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Abstract

A uni�ed approach to decidability questions for the ver-

i�cation of hybrid systems is obtained by the construc-

tion of a bisimulation. These are �nite state quotients

whose reachability properties are equivalent to those of

the original in�nite state system. This approach has

had some success in the reachability analysis of timed

automata and linear hybrid automata. In this paper,

we use results from strati�cation theory, subanalytic

sets and model theory of �elds in order to extend ear-

lier results on the existence of bismimulations for cer-

tain classes of analytic vector �elds.

1 Introduction

Hybrid systems consist of �nite state machines inter-

acting with di�erential equations. Various modeling

formalisms, analysis, design and control methodologies,

as well as applications, can be found in [2, 3, 4, 8, 13].

Formal veri�cation is one of the main approaches for

analyzing properties of hybrid systems. The system is

�rst modeled as a hybrid automaton, and the property

to be analyzed is expressed using a formula from some

temporal logic. Then, model checking or deductive al-

gorithms are used to guarantee that the system model

indeed satis�es the desired property.

Generally, a hybrid automaton has both discrete and

continuous variables. The discrete variables correspond

to a discrete set of locations and evolve according to

transitions called jumps. The continuous variables cor-

respond to points in Euclidean space (or more gener-

ally on di�erentiable manifolds) and evolve according

to di�erential equations. In a typical hybrid automaton

model, like the one shown in Figure 1, each discrete lo-

cation has an associated di�erential equation according

to which the continuous variables evolve. If the con-

tinuous variables enter a region, called a guard, then

the transition between locations is enabled and may be

taken. If the solution exits a region called an invariant,

then a discrete transition is forced. The discrete tran-

sitions may reinitialize the continuous variables which
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Figure 1: A typical hybrid automaton

now evolve according to the dynamics of the new loca-

tion. All trajectories of the hybrid automaton originate

from an initial region and may be required to avoid

certain unsafe regions. Veri�cation algorithms are es-

sentially reachability algorithms which check whether

trajectories of the hybrid system can reach the unde-

sirable regions of the state space.

Decidability results for analyzing hybrid systems con-

sider bisimulations [9]. Bisimulations are reachability

preserving quotient systems in the sense that checking a

property on the quotient system is equivalent to check-

ing the property on the original system. If an in�nite

state hybrid automaton has a �nite state (decidable)

bisimulation then the analysis and veri�cation proce-

dure is decidable. Since the discrete dynamics are al-

ready �nite, decidability results for hybrid systems de-

pend mainly on obtaining �nite bisimulations for con-

tinuous dynamics. In this paper, we consider the prob-

lem of constructing �nite state bisimulations for purely

continuous systems. More precisely, given an analytic

vector �eld on an analytic manifold and a �nite fam-

ily of sets (describing initial conditions, guards, invari-

ants, unsafe regions), we would like to construct a �nite

state transition system such that checking reachability

on the �nite graph is equivalent to checking reachability

of the original continuous system.

To tackle this problem we need to restrict the class of

sets in our description. A very rich class is provided by

the subanalytic sets [5, 16]. Subanalytic sets have many

desirable \�niteness" properties. Using the theory of

subanalytic sets we present an algorithm for construct-

ing bisimulations of analytic systems. We show that

the algorithm terminates for various classes of vector



�elds on R

2

. Moreover, we show how recent results

in logic model theory provide a suitable framework for

these studies.

In Section 2 we review the notion of bisimulations and

the algorithm for computing bisimulations for transi-

tion systems. Section 3 presents some basic facts about

subanalytic sets which are used in Section 4 to con-

struct bisimulations of analytic vector �elds. In Sec-

tion 5 we present results in model theory which are

used in Section 6 to obtain classes of systems for which

the bisimulation algorithm terminates.

2 Bisimulations

A more detailed exposition of the material described in

this section can be found in [9]. A transition system

H = (Q;�;!; Q

O

; Q

F

) consists of a (not necessarily

�nite) set Q of states, an alphabet � of events, a tran-

sition relation !� Q���Q, a set Q

O

� Q of initial

states, and a set Q

F

� Q of �nal states. The transition

system is �nite if the cardinality of Q is �nite and it is

in�nite otherwise. A region is a subset R � Q. Given

� 2 � we de�ne Pre

�

(R) and Pre(R) as

Pre

�

(R) = fq 2 Q j 9p 2 R and (q; �; p) 2!g

Pre(R) =

[

�2�

Pre

�

(R):

Given an equivalence relation �� Q � Q on the state

space one can de�ne a quotient transition system as

follows. Let Q= � denote the quotient space. A �-

block is a union of equivalence classes. For a region R

we denote by R=� the smallest �-block that contains

R. Thus, Q

O

=� and Q

F

=� are �-blocks containing

the initial and �nal states respectively. The transition

relation !

�

on the quotient space is de�ned as fol-

lows: forQ

1

,Q

2

2 Q=�, (Q

1

; �;Q

2

) 2!

�

i� there exist

q

1

2 Q

1

and q

2

2 Q

2

such that (q

1

; �; q

2

) 2!. The quo-

tient transition system is then H= �= (Q= �;�;!

�

;

Q

0

=�; Q

F

=�).

The quotient system H=� is a bisimulation of H i� for

all � 2 � and all �-blocks R, the region Pre

�

(R) is a

�-block. A bisimulation is called �nite if it has a �nite

number of equivalence classes. Bisimulations are very

important because bisimilar transition systems gener-

ate the same language. Therefore, checking properties

on the bisimilar quotient is equivalent to checking prop-

erties of the original transition system. This is very

useful in reducing the complexity of various veri�ca-

tion algorithms where Q is �nite but very large. In

addition, if H is in�nite and H=� is a �nite bisimu-

lation, then veri�cation algorithms for in�nite systems

(for example, hybrid systems) are guaranteed to ter-

minate. A successful application of this approach for

timed automata can be found in [1]. It should be noted

that the notion of bisimulation is very similar to the

notion of dynamic consistency [6].

Two states p,q 2 Q are bisimilar denoted p � q i�

there exists a bisimulation � such that p � q. It can

be shown that if p � q then

B1 p 2 Q

F

i� q 2 Q

F

B2 if (p; �; p

0

) 2! then there exists q

0

such that

(q; �; q

0

) 2! and p

0

� q

0

Based on the above characterization, given a transi-

tion system H , the following algorithm computes in-

creasingly �ner partitions of the state space Q (alter-

natively, it de�nes successive equivalence relations with

the old equivalence classes being �-blocks relative to

the newer equivalence class). If the algorithm termi-

nates, then the resulting quotient transition system is

a (�nite) bisimulation. The state space Q=� is called a

bisimilarity quotient. At each step we de�ne the tran-

sitions for the associated quotient system as described

earlier.

Algorithm (Bisimilarity for transition systems)

Set Q=�= fQ

F

; Q nQ

F

g

while 9 R,R

0

2 Q=� and � 2 � such that ; 6= R \

Pre

�

(R

0

) 6= R, do

re�ne Q=�= (Q=� nfRg)[fR\Pre

�

(R

0

); R n

Pre

�

(R

0

)g

end while

3 Subanalytic Sets and Strati�cations

In this section we describe some fundamental proper-

ties of subanalytic sets (see [5, 15, 16] for more detailed

descriptions and proofs). LetM and N be real analytic

manifolds (i.e. manifolds with real analytic transition

maps between coordinate charts) and let C

!

(M;N) de-

note the set of analytic functions fromM intoN . Given

an analytic manifold U , we denote by �(C

!

(U;R))

the Boolean algebra generated by the sets of the form

fx : f(x) = 0g or fx : f(x) > 0g, where f 2 C

!

(U;R).

De�nition 3.1 Let M be a real analytic manifold. A

subset A ofM is semianalytic in M if for every p 2M ,

there is an open neighborhood U of p in M such that

U \ A 2 �(C

!

(U;R)). If A � M is semianalytic in

M we write A 2 SMAN(M). De�ne SBAN

rc

(M) and

SBAN(M) by

1. A 2 SBAN

rc

(M) if and only if there is (N; f;A

�

)

such that N is a real analytic manifold, f 2

C

!

(N;M), A

�

2 SMAN(N), A

�

is relatively

compact and A = f(A

�

);

2. A 2 SBAN(M) if and only if A is a locally �nite

union of members of SBAN

rc

(M).



We say that A is subanalytic in M if A 2 SBAN(M).

The class SBAN(M) is closed under set complementa-

tion and under locally �nite unions and intersections.

It is also closed under inverse images by analytic func-

tions, and under forward images by proper analytic

functions. (A function f is proper if f

�1

(K) is com-

pact whenever K is.) A subanalytic set has a locally

�nite number of connected components, each of which

is subanalytic. This last property is critical for our

constructions.

Example 3.1 Points are subanalytic, and so is any

locally �nite union of points, for example Z

n

as subset

of R

n

. Let a, b 2 R, a < b, then [a; b], [a; b), (a; b]

and (a; b) are subanalytic in R. The open ball B(p; r)

centered at p of radius r in R

n

is in SBAN(R

n

).

De�nition 3.2 LetM be a real analytic manifold. An

analytic (C

!

) strati�cation of M is a partition S of

M with the following properties: (1) each S 2 S is

a connected, real analytic, embedded submanifold of

M , (2) S is locally �nite (i.e. every compact subset of

M intersects at most �nitely many sets in S), and (3)

given two sets S; P 2 S, P 6= S, such that S \ P 6= ;

then S � P and dimS < dimP . (We denote by P

the closure of P .) The sets in a strati�cation are called

strata.

The central result on strati�cations for our analysis is

the following. For a proof see [15].

Theorem 3.1 Let A be a locally �nite family of

nonempty subanalytic subsets of a real analytic man-

ifold M . For each A 2 A, let F (A) be a �nite set of

real analytic vector �elds on M . Then there exists a

subanalytic strati�cation S of M , compatible with A,

and having the property that, whenever S 2 S, S � A,

A 2 A, X 2 F (A), then either (i) X is everywhere

tangent to S or (ii) X is nowhere tangent to S. (S is

compatible with A is every set in A is a union of sets

in S.)

The following proposition illustrates some of the good

\�nite" intersection properties that analytic curves

have with subanalytic sets.

Proposition 3.1 Let I be an open interval, M a real

analytic manifold and 
 : I ! M a real analytic func-

tion. Let S be a C

!

strati�cation of M by subanalytic

sets (that is, S 2 S ) S 2 SBAN(M)). If [a; b] � I

then there exists a �nite partition fx

1

; : : : ; x

n

g of [a; b]

with the property that for each i = 1; : : : ; n � 1 there

exists a stratum S

i

2 S such that 
((x

i

; x

i+1

)) � S

i

.

Example 3.2 The assumption of subanalyticity in the

proposition can not be dropped. Consider the strati�-

cation of R

2

by the following �ve sets:

S

1

= f(0; 0)g

S

2

=

n

(x; y) : x > 0 ^ y = x sin

1

x

o

S

3

=

n

(x; y) : x < 0 ^ y = x sin

1

x

o

S

4

=

n

(x; y) : x 6= 0 ^ y > x sin

1

x

o

[

f(0; y) : y > 0g

S

5

=

n

(x; y) : x 6= 0 ^ y < x sin

1

x

o

[

f(0; y) : y < 0g

Notice that S

1

, S

2

and S

3

form the graph of the func-

tion f(x) = x sin

1

x

(f(0) = 0), while S

4

and S

5

denote

the region above and the below the graph, respectively.

Each set is a C

!

, embedded submanifold of R

2

and they

clearly satisfy the condition on the dimensions. Finally,

consider the constant vector �eld X =

@

@x

. Then the

integral curve 
 of X through (0; 0) is the x-axis (pa-

rameterized by x itself). Therefore, the image under 


of any interval containing 0 intersects both S

4

and S

5

an in�nite number of times.

4 Bisimulations of Analytic Vector Fields

We assume that we are given a real analytic vector �eld

X on a connected real analytic manifold M as well

as a �nite family A of relatively compact subanalytic

sets. These sets may describe initial conditions M

0

,

�nal conditions M

F

, guards, invariants or undesirable

regions of the continuous evolution within a discrete lo-

cation of a hybrid automaton. To start the partitioning

process we invoke Theorem 3.1 (here there is a single

vector �eld on each stratum) to obtain a strati�cation

S of M by subanalytic sets which is compatible with

A and such that on each S 2 S either: (1) for all q in

S, X is tangent to S at q, or (2) for all q in S, X is

not tangent to S at q. We want to de�ne a transition

between two sets of the partition if there is an integral

curve of X which leaves one and \immediately" enters

the other. For this we need a more precise de�nition of

what we mean by entering and leaving a stratum. We

will write 


q

to denote the integral curve of X which

passes through q at time 0, i.e. with 


q

(0) = q.

De�nition 4.1 Given two subsets S, T of M , and a

real analytic curve 
 : I !M (I an open interval), we

say that 
 leaves S through T (or enters T from S) if

one of the following exiting conditions is satis�ed:

E1 there exist a; b 2 I , a < b, such that 
(t) 2 S for

all t 2 (a; b) and 
(b) 2 T

E2 there exist a; b 2 I , a < b, such that 
(a) 2 S and


(t) 2 T for all t 2 (a; b).

When q 2 S we say that 


q

leaves S trough T if either

E1 or E2 holds with a = 0.



Proposition 4.1 Let S 2 S and 
 be as above. If

there exists t

0

; t

1

2 I such that 
(t

0

) 2 S and 
(t

1

) 62 S

then there is a stratum T such that either E1 or E2

holds.

To M , S and X we associate a transition system

(H;�;!

S

;S), where H = S, � contains one symbol

t, and (S; t; T ) 2!

S

i� an integral curve of X leaves S

through T . The family S plays the role of the initial

and �nal sets, and allows more 
exibility for the study

of reachability questions. We can identify !

S

with a

subset of S � S, and we will do so from now on. To

obtain a bisimulation we need the strati�cation S to

satisfy the following two conditions (compare to B2 of

Section 2)

1. if an integral curve of X starting at a point of the

stratum S does not exit S, then no other integral

curve starting in S leaves S,

2. whenever an integral curve of X which starts in

S leaves the stratum through T , then all other

integral curves which start in S leave the stratum

through T .

To satisfy those conditions we will re�ne the strati�ca-

tion further according to exit features of the integral

curves. This is captured by the following de�nition of

the Pre operator (compare to the de�nition of Pre(R)

for transition systems given in Section 2).

De�nition 4.2 For each x 2 M let S(x) denote the

unique set in S which contains x. Then de�ne

Pre(R) = fx 2M : 


x

leaves S(x) through Rg

The set Pre(R) is well de�ned when R 2 S. We now

describe the bisimulation algorithm (compare to the

one in Section 2). If the algorithm terminates we obtain

the desired �nite bisimulation.

Algorithm (Bisimilarity for vector �elds)

Set M=� = S

Set !

B

=!

S

while 9 R,R

0

2M=� such that ; 6= R\Pre(R

0

) 6= R,

do

Set R

1

= R \ Pre(R

0

); R

2

= R n Pre(R

0

)

re�ne M=� = (M=� nfRg) [ fR

1

; R

2

g

update !

B

= (!

B

nf(R;R

0

)g) [ f(R

1

; R

0

)g [

f(R

2

; T ) : T 6= R

0

(R; T ) 2!

B

g

end while

The following proposition says that the notion of tran-

sition induced by the vector �eld is preserved by the

construction.

−6 −4 −2 0 2 4 6

−4

−2

0

2

4

Figure 2: Process does not terminate

Proposition 4.2 A new pair (U; V ) is in !

B

i� 


leaves U through V .

Example 4.1 We show that the algorithm need not

terminate. Let M = R

2

and X be the linear vector

�eld

�

�1 1

�1 �1

�

x. Assume the strati�cation consists

of the following �ve strata: S

1

= f(0; 0)g, S

2

= f(4; 0)g,

S

3

= f(x; 0) : 0 < x < 4g, S

4

= f(x; 0) : x > 4g, and

S

5

= R

2

n [

4

i=1

S

i

. The integral curves of X are spirals

moving away from the origin. Successive computations

of the Pre operation starting with S

2

will require that

we include in H (an increasing number of) pieces of the

spiral through S

2

and the (in�nitely many) points of

intersection of that spiral with S

3

. Clearly, the process

will not terminate (see Figure 2).

5 Model Theory

To obtain �niteness results, we will utilize model the-

oretic concepts from mathematical logic. Model the-

ory studies structures through properties of their de-

�nable sets (see [10] for general background). The

basic structures of interest for this paper are that of

the real numbers as a complete ordered �eld, symbol-

ized by (R;+;�;�; <; 0; 1), and its extensions. Each

such structure L has associated a language L. The

(�rst order) formulas over L are the well-formed log-

ical expressions obtained by using logical connectives,

quanti�ers 9 8, integer numbers as constants, the op-

erations of additions and multiplication, and the re-

lations < and = (quanti�cation is allowed over vari-

ables). All formulas will be interpreted over the real

numbers. A de�nable set in the language L (or of

the structure L) is a subset of R

n

(for some n) of

the form f(a

1

; : : : ; a

n

) 2 R

n

: �(a

1

; : : : ; a

n

)g, where

�(x

1

; : : : ; x

n

) is a formula in L and x

1

; : : : ; x

n

are free

(i.e. not quanti�ed) variables in �. A function f is

de�nable if its graph is a de�nable set. We consider



only structures over the real numbers.

De�nition 5.1 The theory of L is o-minimal (\order

minimal") if every de�nable subset of R is a �nite union

of points and intervals (possibly unbounded).

Tarski was interested in the extension of the the-

ory of the real numbers by the exponential function,

(R;+;�;�; <; 0; 1; exp) (i.e., there is an additional

symbol in the language for the exponential function).

We denote this structure by R

exp

. While such the-

ory does not admit elimination of quanti�ers, Wilkie

showed in [18] that such theory is model complete,

which in turns implies that it is o-minimal. Another

important extension is obtained as follows. Assume f

is a (real-)analytic function in a neighborhood of the

cube [�1; 1]

n

� R

n

. Let

^

f : R

n

! R be the function

de�ned by

^

f(x) =

(

f(x) if x 2 [�1; 1]

n

0 otherwise

We call such functions restricted analytic functions.

The structure R

exp,an

= (R;+;�;�; <; 0; 1; exp; f

^

fg)

is then an extension of R

exp

where there is a sym-

bol for each restricted analytic function. One rea-

son this structure is relevant for this paper is that

all relatively compact subanalytic sets are de�nable

in R

exp,an

. Moreover, if X is a linear vector �eld in

R

n

with real eigenvalues, then the trajectories of X

are de�nable in R

exp,an

. In [17], it was shown that

R

exp.an

is also o-minimal. Finally, there are a few con-

sequences of o-minimality that are crucial for our re-

sults. The proofs are contained in the various references

mentioned above.

Proposition 5.1 Assume L is an o-minimal struc-

ture. Then

1. Any de�nable set has a �nite number of connected

components, each of which is a de�nable set.

2. If A is de�nable, then so is its (topological) clo-

sure. Moreover, dimFr(A) < dimA, where

Fr(A) = A n A is the frontier of A and the di-

mension of a set B � R

n

is the maximum integer

d for which there is an embedded C

1

manifold of

R

n

contained in B.

3. Given de�nable sets A

1

; : : : ; A

k

in R

n

(and for

any integer p), there is a �nite C

p

strati�cation of

R

n

compatible with fA

1

; : : : ; A

k

g. In fact, for the

structure R

exp,an

the strata are de�nable (real)

analytic manifolds.

6 Finiteness Results

In this section we use the model theoretic tools of Sec-

tion 5 in order to obtain classes of system for which the

Bisimulation Algorithm of Section 4 terminates. The

following theorem was proved in [12] but we will give

the sketch of a simpler proof using model theoretic ma-

chinery.

Theorem 6.1 Let M = R

2

, X be the linear vector

�eld Ax and assume that the eigenvalues of A are either

real or purely imaginary. Let K be a compact set and

de�ne S

K

= fS 2 S : S \K 6= ;g (which is therefore

�nite). Then the bisimulation algorithm applied to S

K

terminates.

Proof: Consider �rst the case when the eigenvalues

are real. We will consider the case when the origin is

the only equilibrium of X . (The other cases require

minor modi�cations.) We assume without loss of gen-

erality that f(0; 0)g 2 S

K

. Let fq

1

g; : : : ; fq

l

g be the

0-dimensional strata of S

K

. For each i = 1; : : : ; l de-

�ne

S

i

= fx 2 R

2

: (9T ) 


x

(T ) = q

i

g:

Also de�ne S

�

= fx 2 R

2

: (8" > 0)(8T )(9T

0

>

T ) k


x

(T

0

)k

2

< "

2

g (k � k denotes the Euclidean norm).

Notice that if S

i

\ S

j

6= ; then S

i

= S

j

. Also, if

S

i

\ S

�

6= ; then S

i

� S

�

. We assume then that we

have excluded the redundancies in the sets S

i

and de-

�ne S

0

= S

�

n [S

i

. Each of these (�nitely many) sets,

as well as the sets in S

K

are de�nable in R

exp,an

. For

each set R 2 S

K

and each i = 0; : : : ; l the sets R \ S

i

and R n [S

i

are de�nable in R

exp,an

. Therefore, by

o-minimality, we get that each has a �nite number of

connected components. Let

~

S denote the (�nite) collec-

tion of all such connected components. The collection

~

S is then a partition of R

2

compatible with S (every set

of S is a union of sets in

~

S). The proof of the theorem

follows once we establish the following claim:

Claim: At each step of the bisimilarity algorithm,

~

S

is compatible with M=�.

The claim shows that

~

S is �ner than all partitions ob-

tained at each step. Since

~

S is �nite this clearly shows

that the algorithm terminates. The details of the proof

of the claim will appear in [11]. The proof for the case of

imaginary eigenvalues is, a special case of Theorem 6.2

below.

Theorem 6.2 If X is an analytic vector �eld in R

2

which admits an analytic family of �rst integrals, then

the bisimilarity algorithm terminates. (Here, by an an-

alytic family of �rst integrals we mean an (real) ana-

lytic function f : R

2

! R such that for each trajectory


 of X the function f(
(t)) is constant.)



This theorem includes the case of the Hamiltonian sys-

tems on the plane with an analytic Hamiltonian. The

ultimate issue of decidability is still quite open. It is

not even known if the theory of R

exp

is decidable. Some

special cases are suggested by our approach. For exam-

ple, if all the relevant sets are semialgebraic (for exam-

ple if X is a Hamiltonian vector �eld on the plane with

a polynomial Hamiltonian and the initial conditions,

guards, etc., are semialgebraic), then they are de�n-

able in (R;+;�;�; <; 0; 1) for which there are e�ective

decision procedures (see [7] for a related result).

7 Conclusions

We presented an algorithm for obtaining bisimulations

of analytic vector �elds. Termination is guaranteed for

a class of vector �elds on the plane. Bisimulations of

hybrid systems can still be considered in the framework

of subanalytic strati�cations and o-minimal structures

by allowing multiple vector �elds as well as reset maps.

However, the reset maps must be in some sense com-

patible with the 
ows for the procedure to terminate.

The main results of this paper are existential. For cer-

tain restricted classes of vector �elds the algorithm can

be made constructive (when all relevant sets are semi-

algebraic). Furthermore, if the bisimulation algorithm

does not terminate (or is not computable), it may be

useful to consider system over-approximations, or ab-

stractions [14], for which the algorithm would termi-

nate (or can be computed).
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