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Abstract. Hybrid systems combine discrete event and continuous time dynamics and can serve as models

of large scale systems. We provide an overview of modeling, analysis, and controller synthesis techniques for

hybrid systems. A modeling language for describing a wide class of hybrid phenomena is �rst presented, and

conditions for existence and uniqueness of executions are provided. We then discuss analysis problems, and

characterize a class of hybrid systems for which reachability questions can be veri�ed automatically. Finally,

we review a method for designing controllers for hybrid systems with reachability speci�cations.

1. Introduction

The practice of controlling continuous physical processes by algorithms residing on digital computers has

resulted in the paradigm of hybrid systems. Hybrid systems involve the interaction of continuous and discrete

dynamics in a manner that is expressive enough to model many important applications such as automated

highway systems [1, 2], air tra�c management systems [3, 4], uninhabited aerial vehicles [5], and manufacturing

[6].

In the past few years, researchers from both control theory and theoretical computer science have been de-

veloping techniques for the analysis and control of hybrid systems. In this paper, we present an introduction

to some fundamental theoretical results that have come out of this major research e�ort in a consistent and

uni�ed framework. We address three main topics: modeling, analysis and control. We �rst present a formal-

ism for modeling hybrid systems, de�ne a hybrid system execution, and highlight conditions that guarantee

existence and uniqueness of executions. We then turn to analysis, and in particular to veri�cation of safety

properties for hybrid systems, and try to establish conditions that guarantee that a hybrid system will not

wander into an unsafe region of the state space. We present algorithmic approaches for computing the set of

states reachable by a hybrid system, based on decidability results for a class of hybrid systems with linear

continuous dynamics. Finally, we turn our attention to hybrid systems with inputs, and present a methodology

for synthesizing controllers that guarantee by design a desired safety speci�cations.

Since the goal of this paper is to provide an introduction to the theory of hybrid systems, some of the

results are not presented in detail and all the proofs are omitted. Even though our overview follows a certain

perspective, many other approaches and issues are highlighted. We provide an extensive list of references, that

the interested reader can use as starting point for a deeper study.

2. Modeling

We �rst address the issue of modeling, and more speci�cally, the question of existence and uniqueness of

solutions. The following discussion is based on [7, 8, 9].

2.1. Notation and Terminology. Let W be a countable collection of variables and let W denote its set of

valuations, that is the set of all possible assignments of the variables in W . We refer to variables whose set

of valuations is countable as discrete and to variables whose set of valuations is a subset of a Euclidean space

R

n

as continuous. We assume that Euclidean space is given the Euclidean metric topology, whereas countable

and �nite sets are given the discrete topology (all subsets are open). Subsets of a topological space are given

the subset topology and products of topological spaces are given the product topology. For a subset U of a

topological space we use U to denote its closure, U

o

its interior, @U its boundary, U

c

its complement, jU j its
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cardinality, and 2

U

the set of all subsets of U . We use ^ to denote conjunction, _ to denote disjunction, : to

denote negation, 8 to denote the universal quanti�er, and 9 to denote the existential quanti�er.

As we are interested in hybrid phenomena, that involve both continuous and discrete dynamics, we introduce

the notion of a hybrid time trajectory, which will encode the set of times over which the evolution of the

system is de�ned.

De�nition 1 (Hybrid Time Trajectory). A hybrid time trajectory � = fI

i

g

N

i=0

is a �nite or in�nite sequence

of intervals of the real line, such that

� I

i

= [�

i

; �

0

i

] for i < N and, if N <1, I

N

= [�

N

; �

0

N

] or I

N

= [�

N

; �

0

N

);

� for all i, �

i

� �

0

i

= �

i+1

.

The interpretation is that �

i

are the times at which discrete transitions take place. Notice that discrete

transitions are assumed to be instantaneous and that multiple discrete transitions may take place at the same

time, since it is possible for �

i

= �

i+1

. Hybrid time trajectories can extend to \in�nity" if � is an in�nite

sequence or if it is a �nite sequence ending with an interval of the form [�

N

;1). Since the dynamical systems

we will consider will be time invariant, we assume, without loss of generality, that �

0

= 0. We denote by T

the set of all hybrid time trajectories. Each � 2 T is fully ordered by the relation �, which for t 2 [�

i

; �

0

i

] 2 �

and t

0

2 [�

j

; �

0

j

] 2 � is de�ned by t � t

0

if and only if t < t

0

or i < j. For t 2 R and � 2 T we use t 2 �

as a shorthand notation for \there exists a j such that t 2 [�

j

; �

0

j

] 2 �". For a topological space W and

� 2 T , we use w : � ! W as a shorthand notation for a map assigning values from W to all elements of

all intervals of � . For a collection of variables W , we denote by Hyb(W ) the set of hybrid trajectories of W ,

de�ned as Hyb(W ) = f(�; w) j � 2 T and w : � ! Wg. We say � =

�

fI

i

g

N

i=0

; w

�

2 Hyb(W ) is a pre�x of

�

0

=

�

fI

0

i

g

N

0

i=0

; w

0

�

2 Hyb(W ) (write � � �

0

) if � is �nite, N � N

0

, I

i

= I

0

i

for all i = 0; : : : ; N � 1, I

N

� I

0

N

,

and w(t) = w

0

(t) for all t 2 � . We say � is a strict pre�x of �

0

(write � < �

0

) if � � �

0

and � 6= �

0

. The pre�x

relation de�nes a partial order on Hyb(W ).

2.2. Basic De�nitions. A hybrid automaton provides a formal way for restricting the set of hybrid trajec-

tories of a collection of discrete and continuous variables.

De�nition 2 (Hybrid Automaton). A hybrid automaton H is a collection H = (X, V , Init, f , Inv, R),

where

� X is a �nite collection of state variables. We assume X = X

D

[X

C

, with X

D

countable and X

C

= R

n

;

� V is a �nite collection of input variables. We assume V = V

D

[ V

C

, with V

D

countable and V

C

� R

m

;

� Init � X is a set of initial states;

� f : X�V ! X

C

is a vector �eld, assumed to be globally Lipschitz in X

C

and continuous in V ;

� Inv � X�V is an invariant set;

� R : X�V ! 2

X

is a reset relation.

We refer to x 2 X as the state of H and to v 2 V as the input of H . Where necessary, we will use x = (q; y)

with q 2 X

D

and y 2 X

C

to distinguish the continuous from the discrete state. Traditionally, hybrid automata

are represented by directed graphs, (Q;E), with vertices Q = X

D

and edges

E = f(q; q

0

) 2 Q�Q j (q

0

; y

0

) 2 R((q; y); v) for some y; y

0

2 X

C

; v 2 Vg

With each vertex q 2 Q, we associate a set of initial states Init

q

= fy 2 X

C

j (q; y) 2 Initg, a vector �eld

f

q

(y; v) = f((q; y); v) and an invariant set Inv

q

= f(y; v) 2 X

C

� V j ((q; y); v) 2 Invg. With each edge

(q; q

0

) 2 E, we associate a guard Guard

(q;q

0

)

= f(y; v) 2 X

C

�V j (q

0

; y

0

) 2 R((q; y); v) for some y

0

2 X

C

g and

a reset relation Reset

(q;q

0

)

(y; v) = fy

0

2 X

C

j (q

0

; y

0

) 2 R((q; y); v)g.

Hybrid automata characterize hybrid phenomena in the following sense.

De�nition 3 (Execution). An execution of a hybrid automaton H is a hybrid trajectory, � = (�; (q; y); v) 2

Hyb(X [ V ), with

� initial condition: (q(�

0

); y(�

0

)) 2 Init;
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� continuous evolution: for all i with �

i

< �

0

i

, q(�) is constant, v(�) is piecewise continuous and y(�)

is a solution

1

to the di�erential equation dy=dt = f

�

(q; y); v

�

over [�

i

; �

0

i

], and for all t 2 [�

i

; �

0

i

),

((q(t); y(t)); v(t)) 2 Inv;

� discrete evolution: for all i, (q(�

i+1

); y(�

i+1

)) 2 R((q(�

0

i

); y(�

0

i

)); v(�

0

i

)).

For an execution � = (�; x; v) we use x

0

= x(�

0

) to denote the initial state of �.

Unlike conventional continuous dynamical systems, the interpretation is that a hybrid automaton accepts (as

opposed to generates) an execution. This di�erence in perspective allows one to consider hybrid automata

that accept no executions for some initial states, accept multiple executions for the same initial state, or do not

accept executions over arbitrarily long time horizons. To formalize these notions we introduce the following

classi�cation.

De�nition 4 (Types of Execution). An execution � = (�; x; v) is called

� �nite, if � is a �nite sequence ending with a closed interval;

� in�nite, if � is an in�nite sequence, or if

P

1

i=0

(�

0

i

� �

i

) =1;

� Zeno, if it is in�nite but

P

1

i=0

(�

0

i

� �

i

) <1; and

� maximal, if it is not a strict pre�x of any other execution of H.

For an in�nite execution we de�ne the Zeno time as �

1

=

P

1

i=0

(�

0

i

� �

i

). Clearly, �

1

<1 if and only if the

execution is Zeno. For x

0

2 Init, we use E

H

(x

0

) to denote the set of all executions of H with initial condition

x

0

2 X, E

�

H

(x

0

) to denote the set of all �nite executions, E

M

H

(x

0

) the set of all maximal executions, and

E

1

H

(x

0

) the set of all in�nite executions. It is easy to show that E

H

(x

0

) is pre�x closed, that is if � 2 E

H

(x

0

),

�

0

2 E

H

(x

0

) for all �

0

� �. Moreover, E

1

H

(x

0

) � E

M

H

(x

0

), since an in�nite execution can not be a strict pre�x

of any other execution. We use E

H

= [

x

0

2Init

E

H

(x

0

) to denote the set of all executions of H , and E

H

j

X

to

denote the projection of E

H

to the state variables (and likewise for �nite executions, in�nite executions, etc.).

2.3. Existence and Uniqueness Conditions. In this section we restrict our attention to autonomous hybrid

automata (hybrid automata without input variables) and derive conditions under which all executions can be

extended to in�nite executions and conditions under which this extension can be done uniquely.

De�nition 5 (Non-Blocking and Deterministic Automata). A hybrid automaton H is called non-blocking if

E

1

H

(x

0

) is non-empty for all x

0

2 Init. It is called deterministic if E

M

H

(x

0

) contains at most one element for

all x

0

2 Init.

To state local existence and uniqueness conditions we need to characterize the set of states that can be reached

by H , as well as the set of states from which continuous evolution is possible.

De�nition 6 (Reachable State). A state bx 2 X is called reachable by H if there exists a �nite execution

� = (�; x) with � = f[�

i

; �

0

i

]g

N

i=0

and x(�

0

N

) = bx.

We use Reach

H

� X to denote the set of states reachable by H .

Next, for (q̂; ŷ) 2 X and some � > 0 small enough

2

, consider the solution, y(�) : [0; �) ! X to the ordinary

di�erential equation dy=dt = f(q̂; y) with y(0) = ŷ. To characterize the states from which continuous evolution

is impossible, we de�ne the set Out � X by

Out = f(q̂; ŷ) 2 X j 8� > 0 9t 2 [0; �) such that y(t) 62 Inv(q̂)g ;

Note that Inv

c

� Out. If Inv is a closed set, Out may also contain pieces of the boundary of Inv.

Using the notions of Reach and Out one can show the following [9].

Lemma 1. A hybrid automaton H is non-blocking if for all x 2 Out \ Reach

H

, R(x) 6= ;. A deterministic

hybrid automaton is non-blocking if and only if for all x 2 Out \ Reach

H

, R(x) 6= ;.

1

The solution is considered in the sense of Caratheodory, and is de�ned over [�

i

; �

0

i

), if � ends in a right open interval and

i = N .

2

Such � exists by the Lipschitz assumption on f in De�nition 2.
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Lemma 2. A hybrid automaton is deterministic if and only if for all x 2 Reach

H

, jR(x)j � 1 and if R(x) 6= ;

then x 2 Out(q).

Combining Lemmas 1 and 2 leads to the following.

Theorem 1 (Existence and Uniqueness of Executions). A hybrid automaton accepts a unique in�nite execu-

tion for all x

0

2 Init if it satis�es the conditions of Lemmas 1 and 2.

The conditions of the theorem are su�cient and tight. The lemmas require one to compute the sets Out

and Reach. In [9] it is shown how Out can be computed using standard non-linear control tools, if f and

the set Inv are smooth enough. For non-smooth sets, more powerful results from viability theory [10] can

be used to derive existence conditions [11]. Notice that the conditions of the theorem do not require one to

compute Reach

H

explicitly; it su�ces to show that the conditions of the lemmas hold for a set of states that

contains Reach

H

. In [9, 12] methods for systematically computing conservative approximations of Reach

H

using deductive techniques are presented.

Finally, note that the theorem provides local existence conditions. We still need to determine whether the

executions can be extended over arbitrarily long time horizons. The Lipschitz assumption on the vector �eld f

excludes the possibility of �nite escape time due to continuous evolution. There is still, however, the possibility

of Zeno executions, i.e., executions that take an in�nite number of transitions in a �nite amount of time, thus

preventing time from diverging. This class of executions is studied in more detail in [8, 13], where properties of

Zeno executions are established and methods for extending them beyond the (�nite) Zeno time are proposed.

2.4. A Note on Simulation, Modularity and Generality. Some hybrid modeling formalisms are cur-

rently supported by simulation tools. These include Shift [14] and Omola/Omsim [15]; for an overview

see [16]. Existence of executions for classes of hybrid systems has also been studied in [17, 18]. Besides

existence of executions, another modeling issue of interest is modularity [19, 20]. One would like to provide

formal operators for composing hybrid models, to be able to build larger systems out of modules and reason

about the properties that the composed system inherits from its components. Finally, one would like to make

the modeling formalism as general as possible, to be able to capture a wide class of hybrid phenomena

3

. The

descriptive power of a number of hybrid models is compared in [21].

3. Analysis

In this section, we turn our attention to veri�cation, that is the question of whether the executions of a hybrid

automaton satisfy certain desirable properties. For simplicity, we restrict our attention to autonomous hybrid

automata and to a class of properties known as safety properties which, as we shall see, are intimately related

to reachability. The discussion in this section follows the development in [22, 23, 24, 25].

3.1. Safety Properties and Bisimulation. A property, P , of a hybrid automaton H is a map:

P : H ! fTrue;Falseg(1)

We say a run � 2 E

H

satis�es property P if P (�) = True; we say a hybrid automaton satis�es a property P if

P (�) = True for all � 2 E

H

.

Given a set F � X we de�ne a safety property

4

, denoted by 2F , by:

2F (�) =

�

True if 8t 2 �; x(t) 2 F

False otherwise

Clearly, H satis�es a safety property 2F if and only if Reach

H

� F .

In this section we focus on autonomous hybrid systems and algorithmic approaches for computing Reach

H

.

The approach used is based on the notion of bisimulation of transition systems.

3

The tradeo� of course is that the more general models are usually also more di�cult to analyze

4

Strictly speaking, the class of properties 2F considered here is a special case of what is known as safety properties in the

theoretical computer science literature [26].
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De�nition 7 (Transition Systems). A transition system T = (Q;�;!; Q

O

; Q

F

) consists of a set Q of states,

an alphabet � of events, a transition relation !� Q���Q, a set Q

O

� Q of initial states, and a set Q

F

� Q

of �nal states.

Transition systems can be thought of as abstract graph models with potentially in�nite number of states. It

is customary to denote a transition (q

1

; �; q

2

) 2! as q

1

�

! q

2

. The transition system is �nite if the cardinality

of Q is �nite, and it is in�nite otherwise. Veri�cation of safety properties for transition systems can be cast

in terms of the reachability problem.

Problem 1 (Reachability Problem). Given a transition system T , is a state q

f

2 Q

F

reachable from a state

q

o

2 Q

O

by a sequence of transitions?

The interpretation is that the set of �nal states encodes an undesirable or unsafe region of the state space. In

this context, a hybrid automaton H and safety property 2F generate a transition system T by setting Q = X,

Q

O

= Init, Q

F

= F

c

, � = f�; �g, and

� Discrete Transitions: x

�

! x

0

if and only if x

0

2 R(x)

� Continuous Transitions: (q; y)

�

! (q

0

; y

0

) if and only if q = q

0

and there exists � � 0 and a solution

y : [0; �] �! X

C

to the di�erential equation dy=dt = f(q; y) with y(0) = y, y(�) = y

0

and for all

t 2 [0; �), (q; y(t)) 2 Inv.

Notice that the continuous transitions, �, are time-abstract transitions, in the sense that the time it takes to

reach one state from another is ignored.

A region is a subset P � Q. Given � 2 � we de�ne Pre

�

(P ) of a region P as

Pre

�

(P ) = fq 2 Q j 9p 2 P and q

�

! pg(2)

Thus Pre

�

(P ) is the set of states that can reach P with a single � event. The set of states that can reach P

in one step for all � events is

Pre(P ) = fq 2 Q j 9� 2 � 9p 2 P and q

�

! pg(3)

The set of states that can reach P in two steps is simply Pre(Pre(P )), and is denoted Pre

2

(P ). In general,

Pre

i

(P ) consists of states that can reach P in i steps, and

Pre

�

(P ) =

[

i2N

Pre

i

(P )(4)

is the set of states that are backward reachable from P . In this notation, the reachability problem amounts to

checking that Pre

�

(Q

F

) \Q

O

6= ;. It can be tackled using the following algorithm

5

.

Algorithm 1 (Backward Reachability Algorithm)

initialization: R := Q

F

while true do

if R \Q

O

6= ; return unsafe ; STOP

if Pre(R) � R return safe ; STOP

else R := R [ Pre(R)

end while

If the state space of the transition system is �nite, then the algorithm can be implemented and is guaranteed to

terminate. If the state space is in�nite, however, then there is no guarantee that the algorithm will terminate.

Our goal is to �nd classes of in�nite state transition systems for which we can compute the reachable space

in a �nite number of steps. This is accomplished by reducing the in�nite state transition system to a �nite

quotient system with equivalent reachability properties. To achieve this, the notion of a quotient transition

system needs is introduced.

5

In a similar manner, a forward reachability algorithm can be constructed
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Given an equivalence relation �� Q�Q on the state space, and a region P , we denote by P=� the collection of

all equivalence classes which intersect P . Given an equivalence relation � on Q, we call a set a �-block if it is a

union of equivalence classes. The quotient transition system is de�ned by T=�= (Q=�;�;!

�

; Q

0

=�; Q

F

=�)

where Q=� is the quotient space and for Q

1

, Q

2

2 Q=�, Q

1

�

!

�

Q

2

if and only if there exist q

1

2 Q

1

and

q

2

2 Q

2

such that q

1

�

! q

2

.

De�nition 8 (Bisimulation). Let T = (Q;�;!; Q

O

; Q

F

) be a transition system. The equivalence relation �

is a bisimulation of T if and only if

� Q

O

; Q

F

are �-blocks

� For all � 2 � and all �-blocks P , Pre

�

(P ) is a �-block.

If � is a bisimulation, then transition systems T and T=� are called bisimilar. A bisimulation is called �nite

if the quotient space is �nite.

The crucial property of bisimulations is that the intersection of Pre

�

(P ) and Q, for equivalence classes P , Q,

and � 2 �, is either the empty set or all of Q. Alternatively, if � is a bisimulation, it can be easily shown

that if p � q then

1. p 2 Q

F

if and only if q 2 Q

F

, and p 2 Q

O

if and only if q 2 Q

O

2. if p

�

! p

0

then there exists q

0

such that q

�

! q

0

and p

0

� q

0

The above characterization of bisimulations leads to the following theorem.

Theorem 2 (Reachability Equivalence). Let T = (Q;�;!; Q

O

; Q

F

) and T=�= (Q=�;�;!

�

; Q

0

=�; Q

F

=�

) be bisimilar transition systems. Then the reachability problems for T and T= � are equivalent.

If T has an in�nite state space but we can �nd a bisimilar but �nite transition system T=�, then checking

reachability of T can be equivalently done on T= � for which the reachability algorithm is guaranteed to

terminate. Therefore, bisimulations are the main tool for obtaining classes of hybrid systems with a decidable

reachability problem. This philosophy has successfully resulted in various classes of hybrid systems with

decidable reachability problem, like timed automata [27] and initialized rectangular automata [28, 29].

A conceptual algorithm that computes a bisimulation of the state space starts with a given transition system

T , and computes increasingly �ner partitions of the state space Q. If the algorithm terminates, then the

resulting quotient transition system is a �nite bisimulation.

Algorithm 2 (Bisimulation Algorithm)

initialization: Q=�= fQ

O

; Q

F

; Q n (Q

O

[Q

F

)g

while 9 P ,P

0

2 Q=� and � 2 � such that ; 6= P \ Pre

�

(P

0

) 6= P do

P

1

= P \ Pre

�

(P

0

)

P

2

= P n Pre

�

(P

0

)

Q=�= (Q=� nfPg) [ fP

1

; P

2

g

end while

In addition to showing that the bisimulation algorithm terminates, decidability requires that each step of the

algorithm is computable. This means that we must be able to represent sets symbolically, perform boolean

operations, check emptiness of a set, and compute Pre

�

(P ) for any � 2 �.

3.2. Order Minimal and Linear Hybrid Systems. In this section we provide a brief introduction to

mathematical logic and order minimal theories [30], and then use it to construct �nite bisimulations of certain

classes of hybrid systems.

A language is a set of symbols separated into three groups: relations, functions and constants. The sets

L

0

= f<;+;�; 0; 1g, L

R

= f<;+;�; �; 0; 1g, and L

exp

= f<;+;�; �; 0; 1; expg are examples of languages where

< (less than) is the relation, + (plus), � (minus), � (product) and exp (exponentiation) are the functions, and

0 (zero) and 1 (one) are the constants.
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Consider again a countable collection of variables W = fx; y; z; x

0

; x

1

; : : : g. The set of terms of a language

is inductively de�ned as follows. A term � is a variable, a constant, or F (�

1

; : : : ; �

m

), where F is a m-ary

function and �

i

, i = 1; : : : ;m are terms. For instance, x � 2y + 3 and x + yz

2

� 1 are terms of L

0

and

L

R

, respectively. In other words, terms of L

0

are linear expressions and terms of L

R

are polynomials with

integer coe�cients. Notice that integers are the only numbers allowed in expressions (they can be obtained

by repeatedly adding the constant 1).

The atomic formulas of a language are of the form �

1

= �

2

, or R(�

1

; : : : ; �

n

), where �

i

, i = 1; : : : ; n are terms

and R is an n-ary relation. For example, xy > 0 and x

2

+ 1 = 0 are atomic formulas of L

R

. The set of

(�rst-order) formulas is recursively de�ned as follows. An atomic formula � is a formula, and if �

1

and �

2

are

formulas and x is a variable, then �

1

^ �

2

, :�

1

, 8x : �

1

or 9x : �

1

are formulas. Examples of L

R

-formulas are

8x 8y : xy > 0, 9x : x

2

� 2 = 0, and 9w : xw

2

+ yw + z = 0.

The occurrence of a variable in a formula is free if it is not inside the scope of a quanti�er; otherwise, it is

bound. For example, x, y, and z are free and w is bound in the last example. We often write �(x

1

; : : : ; x

n

)

to indicate that x

1

; : : : ; x

n

are the free variables of the formula �. A sentence of L

R

is a formula with no free

variables. The �rst two examples above are sentences, whereas the third one is not.

A model of a language consists of a non-empty set S and an interpretation of the relations, functions and con-

stants. For example, (R; <;+;�; �; 0; 1) and (Q; <;+;�; �; 0; 1), are models of L

R

with the usual interpretation

of the all the symbols.

A set Y � S

n

is de�nable in a language if there exists a formula �(x

1

; : : : ; x

n

) such that Y = f(a

1

; : : : ; a

n

) 2

S

n

j �(a

1

; : : : ; a

n

)g. For example, over R, the formula x

2

� 2 = 0 de�nes the set f

p

2;�

p

2g. A theory is

a subset of sentences. Any model of a language de�nes a theory: the set of all sentences which hold in the

model. By abuse of notation the theory (R; <;+;�; �; 0; 1) will refer to the collection of formulas of L

R

which

are true in the model (and similarly for other languages). Only models over R will be considered.

De�nition 9 (Order Minimal Theories). The theory of the reals is called o-minimal (\order minimal") if

every de�nable subset of R is a �nite union of points and intervals (possibly unbounded).

Examples of o-minimal theories include

1. R = (R; <;+;�; �; 0; 1)

2. R

sin

= (R; <;+;�; �; sin j

[��;�]

; 0; 1)

3. R

exp

= (R; <;+;�; �; exp; 0; 1)

4. R

sin;exp

= (R; <;+;�; �; sin j

[��;�]

; exp; 0; 1)

Based on this notion, a new class of hybrid systems is de�ned.

De�nition 10 (Order Minimal Hybrid Automata). A hybrid automaton H is said to be o-minimal if

� X

C

= R

n

� for each q 2 X

D

the 
ow of f

q

is complete (is de�ned for all time)

� for each q 2 X

D

all the relevant sets (guards, invariants, initial conditions) and the 
ow of f

q

are

de�nable in the same o-minimal theory of the reals.

� for each (q; q

0

) 2 E, the reset relation Reset

(q;q

0

)

is a constant set valued map.

Notice that o-minimal hybrid systems have more restrictive discrete dynamics than timed [27] or rectangular

automata [28, 29] but can have much more complicated continuous dynamics. The powerful structure of

o-minimal theories, allows us to prove the following theorem [23].

Theorem 3. Every o-minimal hybrid automaton admits a �nite bisimulation. In particular, the bisimulation

algorithm, terminates for o-minimal hybrid systems.

The above result is existential and shows that a �nite bisimulation exists for all o-minimal hybrid systems.

To make use of this result we have to �nd classes of hybrid automata that are either o-minimal or that can be

transformed into o-minimal hybrid automata, for which each step of the bisimulation algorithm is computable.
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Theorem 4 (Linear Hybrid Automata). Consider an o-minimal hybrid automaton H where all relevant sets

(initial set, guards, invariants) are semialgebraic

6

and for all q 2 X

D

, f

q

(y) = A

q

y, where the matrix A

q

has

rational entries. If

� A

q

is nilpotent; or,

� A

q

is diagonalizable and has real, rational eigenvalues; or,

� A

q

has purely imaginary eigenvalues i!, with ! rational, and its real Jordan form is block diagonal with

2� 2 blocks,

then the reachability problem for H is decidable.

The proof [24] consists of showing that each step of the bisimulation algorithm can be posed as a quanti�er

elimination problem in the theory (R;+;�; �; <; 0; 1), which is known to be decidable [31].

Theorem 4 can be extended to include linear hybrid systems where in each discrete locations the dynamics

are of the form _y = Ay +Bu for various types of inputs u [25].

Theorem 5 (Linear Hybrid Automata with Inputs). Consider an o-minimal hybrid automaton H where all

relevant sets are semialgebraic, and for all q 2 X

D

the dynamics are of the form f

q

(y) = A

q

y + B

q

u where

the matrices A

q

and B

q

have rational entries. If

� A

q

is nilpotent and each entry of u is a polynomial in t; or,

� A

q

is diagonalizable, has real rational eigenvalues, and each entry of u is of the form e

�t

with � rational

and not an eigenvalue of A

q

; or,

� A

q

has purely imaginary eigenvalues of the form i! with ! rational, and the entries in the input u are

of the form sin(�t) or cos(�t) with � rational and � 6= �!,

then the reachability problem for the hybrid system H is decidable.

The above results remain valid if the inputs are allowed to be rational, linear combinations of the functions

of the corresponding type: exponentials in case of real eigenvalues, and sinusoidal in the case of imaginary

eigenvalues. In all cases the same resonance restrictions apply on the parameters � and �.

3.3. Other Analysis Techniques. For certain classes of hybrid automata, veri�cation of properties like

the ones discussed here may be carried out automatically [27, 32, 29] using computational tools [33, 34, 35].

For more general classes, deductive techniques may be used [19, 12], which involve, for example, invariant

assertions proved by induction arguments along the length of the system executions. Even though some of the

computations may be carried out automatically using theorem provers [36], most of the burden with deductive

proofs falls on the designer. In addition to the class of properties considered here, questions of stability have

also been studied for hybrid systems, primarily by extending Lyapunov techniques [37, 38]. Computationally

e�cient methods using LMIs were developed in [39] for �nding piecewise quadratic Lyapunov functions for

piecewise linear hybrid dynamics.

4. Control

We now return to hybrid automata with inputs and consider the problem of using these inputs to steer the

executions, so that the closed loop system satis�es a given safety property. The discussion in this section

follows [7, 40, 41].

4.1. Control for Reachability Speci�cations. Assume that we are given a hybrid automaton H (which

we refer to as the plant) and we are required to control it using its input variables, so that its executions satisfy

a safety property. For the purpose of control the input variables of the plant are partitioned into two classes:

controls and disturbances. We write V = U [D, where U and D are the sets of control and disturbance inputs

respectively. The interpretation is that the controls can be determined using a controller, in an attempt to

guide the system, whereas the disturbances are determined by the \environment" and may potentially disrupt

6

Semialgebraic sets comprise the boolean algebra of sets generated by polynomial equalities and inequalities.
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the controller's plans. To prevent u and/or d from \cheating" by blocking the system executions we assume

that Inv is an open set and that if (x; (u; d)) 62 Inv then R(x; (u; d)) 6= ;.

We consider a controller for a plant H to be a map:

C : E

�

H

j

X

! 2

U

For the hybrid automaton H and a controller C we de�ne the set of closed loop causal executions by:

E

H

C

= f(�; x; (u; d)) 2 E

H

j u(t) 2 C(x #

t

) for all t 2 �g

x #

t

is used a shorthand for the �nite pre�x of (�; x) ending at t 2 � . A controller is called memoryless

if for any two �nite executions �

1

= (�

1

; x

1

; (u

1

; d

1

)) and �

2

= (�

2

; x

2

; (u

2

; d

2

)) ending in the same state,

C(x

1

) = C(x

2

). A memoryless controller can be characterized by a feedback map:

g : X! 2

U

An instance of the controller synthesis problem consists of a pair, (H;P ), of a plant hybrid automaton and a

property of that automaton. We sometimes refer to the property P as a speci�cation. We say a controller, C,

solves the controller synthesis problem if P (�) = True for all � 2 E

H

C

. Our goal is to provide solutions to a

class of controller synthesis problems, where P is a safety property. For this class of synthesis problems one

can show the following [7].

Propostion 1. A controller synthesis problem (H;2F ) can be solved by some controller if and only if it can

be solved by a memoryless controller.

Motivated by Proposition 1, we restrict our attention to memoryless controllers for (H;2F ) synthesis problems.

A subset W � X is called controlled invariant if there exists a controller that solves the controller synthesis

problem (H;2W ), when Init =W ; in this case we say that the controller renders W invariant. One can show

that [7]:

Propostion 2. A controller that solves the synthesis problem (H;2F ) exists if and only if there exists a

unique, maximal

7

, controlled invariant set W with Init �W � F .

Even though controllers that satisfy safety speci�cations by blocking the system can be excluded by our earlier

assumption, a controller may still be able to \cheat" and satisfy the safety property by forcing the system to

be Zeno. For this reason, we would like to compute a controller that solves the problem while imposing the

minimal amount of restrictions on the controls it allows. Besides making such pathological cases more unlikely,

this will also allow us greater 
exibility when seeking optimal controllers for lower priority requirements, in

a multi-objective setting. Feedback controllers that solve the synthesis problem (H;2F ) can be partially

ordered by de�ning the relation g

1

� g

2

if and only if g

1

(x) � g

2

(x) for all x 2 X. We say that a controller

that solves (H;2F ) is least restrictive if it is a maximal element in this partial order.

4.2. Game Theoretic Synthesis Procedure. To guarantee that the safety property is satis�ed despite the

action of the disturbance we cast the controller synthesis problem as a zero sum game between u and d. The

game can be written in the standard min-max setting by introducing a cost function induced by the discrete

metric, m : X�X! R, with

m(x

1

; x

2

) =

�

0 if x

1

= x

2

1 if x

1

6= x

2

:

The metric induces a map, M : 2

X

� 2

X

! R, by de�ning M(W

1

;W

2

) = min

(x

1

;x

2

)2W

1

�W

2

m(x

1

; x

2

). Using

M we can de�ne the cost, J : E

H

! R, of an execution by

J(�) = min

t2�

M(x(t); F

c

)

Notice that J(�) = 1 if and only if 2F (�) = True.

7

In the sense of subset inclusion.
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Intuitively, u tries to maximize J (prevent the state from leaving F ). Because we have no control over the

actions of d, we assume that it tries to minimize J (force the state to leave F ). Consider the max-min solution,

characterized by Bellman's equation:

J

�

(x

0

) = max

g

min

d

 

min

(�;x;(u;d))2E

H

g

(x

0

)

J(�; x; (u; d))

!

(5)

Note that we restrict our attention to memoryless strategies for u. The minimum over � removes all nonde-

terminism. Therefore, provided a solution to this equation can be found, J

�

is a well de�ned function of the

initial state x

0

. Since we would like all closed loop executions of the system to satisfy the safety speci�cation,

we give the disturbance the \bene�t of the doubt". Notice, for example, that non-determinism is resolved in

favor of the disturbance. Moreover, following the standard game theoretic convention, we assume that the

player who appears �rst in the right hand side of the equation (the controller) has to play �rst, while the

player who appears second (the disturbance) has access to the strategy of the �rst player, when called upon

to make his/her decision.

Using J

�

we de�ne a set W

�

� X by

W

�

= fx

0

2 XjJ

�

(x

0

) = 1g:(6)

One can show that [7]:

Propostion 3. W

�

is the maximal controlled invariant subset of F .

Therefore, solving the controller synthesis problem involves �nding a �xed point for equation (5). Dynamic

programming methods can be used to solve this equation for purely discrete [42, 43] and purely continuous [44,

45] systems. More recently, it was shown that these techniques can be extended to classes of hybrid automata

(timed automata [46, 47] and rectangular hybrid automata [48]) with discrete inputs. In [41, 49], the following

algorithm was proposed to extend this approach to more general classes of hybrid automata.

Given any two sets, K;L � X , de�ne three operators:

Pre

u

(K) = K \ fx

0

2 X j 9u 2 U 8d 2 D R(x

0

; (u; d)) � K ^ (x

0

; (u; d)) 62 Invg

Pre

d

(K) = K

c

[ fx

0

2 X j 8u 2 U 9d 2 D R(x

0

; (u; d)) \K

c

6= ;g

Reach(K;L) = fx

0

2 X j 8u 2 U

g

9d 2 D t � 0; x(0) = x

0

^ x(t) 2 K ^ x(t

0

) 62 L 8t

0

2 [0; t]g

In the expression for Reach(K;L), U

g

denotes the set of memoryless strategies for u, D the set of piecewise

continuous functions from the reals toD and (x; (u; d)) a piece of continuous execution. Conceptually, Pre

u

(K)

is the set of states that are inK, and can be forced by the control to jump back intoK, whatever the disturbance

does, Pre

d

(K) is the set of states that are either outside K, or, whatever the control does, may jump outside

of K for some choice of the disturbance, and Reach(K;L) is the set of states that, whatever the control does,

can be driven by the disturbance to the set K along a continuous state trajectory that does not pass through

L.

Based on these three de�nitions, the following algorithm can be used to compute the maximal controlled

invariant subset of a set F .

Algorithm 3 (Invariant Set Computation)

initialization: W

0

= F , W

�1

= ;, i = 0.

while W

i

6=W

i�1

do

W

i�1

=W

i

nReach

�

Pre

d

(W

i

);Pre

u

(W

i

)

�

i = i� 1

end while

Propostion 4. If the algorithms terminates after a �nite number of steps, the �xed point, W

�

, is the maximal

controlled invariant subset of F .
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4.3. Reach Set Computation. Implementation of the above algorithm requires one to be able compute

Pre

u

(W ), Pre

d

(W ) and Reach (Pre

d

(W );Pre

u

(W )). Computation of Pre

u

and Pre

d

is conceptually simple

(it involves inverting the transition relation R), even though it may be di�cult to implement in practice,

depending on the method used to encode R. Computation of Reach is more conceptually more involved, since

none of the standard techniques from optimal control and game theory are directly applicable. Fortunately

the computation is simpli�ed somewhat by the fact that it can be performed for each discrete state separately,

since is only involves continuous evolution, along which the discrete state remains constant.

Motivated by the \capture set" computation in pursuit-evasion di�erential games [44, 45], we propose to

compute this set using a pair of coupled partial di�erential equations. For two sets K;L � X , consider

an arbitrary discrete state, q 2 X

D

, and assume that there exist functions k

q

: X ! R and l

q

: X ! R

di�erentiable in X

C

, such that

8

K = f(q; y) 2 X j l

K

(q; y) < 0g and L = f(q; y) 2 X j l

L

(q; y) � 0g:

The set Reach(K;L) can the be computed using the level sets of the functions J

K

: X � R ! R and J

L

:

X� R ! R characterized by the Hamilton-Jacobi partial di�erential equations

�

@J

K

@t

((q; y); t) = min

�

0; H

�

K

�

(q; y);

@J

K

@y

((q; y); t); t

��

�

@J

L

@t

((q; y); t) = min

�

0; H

�

L

�

(q; y);

@J

L

@y

((q; y); t); t

��

with the Hamiltonians, H

�

K

and H

�

L

given by

H

�

K

((q; y); p; t) =

�

0 if J

L

((q; y); t) � 0

max

u2U

min

d2D

pf((q; y); (u; d)) otherwise

H

�

L

((q; y); p; t) =

�

0 if J

K

((q; y); t) � 0

min

u2U

max

d2D

pf((q; y); (u; d)) otherwise

and initial conditions J

K

((q; y); 0) = l

K

(q; y) and J

L

((q; y); 0) = l

L

(q; y). If di�erentiable solutions to the

coupled Hamilton-Jacobi partial di�erential equations can be found, then the level set

f(q; y) 2 x j J

K

((q; y); t) < 0g

converges to Reach(K;L) as t tends to �1.

Now the problem gets shifted to computing solutions for these partial di�erential equations. In practice, it is

very rare that these equations can be solved analytically. We are currently investigating methods for carrying

out the computation numerically, using �nite elements, level set propagation methods [50] and viability tech-

niques [51]. Other numerical methods that may be extended to address this problem involve approximating

the Reach set by polyhedra [52, 53] and ellipsoids [54].

4.4. Other Control Problems. Besides reachability, a number of other hybrid control problems have been

addressed in the literature. A substantial volume of work has been devoted to optimal control problems, both

in a decentralized setting [55] and in a centralized setting, using dynamic programming techniques [56, 57]

or extensions of the maximum principle [58]. Methods have also been developed for extending discrete event

control techniques to hybrid systems [59] and for systematically decomposing a control task, so that it can be

addressed by a hierarchical controller [60, 61, 62].

5. Concluding Remarks

We presented an overview of some of the theoretical issues and results concerning the modeling, analysis, and

control of hybrid systems. Even though signi�cant progress has been made in various areas, the �eld is very

young and there are still more questions than answers!

From a modeling perspective, the notion of robustness of executions is important with respect to parameter

and initial condition variations, since it a�ects our con�dence in using simulation packages for hybrid systems.

8

Notice that we are implicitly assuming that the set K is open and the set L is closed. The assumption that the set F is

closed, together with continuity assumptions on R need to be imposed, to ensure this is the case at each step of the algorithm.
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Another important issue is Zeno executions. Zeno hybrid systems are, in a sense, inadequate models of physical

processes. To have con�dence in our analysis and design techniques, we must understand how to avoid this

modeling over-abstraction.

Both the analysis and the control methods presented here, are based on reachability computations for dy-

namical and control systems. Reachability computations are very critical, and the research community is

focusing on various exact and approximate methods for computing reachable sets. However, many of these

computations are either conceptually or computationally complex. A reduction of the complexity of the algo-

rithms is necessary to extend these techniques to large scale systems, which are the motivation for this work.

Complexity reduction via hierarchical or distributed designs will force us to better understand hierarchical

and distributed systems.
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