a po
within the mode (ij), it converges to the equilibrium poin
However, it does not tell us anything about initial condition
that may lie in a different mode. This is the main motivatio
for reachability analysis.

We consider a simple case study in which the system
composed of two modes (00) and (10), which we call no
luminescent (non-lum) and luminescent (lum), respective
For our estimated values of the parameters [2], the equi
ria are given by:xnon�lume4 = 13:5, xnon�lume7 = 36:18,
xnon�lume8 = 17:84 andxlume4 = 13513:5, xlume7 = 36218:5,
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xlume8 = 17861:2, respectively. Assuming that theluxICD-
ABEG gene is switched on atx8sw = 1000nM, both the
above equilibria are feasible. An interesting question fro
a biological point of view would be under what condition
the system arrives at the luminescent equilibrium, and p
ticularly, what makes the system switch and turn on thelux-
ICDABEGgene?

To determine the states from which the system can reach
equilibriumxlume , consider a small neighborhoodF around
xlume and determine all states that can reachF by perform-
ing backward reachability analysis. The two modes lead
the hybrid automaton model [1] shown in Figure 4). Th

_x = Ax+ b10

x8 � x8sw
lum

_x = Ax+ b01

x8 = x8sw

x8 = x8sw

non-lum

x8 � x8sw

Figure 4: The hybrid automaton of the mutant system.

reachability computations are done usingd/dt [3]. Basi-
cally, d/dt is a tool that uses polyhedra to over- or unde
approximate reachable sets of hybrid automata. For o
problem, an under-approximation is required since we ne
to make sure that all the states in the computed set go
the equilibriumxlume . In our case, we define the neighbor
hoodF as the box[13500; 13525]� [36200:0; 36230:0]�
[17860; 17868] and study the system’s behavior within th
set[0; 30000]� [0; 60000]� [0; 30000]. The tool computes
first the setRlum of states backward reachable fromF by
mode lum (see Figure 5 (a)). Then, to determine the sta
from which the system can switch to mode non-lum (bac
ward in time), the intersection ofRlum with the switch-
ing planex8 = x8sw is computed, which gives the se
G = [0; 30000]� [1400:2; 42926:5]�[1000; 1000]. Starting
from the intersection, the tool computes the setRnon�lum

backward reachable by mode non-lum (see Figure 5 (b
This example illustrates how one can predict the initial co
ditions from which luminescence can be achieved.

6 Conclusion

In this paper2 we presented tools that could be used to stu
stability and reachability properties of biological system
with application to quorum sensing in the marine bacteriu
Vibrio fischeri. We showed by simulation that a growing
population determines building of a small molecule calle
autoinducerAi and, eventually, luminescence. We pre
sented how a reduced, hybrid model of the regulatory n
work can be constructed and emphasized its usefulness.
ing d/dt , a safety verification tool for hybrid linear sys-

2This paper is part of a large collaborative effort that includes Raje
Alur, Franjo Ivancic, Insup Lee, and Max Mintz.



(a) (b)

Figure 5: (a) The setRlum of states backward reachable by mode lum (the boxF is hidden insideRlum); (b) The setRnon�lum of states
backward reachable by mode non-lum (G is the rectangle on the switching planex8 = 1000).
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tems, we derived sufficient conditions for reachability of th
stable luminescent state. While the results of the calcu
tions performed in this paper are consistent with the exp
imental observations, it is premature to conclude that o
models or the analysis provide a significantly new insig
into the biology. The results however do point to a set
exciting directions for basic research in modeling and to
development which will eventually allow the in-silico de
sign and analysis of biological networks, hypothesis gen
ation, testing and evaluation thus complementing sophi
cated but time consuming and expensive biological expe
ments. Our websitehttp://www.cis.upenn.edu/-
mobies/charon/ provides additional information abou
our programming language CHARON and analysis tools
for hybrid systems. More information is also available
http://www.cis.upenn.edu/biocomp/ .
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